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INTRODUCTION

The Logic Colloquium 2007, the European Summer Meeting of the Asso-
ciation for Symbolic Logic, was held in Wroctaw, Poland. from 14 to 19 July
2007. It was colocated with the following events: the thirty-fourth Inter-
national Colloquium on Automata, Languages and Programming (ICALP);
the twenty-second Annual IEEE Symposium on Logic in Computer Science
(LICS) and the ninth ACM-SIGPLAN International Symposium on Princi-
ples and Practice of Declarative Programming (PPDP). There was an agree-
ment with LICS on running joint sessions for one day.

More than 200 participants from all over the world took part in the Logic
Colloquium. The programme consisted of 3 tutorials, 11 invited plenary talks,
6 joint talks with LICS (2 long, 4 short) and 21 talks in 5 special sessions on set
theory, proof complexity and nonclassical logics, philosophical and applied
logic at the JPL. logic and analysis and model theory. In addition to these
invited talks, there were 63 contributed talks.

The programme committee consisted of Alessandro Andretta (Turin),
Frangoise Delon (Paris 7), Ulrich Kohlenbach (Darmstadt), Steffen Lempp
(Madison, Chair), Penelope Maddy (UC Irvine), Jerzy Marcinkowski
(Wroctaw), Ludomir Newelski (Warsaw). Andrew Pitts (Cambridge). Pavel
Pudlak (Prague), Stawomir Solecki (Urbana-Champaign), Frank Stephan
(Singapore) and Goéran Sundholm (Leiden). The local organizing committee
consisted of Tobias Kaiser, Piotr Kowalski, Jan Kraszewski, Amador Martin-
Pizarro, Serge Randriambololona and Roman Wencel.

The Logic Colloquium 2007 wants to acknowledge its sponsors for their
generous support of the event: the Association for Symbolic Logic, the Polish
Academy of Sciences and the University of Wroctaw.

The next pages give an overview of the programme of the meeting; in addition
to the talks listed, there were contributed talks from all fields of mathematical
logic. Speakers invited to give a plenary or special session talk were also

iX



X INTRODUCTION

invited to contribute to this volume. The contributions handed in were refereed
according to the high standards of logic journals. We would like to thank the
authors for their excellent contributions as well as the referees for their diligent
work to review and evaluate the submissions.

The Editors
Frangoise Delon
Ulrich Kohlenbach
Penclope Maddy
Frank Stephan
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DECORATED LINEAR ORDER TYPES
AND THE THEORY OF CONCATENATION

VEDRAN CACIC, PAVEL PUDLAK, GREG RESTALL.
ALASDAIR URQUHART, AND ALBERT VISSER

Abstract. We study the interpretation of Grzegorczyk’s Theory of Concatenation TC in struc-
tures of decorated linear order types satisfying Grzegorczyk’s axioms. We show that TC is incom-
plete for this interpretation. What is more, the first order theory validated by this interpretation
interprets arithmetical truth. We also show that every extension of TC has a model that is not
isomorphic to a structure of decorated order types. We provide a positive result, to wit a con-
struction that builds structures of decorated order types from models of a suitable concatenation
theory. This construction has the property that if there is a representation of a certain kind, then
the construction provides a representation of that kind.

§1. Introduction. In his paper [2], Andrzej Grzegorczyk introduces a the-
ory of concatenation TC. The theory has a binary function symbol * for
concatenation and two constants a and b. The theory is axiomatized as
follows.

TCL F(x*y)sz=xx%(y*z2)
TQ. Fx*xy=usxv—(x=uny=0v)V
Jw ((x*xw = uny = w*v)V(x = uxwAy*sw = v)))
TC3. Fx*xy#a
TC4. Fx*xy+#b
TC5. Fab

Axioms TC1 and TC2 are due to Tarski [7]. Grzegorczyk calls axiom TC2 the
editor axiom. We will consider two weaker theories. The theory TCy has the
signature with just concatenation, and is axiomatized by TC1,2. The theory
TC, is axiomatized by TC1,2,3. We will also use TC, for TC.

Some of the results of this note were obtained during the Excursion to mountain Sleza of the
inspiring Logic Colloquium 2007 in Wroctaw and, in part, in the evening after the Excursion.
We thank the organizers for providing this wonderful opportunity. We thank Dana Scott for his
comments, insights and questions. We are grateful to Vincent van Oostrom for some perceptive
remarks.

Pavel Pudlak was supported by grants A1019401 and 1M002162080.

Logic Colloquium *07

Edited by Frangoise Delon, Ulrich Kohlenbach, Penelope Maddy, and Frank Stephan
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2 V. CACIC, P. PUDLAK. G. RESTALL. A. URQUHART. AND A. VISSER

The theories we are considering have various interesting interpretations.
First they are, of course, theories of strings with concatenation; in other
words, theories of free semigroups. Secondly they are theories of wider classes
of structures, to wit structures of decorated linear order types, which will be
defined below!.

The theories TC; are theories for concatenation without the empty string,
i.e., without the unit element. Adding a unit £ one obtains another class of
theories TC?, theories of free monoids, or theories of structures of decorated
linear order types including the empty linear decorated order type. The basic
list of axioms is as follows.

TClL. Fexx=xAx*e=x
TC2. F(x*y)xz=xx(yx*2z)
TC3. Fxxy =uxv — Jw (x*w = uAy =w*v)V(x = uxwAwxy = v))

TC4. Fa+#e
TCS. Fx*xy=a—(x=eVy=c¢)
TC6. Fb+#e
TC7. Fx*xy=b—(x=eVy=¢)
TC8. Fa#b.

We take TCj to be the theory axiomatized by TC®1,2,3, TC] to be TCj +
TC*4,5and TC® :=TC§ to be TC + TC®6,7. 8.

One can show that TC is bi-interpretable with TC?, in which a unit € is added
via one dimensional interpretations without parameters. The theory TC; is bi-
interpretable with TCJ via two-dimensional interpretations with parameters.
The situation for TCy seems to be more subtle. See also [10]. In Section 6, we
will study an extension of TCG.

Andrzej Grzegorczyk and Konrad Zdanowski have shown that TC is essen-
tially undecidable. This result can be strengthened by showing that Robinson’s
Arithmetic Q is mutually interpretable with TC. Note that TC, is undecidable
—since it has an extension that parametrically interprets TC— but that TC,
is not essentially undecidable: it is satisfied by a one-point model. Similarly
TC; is undecidable, but it has as an extension the theory of finite strings of a’s,
which is a notational variant of Presburger Arithmetic and, hence, decidable.

We will call models of TCy concatenation structures, and we will call mod-
els of TC; concatenation i-structures. The relation of isomorphism between
concatenation structures will be denoted by 2. We will be interested in con-
catenation structures, whose elements are decorated linear order types with
the operation concatenation of decorated order types. Let a non-empty class
A be given. An A-decorated linear ordering is a structure (D, <, '), where D
is a non-empty domain, < is a linear ordering on D, and f is a function from

I A special case of decorated linear order types is addition of sets as discovered by Tarski (see
[8]). It is shown by Laurence Kirby in [3] that the structure of addition on sets is isomorphic to
addition of well-founded order types with a proper class of decorating objects.
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D to A. A mapping ¢ is an isomorphism between A-decorated linear order
types (D, <, f) and (D', <’, f') iff it is a bijection between D and D’ such
that, foralld.ein D,d < e & ¢d <’ ¢e, and fd = f'¢d. Our notion of
isomorphism gives us a notion of 4-decorated linear order type. We have an
obvious notion of concatenation between A4-decorated linear orderings which
induces a corresponding notion of concatenation for 4-decorated linear order
types. We use «, f5.... to range over such linear order types. Since, linear
order types are classes we have to follow one of two strategies: either to employ
Scott’s trick to associate a set object to any decorated linear order type or to
simply refrain from dividing out isomorphism but to think about decorated
linear orderings modulo isomorphism. We will employ the second strategy.

We will call a concatenation structure whose domain consists of (represen-
tatives of) A-decorated order types, for some 4, and whose concatenation is
concatenation of decorated order types: a concrete concatenation structure. It
seems entirely reasonable to stipulate that e.g. the interpretation of a in a con-
crete concatenation structure is a decorated linear order type of a one element
order. However, for the sake of generality we will refrain from making this
stipulation.

Grzegorczyk conjectured that every concatenation 2-structure is isomorphic
to a concrete concatenation structure. We prove that this conjecture is false.
(i) Every extension of TC; has a model that is not isomorphic to a concrete
concatenation 1-structure and (ii) the set of principles valid in all concrete
concatenation 2-structures interprets arithmetical truth.

The plan of the paper is as follows. We show, in Section 2, that we have, for
all decorated order types «, f and y. the following principle:

(1) fraxy=a=frxa=ax*xy=aqa.

This fact was already known. It is due to Lindenbaum, credited to him in
Sierpinski’s book [6] on p. 248. It is also problem 6.13 of [4].

It is easy to see that every group is a concatenation structure and that ()
does not hold in the two element group. We show, in Section 5, that every
concatenation structure can be extended to a concatenation structure with any
number of atoms. It follows that there is a concatenation structure with at least
two atoms in which (1) fails. Hence, TC is incomplete for concrete concate-
nation structures. In Section 3, we provide a counterargument of a different
flavour. We provide a tally interpretation that defines the natural numbers
(with concatenation in the role of addition) in every concrete concatenation 2-
structure. It follows that every extension of TC; is satisfied by a concatenation
I-structure that is not isomorphic to any concrete concatenation 1-structure,
to wit any model of that extension that contains a non-standard element. In
Section 4, we strengthen the result of Section 3, by showing that in concrete
concatenation 2-structures we can add multiplication to the natural numbers.
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It follows that the set of arithmetically true sentences is interpretable in the
concretely valid consequences of TC,.

Finally, in Section 6 we prove a positive result. We provide a mapping from
arbitrary models of a variant of an extension of TCy to structures of decorated
order types. As we have shown such a construction cannot always provide a
representation. We show that, for a restricted class of representations, we do
have: if a model has a representation in the class, then the construction yields
such a representation.

§2. A principle for decorated order types. In thissection we prove a universal
principle that holds in all concatenation structures, which is not provable in
TC. There is an earlier proof of this principle [4, p. 187]. Our proof, however,
is different from that of Komjath and Totik.

THEOREM 1. Let «ay, a1, an be decorated order types. Suppose that oy =
ap x ay x ay. Then, o) = ag * o) = ay * aa.

PrOOF. Suppose a; = o * o * ap. Consider a decorated linear ordering
A= (4. <, f) of type a;, By our assumption, we may partition 4 into Ao,
Ay, A, such that:

(A.<.f)y=(Ao. <I Ao. f | Ao) * (A1. <[ A1. [ | A1) % (A2. <[ As. f | 42),

where A; := (4;, <[ 4;. f | 4;) is an instance of a;, Let ¢ : A — A; be an
isomorphism.

Let ¢" Ay = (¢"[A()]. < "[A)]. f | "[A()]). We have: ¢"A; is of
order type a; and ¢" A is of order type ;.

Clearly, ¢.Ap is an initial substructure of ¢.A = A;. So, Ay and ¢.A are
disjoint and ¢4, adjacent to the right of Ay. Similarly. for ¢" Ay and ¢"*! A,.
Take A = ., ¢'Ao. We find that A := (AJ. <[ AY. f | AF) is initial
in A and of decorated linear order type of. So a1 = o * p, for some p.
It follows that o * a; = g * of * p = af * p = a1. The other identity is
similar. -

So, every concrete concatenation structure validates that a; = ag * g * as
implies a; = o * @] = a1 * ap. We postpone the proof that this principle is
not provable in TC to Section 5.

§3. Definability of the natural numbers. In this section, we show that the
natural numbers can be defined in every concrete concatenation 1-structure.
We define:

xCy:ox=yVIu (uxx=y)vVv (x*v =y)VIu,v (uxx*v = y).
XCniyvieex=yVIv(xxv=y).

XCendy o x=yVIu(usxx=y).

(n:N,) = VmCpn(m=aVvIk (k#mAm=kxa)).
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The use of 2’ in n : N, is derived from the analogous use in type theory. We
could read it as: 7 is of sort N,. We write m,n : N, for: (m : Na) A (n: N,),
etc. In the context of a structure we will confuse N, with the extension of N,
in that structure.

We prove the main theorem of this section.

THEOREM 2. In any concrete concatenation 1-structure, we have:
N.= a"'|necow .

In other words, N, is precisely the class of natural numbers in tally representation
(starting with 1). Note that * on this set is addition.

Proor. Consider any concrete concatenation 1-structure 2. It is easy to
see that every a"*! is in N,. Clearly, every element x of N, is either a or it
has a predecessor, i.e., there is a y such that x = y x a. The axioms of TC,
guarantee that this predecessor is unique. This justifies the introduction of the
partial predecessor function pd on N,. Let o be the order type corresponding
to a. Let fy be any element of N,. If, for some n, pd" f is undefined, then S
is clearly of the form o**!, for k in w.

We show that the other possibility cannot obtain. Suppose 3, := pd" f is
always defined. Let A be a decorated linear ordering of type « and let B; be
a decorated linear ordering of type ;. We assume that the domain 4 of A is
disjoint from the domains B; of the B;. Thus, we may implement 3; 1 * A just
by taking the union of the domains.

Let ¢; be isomorphisms from B;,| * Ato B;. Let A; := (¢go--- 0 ¢;)(A).
Then, the A; are all of type « and, for some C, we have By = C - - - x Ap * Ay.
Similarly B; = C % --- % Ay x A;. Let @ be the opposite ordering of w.
It follows that fy = y * a® = f; = pd(fy). Hence, By is not in N.2. A
contradiction. -

We call a concatenation structure standard if N, defines the tally natural
numbers. Since, by the usual argument, any extension of TC; has a model
with non-standard numbers, we have the following corollary.

COROLLARY 3. Every extension of TCy has a model that is not isomorphic
to a concrete concatenation 1-structure. In a different formulation: for every
concatenation 1-structure there is an elementarily equivalent concatenation 1-
structure that is not isomorphic to a concrete concatenation 1-structure.

Note that the non-negative tally numbers with addition form a concrete
concatenation 1-structure. Thus, the concretely valid consequences of TC; +
Vx (x : N,). ie., the principles valid in every concrete concatenation 1-
structure satisfying Vx (x : N,) are decidable.

2Note that we are not assuming that y is in 2.
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84. Definability of multiplication. If we have two atoms to work with, we can
add multiplication to our tally numbers. This makes the set of concretely valid
consequences of TC non-arithmetical. The main ingredient of the definition
of multiplication is the theory of relations on tally numbers. In TC, we
can develop such a theory. The development has some resemblance to the
construction in the classic paper of Quine [5]. However, the ideas here are
somewhat more intricate, since we are working in a more general context than
that of [5]. We represent the relation (xo, yo), ..., (Xy—1. Yu—1) . by:

bb* xp*b* yo*xbb* x| *...bb* Xx,_1 *b* y,_| * bb.

We define:

r:REL :> bb Ceng 7,

() := b,

x[r]ly = x,y :NaAbbxx *bx y*bb Cr.
adj(r,x.y) := 7 * X *b* y * bb.

Clearly, we have: TC F Vu,v —u[l]Jv. To verify that this coding works we
need the adjunction principle.

THEOREM 4. We have:
TCH(r:RELA X,y u,v: N,) —
uladj(r,x, y)Jv & ulrlvV(u=xAv=y)

We can prove this result by laborious and unperspicuous case splitting.
However, it is more elegant to do the job with the help of a lemma. Consider

any model of TCy. Fix an element w. We call a sequence (wy....,wy) a
partition of w if we have that wy * - - - x wy = w. The partitions of w form a
category with the following morphisms. f : (ug.....u,) — (wo, ..., wr)iff f

is a surjective and weakly monotonic function from n + 1 to k + 1, such that,
forany i < k, w; = uy % ---xuy, where f(j) =iiff s < j < £. We write
(o, ....up) < (wo....,wy) for: Af f : (up.....u,) — (wo...., wy). In this
case we say that (uy. . ...u,) is a refinement of (wy. . ... wy).

LemmA 5. Consider any concatenation structure. Let w be an element of the
structure. Then, any two partitions of w have a common refinement.

Proor. Fix any concatenation structure. We first prove that, for all w,
all pairs of partitions (uo....,u,) and (wo.....w;) of w have a common
refinement, by induction of n + k.

If either n or k is 0, this is trivial. Suppose that (u.....u,41) and
(wo. ..., wry1) are partitions of w. By the editor axiom, we have either
(@) up * -+~ *u, = wo *---*w, and u,,; = wiy1, or there is a v such
that (b) up * -+ * u, x v = wo * --- * wr and w41 = v * Wiy, or (c)
U * -+ % Uy = Wy % -+~ *wy v and v * u, | = wiy(. We only treat case (b),
the other cases being easier or similar. By the induction hypothesis, there is a
common refinement (xy. ... x,,) of (ug.....u,. v) and (wo.....w,). Let this
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be witnessed by f, resp. g. Itiseasily seen that (xo. . .. X, wi41) is the desired
refinement with witnessing functions /" and g’, where f/ := f[m+1 — n+1],
g :=g[m+1+— k+1]. Here f[m + 1 — n + 1] in the result of extending f’
toassignn + 1 tom + 1. -

We turn to the proof of Theorem 4. The verification proceeds more or less
as one would do it for finite strings.

Proor. Consider any concatenation 2-structure. Suppose REL(r). The
right-to-left direction is easy, so we treat left-to-right. Suppose x, y, u and
v are tally numbers. and u[adj(r, x, y)]v. There are two possibilities. Either
r = bborr = ry*bb. We will treat the second case. Let s := adj(r, x, y). One
the following four partitions is a partition of s: (i) (b,b,u,b,v,b.b), or (ii)
(w,b,b,u,b,v,b,b), or (iii) (b, b, u, b, v,b,b, z), or (iv) (w,b,b,u.b,v.b, b, z).
We will treat cases (ii) and (iv).

Suppose ¢ := (w,b,b,u,b,v,b,b) is a partition of s. We also have that
7 := (r0,b,b,X,b, y,b,b) is a partition of 5. Let (¢....,#) be a common
refinement of ¢ and 7, with witnessing functions f and g. The displayed b’s
in these partitions must have unique places among the ;. We define m, to be
the unique i such that f (i) = m. provided that ¢,,, = b. Similarly, for m,. (To
make this unambiguous, we assume that if ¢ = 7, we take ¢ as the common
refinement with f and g both the identity function.)

We evidently have 7, = 7, = k and 6, = 6, = k — 1. Suppose 4, < 4,.
It follows that b C v. So, v would have an initial subsequence that ends in b,
which is impossible. So, 4, £ 4,. Similarly, 4, < 4,. So 4, = 4,. It follows
that v = y. Reasoning as in the case of 4, and 4., we can show that 2, = 2,
and, hence u = x.

Suppose p := (w.b,b,u, b, v,b, b, z) is a partition of s. We also have that
7 := (rp.b.b.x.b, y,b.b) is a partition of s. Let (¢.....#;) be a common
refinement of p and 7, with witnessing functions f and g. We consider all
cases, where 1, < 6,. Suppose 6, = 1, +1 = 2. Note that7, = 6, + 1. so we
find: b C x, quod non, since x is in N,. Suppose 2; < 6, < 4,. In this case we
have a b as substring of x. Quod non. Suppose 6, = 4. Since 7, = 6, + 1,
we get a bin y. Quod non. Suppose 4, < 6, < 6,. In this case, we get a b in
». Quod impossible. Suppose 6, > 6, = k — 1. In this place there is no place
left for z among the #;. So. in all cases, we obtain a contradiction. So the only
possibility is 6, < 1.. Thus, it follows that u[r]v. -

We can now use our relations to define multiplication of tally numbers in
the usual way. See e.g. Section 2.2 of [1]. In any concrete concatenation
2-structure, we can use induction to verify the defining properties of multipli-
cation as defined. It follows that we can interpret all arithmetical truths in the
set of concretely valid consequences of TC.

COROLLARY 6. We can interpret true arithmetic in the set of all principles
valid in concrete concatenation 2-structures.
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85. The sum of concatenation structures. In this section we show that con-
catenation structures are closed under sums. This result will make it possible
to verify the claim that the universal principle of Section 2 is not provable in
TC. The result has some independent interest, since it provides a good closure
property of concatenation structures.

Consider two concatenation structures 24y and 2(;. We write x for concate-
nation in the 2;. We may assume, without loss of generality, that the domains
of 2y and 2 are disjoint. We define the sum B := 2, @ 2, as follows.

e The domain of 9 consists of non-empty sequences wy - - - w,_1, where
the w; are alternating between elements of the domains of 2y and 2.
In other words, if w; is in the domain of &;, then w; .y, if it exists, is in
the domain of 2A;_;.

e The concatenation ¢ * 7 of ¢ = wy---w,—; and T = vg---Vt_1 1S
Wp - Wy—1V0 - - - Wk—_1,Incase w,_1 and vy are in the domains of different
structures 2;. The concatenation ¢ * 7 is wg - - - (Wy_1 * Vg) - - - Wr_1, In
case w,_ and v are in in the same domain.

In case g 7 is obtained via the first case, we say that ¢ and 7 are glued together.
If the second case obtains, we say that ¢ and t are clicked together.

THEOREM 7. The structure B = Uy © Ay is a concatenation structure.

PrOOF. Associativity is easy. We check the editor property TC2. Suppose
00 % 0] = 20"+ Zm—1 = To * T1. We distinguish a number of cases.

CasEe 1. Suppose both of the pairs gy, g; and 7, 7] are glued together. Then,
forsome k,n > 0,wehave oy = zp - Zk—1. 01 = Zk " " Zm—1.T0 = 20" " " Zn—1»
and 1y =z, - Zp_1.

So, if k = n, we have gy = 79 and o1 = 717.
If k < n,wehave 1o = 69 * (zx -+~ z,—1) and 61 = (z -+ - z,—1) * 71. The
case that n < k is similar.

CASE 2. Suppose gy, g7 is glued together and that 7, 7; is clicked together.
So, there are k,n > 0, uy, and u; such that gy = zp---zi_sup, 01 =
UIZk Zm—t, U X U] = Zj—1,T0 = 20" Zn—1, ANA T| = Z, -+ - Zpy_1.

Suppose k < n. Then, 79 = go* (u1z - - z,—1) and o1 = (uyzg - - Zp_1) *71.
Note that, in case k = n, the sequence z; - - - z,,_ isempty. Thecasethatk > n
is similar.

Cask 3. This case, where gy, g; is clicked together and 7, 7; is glued to-

gether, is similar to Case 2.

CasE 4. Suppose that gy, 01 and 7y, 7; are both clicked together. So, there
are k,n > 0, ug, uy, vo, v1 such that o9 = zg--- zx_rug, 61 = UIZk " Zm—_1,
Ug* Ul = Z—1,T0 = 20" - Zp—2V0, T1 = V1Zy -~ Z—1 and Vg * V] = Z,_1.
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Suppose k = n. We have ug x u; = z;_; = vg % v;. So. we have either (a)
up = vo and u; = vy, or, for some w, either (b) uy x w = vy and u; = w x vy,
or (c) uy = voxw and wx u; = v;. In case (b), we have: g¢ * w = 79 and
o1 = w * 71. We leave (a) and (c) to the reader.

Suppose k& < n. We have:

oo * (U2 -+ Zu—2vy) = To and o1 = (U1Zk - - - Zu—2Vp) * T1.

The case that k > n is similar. =

It is easy to see that & is a sum or coproduct in the sense of category theory.
The following theorem is immediate.

THEOREM 8. If a is an atom of U;, then a is an atom of Ay © 2.
Finally, we have the following theorem.

THEOREM 9. Let A be any set and let B = (B.*) be any concatenation
structure. We assume that A and B are disjoint. Then, there is an extension of
B with at least A as atoms.

ProoF. Let A* be the free semi-group generated by 4. We can take as the
desired extension of B, the structure A* @ B. -

REMARK 5.1. The whole development extends with only minor adaptations,
when we replace axiom TC2 by:
ehFxxy=uxv—=(x=uAy=0v)V( @Aw (xxw=uAy=w=xv)V
WMw (x=uswAy*w=0v))

Here V is exclusive or.

86. A canonical construction. Although we know that not every concate-
nation structure can be represented by decorated linear orderings, i.e., as a
concrete concatenation structure, there may exist a canonical construction of
a concrete concatenation structure which is a representation whenever there
exists any concrete representation. In this section we shall propose such a
construction, but we can only show that it is universal in a restricted subclass
of all concrete representations.

It will be now more convenient to work with a theory for monoids, rather
than for semigroups, as we did in the previous sections. We will work in the
theory TC¢, , which is TCj plus the following axiom.

TCO. F x*xy*xz=y — (x=eANz=c¢).

We do not postulate the existence of irreducible elements, as they do not play
any role in what follows, but they surely can be present. We shall call elements
of a model M of TC%: words. When possible. the concatenation symbol
will be omitted.

When considering representations of structures with a unit element £ by
decorated order types, one has to allow an empty decorated order structure.
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Thus a representation of a model M of TC is a mapping p that assigns a
decorated order structure to every w € M so that

1. p(e) =0,

2. p(uv) = p(u)p(v) and

3. p(w) = p(v) implies w = v.

LemMa 10. In a model M of TCY,. the binary relation 3u(xu = y) defines an
ordering on the elements of M.

DEFINITION 6.1. A k-partition of a word w is a k-tuple (wy....,wy) such
that w ... w; = w; we shall often abbreviate it by w; ... wy. An ordering
relation is defined on 3-partitions of w by:

® UilUrUz < V1NV3 =~ 3)61,)(3 ('lel = U1 \ X303 = u3).

The axioms ensure that for any two partitions there is a unique common
refinement.

DEFINITION 6.2 (Word Ultrafilters). Let w be a word and S a set of 3-
partitions of w. We shall call S a word ultrafilter on w if
1. ewe € S
2. xey & S forany x, y
3. if U € S, Visa3-partitionof wand U < V', then V € S
4. if xyz € S and y = y;)», then exactly one of the following two cases
holds: (x, y;.y2z) € S or (xy1.y2.2) € S.

Let S be a word ultrafilter on w and xyz € S. Then we define the natural
restriction of S to y which is a word ultrafilter S, on y defined by:

o (ns.1)esS, & (xrs.1z) €S,
We shall define an ordering on word ultrafilters on a fixed w and an equivalence
on word ultrafilters on all words of M. Let S and T be word ultrafilters on
w, then we define:

e S<T := Juv((e.uv)eSAuve)eT).
Let S and T be word ultrafilters on possibly different words, then we define:

o S~T:= Ixx'.yzz (xyze SAx'yz e TAS, =T,).
Notice that < is a strict ordering on word ultrafilters on w, but for S < T it
stillmay be S ~ T.

DErFINITION 6.3. Let w be a word. The canonical decorated ordering asso-
ciated with w is the ordering of all word ultrafilters on w, where each word
ultrafilter S is decorated by [S]., the equivalence class of ~ containing S.
This decorated ordering will be denoted by C(w).

Here are some basic properties of C(w).

e The topological space determined by the ordering is compact and totally
disconnected. In particular, it has largest and smallest elements.
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e For every proper prefix x of w, there is a uniquely determined pair of
word ultrafilters which forms a gap (no word ultrafilter in between).
Thus there is a natural embedding of the ordering of the prefixes into
C(w). More precisely, we have have two mappings ¢,, and ¢, such that
for a proper prefix x the pair ¢,, (x), ¢,; (x) is the gap corresponding to
x. If x = ¢ (or x = w), then only ¢, (x) (or ¢, (x)) is defined and it
is the least (largest) element of C(w). Furthermore the images of these
mappings are dense sets in C(w).

e Vice versa, every gap in C(w) corresponds to a prefix (or equivalently
to a 2-partition).

e If @ is an atom (irreducible element in M), then it determines a principal
word ultrafilter. For a given atom « all such principal word ultrafilters
are equivalent.

C satisfies conditions 1. and 2. but, in general, condition 3. fails.

EXAMPLE 6.4. Let M = A* be the monoid generated by A (the alphabet).
Then, all word ultrafilters are principal and C(w) is essentially the string w
itself.

ExaMmPLE 6.5. This is a ‘pathological example’. Let M be the nonnegative
real numbers with +. For a positive real r, the order type of C(r) is the order
type of: {(0,1)}U(Z x {0,1})U{(1,0)}, where Z is the open unit interval, with
the lexicographic order. The equivalence relation ~ has two classes; elements
of the form (x,0) are decorated by one type of word ultrafilters, elements
(x. 1) are decorated by the other type. Hence for every r. s > 0, C(r) = C(s),
thus C is not a representation.

DEFINITION 6.6. p is a regular representation of M by decorated orderings,
if for every 2-partition x;x; = w of w € M, there exists a unique 2-partition
A4, = p(w) such that 4; = p(xl) and A, = p(XZ).

We do not know if every concatenation structure that has a concrete repre-
sentation also has a concrete regular representation.
If p is regular, we have an analogous property for k-partitions for every k.

For a k-partition (xi...., x;) of w in M, we shall write
Pr(x1. o xi) = (Ar.. .. Ag).
where (A. ..., Ay ) is the uniquely determined k-partition of p(x; ... x;) such

that 4; = p(x;). fori =1,....k.

THEOREM 11. 1. Ifthe canonical mapping C is a representation of M, then
it is a regular representation of M.
2. If there exists a regular representation p of M, then so is also C.

PrROOF. Ad 1. Let uv = w be in M, and suppose we have two different 2-
partitions AB = C(w), A’B’ = C(w).withAd = C(u) =2 A".B = C(v) =2 B’.
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Suppose that 4 is a proper initial segment of 4’. Since AB corresponds to
a 2-partition uv, there is a gap between A and B. Since A4 is a proper initial
segment of A’, the gap isin A’. As every gap corresponds to a 2-partition of
the preimage in C, there exists y and D, such that A’ = 4D and D = C(y).
Hence u = uy, which is possible only if y = . But then D is empty, which is
a contradiction.

Ad 2. Given a regular representation p we should show condition 3. for
mapping C. Since p is a representation it suffices to show that C(u) = C(v)
implies p(u) = p(v). Our strategy is

(i) to construct, for every w € M, an order preserving mapping 5 with

h : Supp(p(w)) — Supp(C(w)), and then
(ii) to show that if 1 : C(u) — C(v) is an isomorphism, then for every
S € Supp(C(u)) the fibers of S and 1(S), as decorated orderings, are
isomorphic. i.e.., 771(S) = h~1(:(S)). or they are both empty.
If (i) and (ii) are true, then it is easy to construct an isomorphism p(u) 2 p(v):
it suffices to connect the isomorphisms of the fibers into one isomorphism.
Ad (i). Letw € M, let j € Supp(p(w)). We define:
o h(j):={(x,y.z) | 34.B.D (j € Band p*(x,y.z) = (4, B, D))}.
One can readily verify that 4 (j) is a word ultrafilter, and that % is order
preserving.

Ad (ii). Let S € Supp(C(u)) and T € Supp(C(v)) such that T = 1(S).
Then S and 7 have the same decoration, which means that S ~ 7. By
definition, there exist 3-partitions (x,y,z) € S and (x’, y,z’) € T such that
S, = T,. Let p3(x.y.z) = (4, B.D) and p*(x’,y.z") = (4'. B, D’). Then,
B = B’, as p is a representation. Let us denote this isomorphism by k.

Take an arbitrary 3-partition y;y,y3; = y and let

p’(X.y1.32.3.2) = (4. B1. B,. B;. D).

and
P (x".y1.v2.3.2") = (4. B{. BS. B{. D).
Then B; = B/, for i = 1,2, 3. By the regularity of p, the segments By, B>, B3

in B and the segments Bj, B}, B in B’ are uniquely determined by their
isomorphism types, whence:

(1) k(B;) = B/, fori =1,2,3.

The fiber 2~1(S) is defined as the intersection of all segments B, that belong
to 5-partitions (x. y1. y2. y3. z) such that (1, y2. y3) € S; = T),. Similarly, the
fiber h=1(T) is defined as the intersection of all segments B} that belong to
5-partitions (x’, y1. y2. y3.z") such that (y;. y2. y3) € S, = T),. According to
(1), for all such 3-partitions, « : (By. B2. B3) = (Bj, B}, B). Hence & is also
an isomorphism of 4#~'(S) onto A~!(T). or both fibers are empty. .
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CARDINAL PRESERVING ELEMENTARY EMBEDDINGS

ANDRES EDUARDO CAICEDO

Abstract. Say that an elementary embedding j : N — M is cardinal preserving if CARM =
CARY = CAR. We show that if PFA holds then there are no cardinal preserving elementary
embeddings j : M — V. We also show that no ultrapower embedding j : V' — M induced by
a set extender is cardinal preserving, and present some results on the large cardinal strength of the
assumption that there is a cardinal preserving j : V' — M.

§1. Introduction. This paper is the first of a series attempting to investi-
gate the structure of (not necessarily fine structural) inner models of the set
theoretic universe under assumptions of two kinds:

1. Forcing axioms, holding either in the universe V of all sets or in both '
and the inner model under study, and

2. Agreement between (some of) the cardinals of V' and the cardinals of
the inner model.

I try to be as self-contained as is reasonably possible, given the technical
nature of the problems under consideration. The notation is standard, as
in Jech [8]. I assume familiarity with inner model theory: for fine struc-
tural background and notation, the reader is urged to consult Steel [19] and
Mitchell [15].

In the remainder of this introduction, I include some general observations
on large cardinal theory, forcing axioms, and fine structure, and state the main
results of the paper.

Consider set theory with the axiom of choice as formalized by the Godel-
Bernays axioms GBC, so we can freely treat proper classes. An inner model
(or simply, a model) is a transitive class model M of the Zermelo-Fraenkel
ZFC axioms containing all the ordinals. If M is a model and ¢ is a statement,
@M is the assertion that ¢ holds in M. If 7 is a definable term, ¥ indicates
the interpretation of 7 inside M. Denote by ORD the class of ordinals and by
CAR the class of cardinals. The cofinality of an ordinal « is denoted cf ().
All our embeddings are elementary and non-trivial, and the classes involved
are inner models; the critical point of such an embedding j is denoted cp(j).
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1.1. Large cardinal axioms. See Kanamori [10] as a general reference for
large cardinals. It is well-known that the GBC axioms fall quite short of
providing a complete picture of the universe of sets. Among the many inde-
pendent extensions that have been studied, two sets of statements have been
isolated as natural candidates to add to the basic axioms: large cardinal ax-
ioms and forcing axioms. By far, large cardinal axioms are better understood
and more readily accepted. There is no formal definition of what a large
cardinal is, but a few features can be distinguished. Typically, they are regular
cardinals « such that V, is itself a model of ZFC and, more importantly for
present purposes, one can associate to x a family of elementary embeddings
j:V — M where M is a transitive class. The association is usually (as in the
case of measurable, strong or supercompact cardinals) that « is the critical
point cp(j) of j, the first ordinal « such that j(a) > «, but it can take other
shapes, as is the case with Woodin cardinals.

An important remark is that these notions can be stated in terms of the
existence of certain ultrafilters or systems of ultrafilters called extenders, the
connection being given by an analogue of the model theoretic ultrapower con-
struction. An extender is essentially (a family of ultrafilters coding together)
a fragment of an elementary embedding, and it is by now a standard de-
vice; good expositions and definitions can be found in Jech [8, Chapter 20],
Kanamori [10, § 26], and Steel [19, § 2.1], among others. Briefly:

For a set X and a cardinal &, let

YT = {Y C X :|¥| =)
and define [X]<* and [X]=* similarly.
DEerFINITION 1.1. Let & be a cardinal and let A > k. A non-trivial (k, A)-

extender E is a sequence (E, : a € [A]<®) such that there is some { > & for
which the following hold:

1. For each a € [A]<®., E, is a k-complete ultrafilter over [(]*l. We call
k = cp(E) the critical point of E and A = 1h(E) the length of E.
2. (Non-triviality) For at least one a € [A]<?. E, is not kT -complete.
3. Foreach & € { thereis a € [A]<” such that {s € [(]“! : & € 5} € E,.
4. (Coherence or Compatibility) Whenever a C b € [A]<® let @, : [(]1*] —
[£]'! be the projection map given by
Tha (S) = ngla]
where 7, : (b, <) — (s, <) is the unique order isomorphism. Then, for
a Chel[l]<”and X C [{]1,
X € E iff {s : mpu(s) € X} € Ep.
5. (Normality) If a € [A]<”.i < |a|. and f : [(]!*l — V is such that

sel]: f(s)<s €E,
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(where s; is the i-th element of s in increasing order) then there is
b € [A® with a C b and k < |b| such that

s € [P s £ (mpa(s)) = sk € Ep.
where 7, is as above.

The relation between extenders and elementary embeddings is described in
the following result:

LemMA 1.2. 1. Assume j : V — N is elementary. Let k = cp(j) and
A > k. Let { be (least) such that j({) > A. For all a € [A]<?, define

E,.= XC[¢]“:acj(Xx) .

Then E = (E, : a € [A]<?) is a (k. J)-extender.
2. Conversely, given a (k. A)-extender E with each E, over [(]1%!, there is an
elementary embedding j : V — N such that
(a) & = cp(j),  is least such that A < j({). and for all a € [A]<°,
E,={Xx C[{):a e j(X)}. Moreover.
(6) N = {i(f)(s) s € 21 and f : [(]*) — V}. .
For a proof see any of the references cited above; the model N and the
embedding ;j in item 2 are obtained as the direct limit of the system that
consists of the ultrapowers ult(V, E,) and their associated embeddings; that
this system is directed follows from the compatibility condition in Defini-
tion 1.1. It is customary to refer to this direct limit (or its transitive collapse)
as ult(¥, E). Our interest in Lemma 1.2 lies in the following corollary, an
immediate consequence of Lemma 1.2 2(b):

COROLLARY 1.3. Let E be a (k. ))-extender with each E, over [(]1%!, and
let jg : V. — N be the associated embedding. Then, for any &, jp(&) <
(&1 12D+ n

We have mentioned examples of large cardinals. However, what is accepted
as a large cardinal axiom is more general. For example, the existence of certain
mice is a large cardinal axiom. They do not imply that large cardinals exist in
V', but rather in certain inner models.

A compelling reason for accepting large cardinal axioms comes from the
heuristic realization that natural statements that do not involve large cardinals
in their formulation can be shown equiconsistent with certain large cardinal
axioms. At the moment this is more a conjecture than a fact (hence the
informal adjective “natural” in the description just given, intended to exclude,
for example, pathological statements such as those generated by means of
Godel sentences), but it is a widely accepted state of affairs having been verified
for a varied class of examples; to name just a few: reflection of stationary sets,
determinacy hypotheses, or the failure of the singular cardinals hypothesis
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SCH. Recall that SCH is the statement that for all cardinals &,
Hcf(n) _ Zcf(n) + KJ+;

it follows from work of Woodin and Gitik (see Jech [8. Chapter 36] and
references therein) that the failure of SCH is equiconsistent with the existence
of a cardinal x of Mitchell order o(k) = k**. Baumgartner showed that
the proper forcing axiom PFA (see subsection 1.2) is consistent relative to the
existence of supercompact cardinals, see Shelah [18, Chapter VII]; it is widely
expected that, once fine structural inner model theory has been developed
enough, it will be shown that PFA is in fact equiconsistent with a strong large
cardinal axiom. The best available result to date is from Jensen-Schimmerling-
Schindler-Steel [9]. where it is shown that PFA implies the existence of non-
domestic mice (see subsection 1.3), see also Andretta-Neeman-Steel [1].

1.2. Forcing axioms. As said before, forcing axioms are not yet so widely
understood. While some set theorists go as far as considering them natural
statements, what seems to be the consensus is that they formalize a very desir-
able feature of the universe of sets. Namely, one would like the universe to be
as “wide” or “saturated” as possible. The way in which forcing axioms formal-
ize this desire is by stating that certain sets that can be added by certain forcing
posets already exist. There are restrictions on the class of posets to be consid-
ered and on how generic these sets that would have been added can actually
be. By loosening or increasing the restrictions, a variety of forcing axioms can
be identified. The most widely used and best known is by far Martin’s axiom
MA, see Martin-Solovay [14], but this is not a strong enough statement to even
decide the size of the continuum. Strong forcing axioms are much stronger
than MA both in consequences and in consistency strength. Typical examples
are the proper forcing axiom PFA introduced by Baumgartner and Shelah, see
Baumgartner [2] and Shelah [18, Chapter VII], and Martin’s maximum MM
introduced in the groundbreaking paper Foreman-Magidor-Shelah [5].

For T a collection of forcing notions, let FA(T") be the statement that for
any P € T and any w;-many given dense subsets of P there is (in V') a filter
G C P sufficiently generic in the sense that G meets each of these dense filters.

Assume that X is an uncountable set. A setS C [X]“ is said to be stationary
if for any function f : [X]<® — X thereis a set y € S closed under f. A
forcing P is proper iff for any stationary set S, it is still the case in V'F that
S is stationary. In particular, uncountable sets in J are still uncountable in
V® and thus ! = /. The proper forcing axiom PFA is the statement
FA(Proper), where Proper is the class of proper posets.

Given a poset P, it can be shown, see Foreman-Magidor-Shelah [5], that
FA({PP}) fails if there is a stationary subset S of w; that is no longer stationary
in V? (one says that the stationarity of S was not preserved). Martin’s
maximum MM is the statement that FA(I") holds, where I is the class of posets
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that preserve stationary subsets of w;. Obviously, MM is the strongest forcing
axiom possible, and in particular it implies PFA. As with PFA, it is consistent
relative to the existence of a supercompact cardinal.

Many consequences of PFA can be considered natural features of the uni-
verse of sets (for example, the failure of the continuum hypothesis, the failure
of square principles, the singular cardinal hypothesis. determinacy in L(R),
and generic absoluteness of L(RR): see for example Bekkali [3], Todorcevi¢ [20],
Viale [22], and Jensen-Schimmerling-Schindler-Steel [9]) thus providing evi-
dence for its acceptance as a natural extension of ZFC. However, even if one
does not consider PFA to be “natural”, it seems reasonable that some com-
mon features of forcing axioms and other similar strong reflection principles
will eventually be considered as natural as large cardinal axioms.

Recall:

DEFINITION 1.4. Let x be an uncountable cardinal.

1. & is strongly compact iff for any set S, any k-complete filter over S can
be extended to a k-complete ultrafilter over S.
2. Given a set X, a filter F over [X]<" is fine iff it is k-complete and, for all
xeX,
ce[X]*F:x€0 €F
3. Given a cardinal 1 > k, say that k is A-strongly compact or, simply,
A-compact iff there is a fine ultrafilter over [A]<".

The following characterization of strong compactness in terms of elemen-
tary embeddings will be useful in Section 3, see Kanamori[10, Theorem 22.17]:
THEOREM 1.5. Let w < k < A. Then the following are equivalent:
1. K is A-compact.
2. There is an elementary j : V — N with cp(j) = k and such that for any
X C N with|X| < A, thereis Y € NwithX CYand N = Y| < j(k).
3. For any set S, any k-complete filter over S generated by at most A sets can
be extended to a k-complete ultrafilter over S. -

We have occasion to use some covering properties introduced in the highly
recommended Viale [23]. We proceed to recall the relevant notions and results:

DEFINITION 1.6 (Viale). Let A < & be regular cardinals. A collection of sets
D= (K(o,B):a < i, B < k) is a A-covering matrix for k iff the following
conditions are met:

1. pC ., K(a. p)forall f < k.

2. K(o, B) S K(y,B) forall < k and all o < 7 < A.

3. Forall @ < Zand all y < B < k there is n < A such that K(a.y) C

K (1. B).

4. Forall X € [k]=" thereis yy < & such that for all § < k and < A there

isa < Asuchthat K(n. f)NX C K(a.yy).
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DEFINITION 1.7 (Viale). If k > A are regular cardinals, the covering property
CP(k., 4) holds iff for every A-covering matrix D for & there is an 4 € [k]*
such that

[4] C K.V :a<if<k .
The definition of the combinatorial principle ((x) mentioned below can be
found, for example, in Moore [16].

THEOREM 1.8 (Viale). 1. CP(k, w) implies that O(k) fails.

2. If k is singular, cf (k) = A, 2* < k., and CP(k*, A) holds, then k* = k™.

3. CP(k™.w) for all singular k of cofinality w implies the singular cardinal
hypothesis SCH.

4. PFA implies CP(k™, w) for all singular k of cofinality w.

5. If A is strongly compact, then CP (k. 0) holds for all regular 0 < . and all
regular k > A.

6. If CP(k™,0) holds and M is an inner model such that & is regular in M
and (k)M = k™, then cf(k) # 0.

7. If PFA holds and M is an inner model with the same cardinals, then M
computes correctly all ordinals of cofinality . -

1.3. Fine structure. See Steel [19], Mitchell [15], and references within for
historical references and details on the notions and results mentioned here.
What follows owes much to expositions by Ketchersid. Inner model theoryisa
rather technical area in set theory, and by necessity the presentation I make of it
here is somewhat of a caricature. Godel defined the constructible universe L: it
isnot really a good model of set theory as currently understood since it does not
contain any significant large cardinals. On the other hand, its theory admits
a very detailed analysis (known as fine structure theory and introduced by
Jensen) by studying how new sets are added in the inductive construction of L
in terms of the complexity of their definitions. One can generalize L to models
of the form L[£], the constructible universe built from an additional predicate
&, and by allowing € to code (one or several) elementary embeddings, L[€]
can be made to model a substantial fragment of the large cardinal hierarchy.
However, to replicate the fine structural analysis of L in this larger generality
requires substantially new ideas, since the predicate £ should be chosen very
carefully in order to obtain some kind of canonicity.

The (partial) solution devised by Mitchell and Steel, following a long line
of research including work of Jensen, Solovay, Dodd and Mitchell, among
others, is to let £ = (E, : a < ) be a coherent sequence of extenders. By
reference to just a extender £, i.e., without need of knowing the domain of the
embedding being coded, one can recover the critical point of this embedding,
which justifies talking of cp(E). Also, as long as some agreement conditions
are satisfied, an ultrapower ult(M, E) of a model M by an extender E can be
formed, with critical point cp(E), even if M was not the domain of the original
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embedding coded by E or if E ¢ M. Coherency is a technical requirement;
each E, is either () or else it is an extender over L,[€ | «]; moreover, if
i Lo[€ T a] — ult(L4[€ | a], E,) is the ultrapower embedding by E,.
then j(€)la = £la and j (&), = 0. (In this description I have ignored a few
details, in particular, some technical remarks related to the well-foundedness
of the target model.)

A potential premouse (ppm) is a structure M = (L,[E]a]. E,) where € is
a coherent sequence of extenders. These are structures that “look like” initial
segments of one of the canonical models one wants to build. Part of what
the canonicity of the construction requires is an analogue of some of the nice
condensation properties of L. This is called the initial segment condition, and
a ppm satisfying this is called a premouse.

For M asaboveand f < o, let M|f=Lg[E[fland M||f = Lg[EIP]. Ep .
A key issue when studying premice is the question of iterability. Two premice
M and N are lined up if one is an initial segment of the other, i.e., if for
some f. N = M| or M = N||B. To compare two premice M and N
means to produce from them two (other) lined up premice M* and N*. To
do this, the notion of iteration tree, due to Martin and Steel, is required.
In short, nice inner models for small large cardinals can be compared by
iterating ultrapowers, see Jech [8, Chapter 19]: One looks at the first ordi-
nal  where M| # N|B. This disagreement must come from their fop
measures being different, Ep* # Ez,v Forming M’ = ult(M|f. E;") and
N = ult(V]B. E/év ). the coherency property of the extender sequences im-
plies that M'||f = N”||B. i.e., we have effectively removed a disagreement.
The process is continued (taking direct limits at limit stages) until (if) lined
up models are produced. It is a remarkable result of Kunen that this is indeed
the case for models for one measurable cardinal, and this result can be gen-
eralized. The iterations so obtained are essentially /inear iterations, and this
linearity seriously bounds both the complexity of the reals that can belong
to such inner models and their large cardinals. Martin and Steel found a
non-linear method of iterating ultrapowers of inner models in the region of
Woodin cardinals. These models give then rise to iteration trees, trees of struc-
tures with embeddings between the models appearing along their branches.
If two models are compared this way, at limit stages of the comparison pro-
cess, different possibilities on how to continue the trees may arise, and the
existence of these choices increases the complexity of their comparison pro-
cess and explains why these models allow more complicated reals and large
cardinals than those appearing in linearly iterable models. From the existence
of enough large cardinals one can deduce the existence of nice models M,
i.e., iterable (in an appropriate sense that allows us to carry out the compar-
isons mentioned above) models of enough set theory with roughly the same
large cardinals. Exactly how far in the large cardinal hierarchy this process
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can go is open, but models with many Woodin cardinals can be obtained
this way.

A premouse M is collapsing if every element of M is X;-definable over M
from no parameters—in particular, M is countable. Collapsing (sufficiently
iterable) premice are already lined up. The most famous example of a collaps-
ing mouse (and the smallest one) is zero sharp, OF, this is an iterable model
of the form 0f = Mg = (L,. E,) where 0 =“E, is a measure on cp(E,)”.
with a chosen as least as possible. Hence, 0! resembles an inner model with
a measurable cardinal, except that by considering the next level of the con-
structible hierarchy, the universe is collapsed to w. Other examples include
0f, which is a model with a genuine measure and a top extender, and M, u,
! < w, models with / Woodin cardinals and a top extender. Since these mod-
els are lined up, one can talk of a mouse being “below a Woodin cardinal”,
for example. Work of Steel, Martin, Woodin and Neeman has shown that
2}1 ,1-determinacy is equivalent to the existence and iterability of M,f(x) for

all reals x, where these models are defined as M,'f but the real x is added
as an element at the bottom stage (for n = 0 this is a result of Martin and
Harrington). Similarly, ADY™® in all set generic extensions is equivalent to
the existence and iterability of M¢ and this is in turn equivalent to the generic
absoluteness of L(R). Below, we mention non-domestic premice; these are
premice M such that there is an ordinal v < ORD™ such that in M]||v.
k = cp(E,) is a limit of Woodin cardinals and of cardinals strong up to . see
Andretta-Neeman-Steel [1].

The model K, the core model. is an iterable model built from a coherent
sequence of extenders as above. It is intended to faithfully represent the large
cardinal structure of the universe. Its existence is in general an open problem
(and requires some additional technical assumptions to ensure its iterability),
but it has been successfully identified as long as this large cardinal structure
is not too complicated. For example, it is just L if 0f does not exist. Much
like L, K is quite canonical; for example, it is definable, and its definition is
invariant under forcing. It satisfies the weak covering property, namely that
(AT)X = A" for all V-singular cardinals A; when K = L (which is to say, when
0% does not exist) this is a consequence of Jensen’s celebrated covering lemma.
An important technical feature of K is its rigidity. This means that there are
no elementary embeddings j : K — K. In fact, a standard technique to
show that an assumption ¢ implies the existence of mice capturing certain
large cardinals, consists on attempting to build K under the assumption that
o holds and the mice in question do not exist, and then proceeding to show
that K is non-rigid.

1.4. Results. We study embeddings j : V' — M or j : M — V where the
model M computes cardinals correctly. i.e.. CARM = CAR. We call these
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embeddings cardinal preserving. The expectation is that they do not exist,
and the results of this paper can be seen as a step towards confirming this
expectation. In Section 2 we show:

THEOREM 1.9. If PFA holds, then there are no cardinal preserving embeddings
jiM—=T.

Theorem 1.9 follows Viale’s Theorem 1.8 via a structural restriction we
identify, see Theorem 2.5.

In Section 3 we study cardinal preserving embeddings j : V' — M, and
prove:

THEOREM 1.10. If E is a set extender and j : V' — M is the corresponding
ultrapower embedding, then j is not cardinal preserving.

Theorem 1.10 also makes use of (the proof of) Viale’s Theorem 1.8. Next,
we show that cardinal preserving embeddings j : V' — M have signifi-
cant large cardinal strength, both locally (e.g.. cp(j) is cp(j)*-compact and
much more) and globally (e.g.., V is closed under sharps, and significantly
more).

All the lower bounds in consistency strength obtained in this paper, Theo-
rems 2.11, 3.2 and 3.3, except for the combinatorial Theorem 3.7 (joint with
H. Woodin), follow from fine structural considerations that trace back to vi-
olations of the appropriate covering lemma, see Mitchell [15]; Steel [19] and
Mitchell [15] provide all unexplained notation and background results used
in these proofs.

§2. Embeddings into .

QUESTION 2.1. Assume j : M — N is an elementary embedding. Can we
have CARM = CAR" = CAR?

We suspect the answer is no. In this paper we take the first step towards this
question by considering the case where either M or N is V/, and analyzing the
structure of such cardinal preserving elementary embeddings.

Notice that such embeddings seem rather difficult to attain by standard
means. For example:

THEOREM 2.2 (Hamkins [6]). No embedding j : V — V[G] can be produced
by set forcing. -

Embeddings into V' can be produced by class forcing, see below, or by means
of indiscernibles, see Vickers-Welch [24].

Also, if E is a set extender and j : V' — M is the corresponding ultrapower
embedding, then j is not cardinal preserving. We present here a quick ar-
gument under the additional assumption of the singular cardinal hypothesis
SCH: Let E be a (k. f)-extender with each E, over [(]1]. let j : V — M
be the corresponding embedding, and let 4 be a sufficiently large strong limit
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cardinal of cofinality k. Then 4 < A* = Al by SCH. and 4 < j(1). since
cf(1) = k. But
A< G < GR gD T
by Corollary 1.3. So. if j is cardinal preserving, then j(Al) = 1!, and
A < j(A) < j(Ally = A%, contradiction. We present a proof without the
assumption of SCH in Theorem 3.6.
Initial impulse for this line of research came from the following conjecture:

CONJECTURE 2.3. Assume PFA. Let M be an inner model that computes
cardinals correctly and contains all the reals. Then ORD® C M.

This is not the place to explain why we expect Conjecture 2.3 to be the case;
see Viale [22, 23] and Caicedo-Velicovic [4]. As a quick motivation, recall that
Moore has shown that MRP, a consequence of PFA (see Moore [16]). fails
after adding a Prikry sequence, and Viale [21] has generalized this result.

We can help clarify the role of the assumption of agreement of cardinals:

1. Suppose for example that M has enough large cardinals. Then there are
forcing extensions V' of M where PFA holds, but ' and M have little
else in common so, clearly, additional agreement between ¥ and M is
required.

2. Orsuppose that s is measurable. Let M be the result of iterating wo-many
times a given measure on x and let j : V' — M be the corresponding
embedding. Then cf(j(k)) = w. 2" < j(k) < (25)" and, in M, j(k)
is inaccessible (by elementarity of j). It follows that M is not closed
under w-sequences and R C M. Of course, we can also assume in this
situation that PFA holds in V.

3. Also, if M has a proper class of completely Jonsson cardinals, P, is
the class stationary tower (see Larson [13]), G is P..-generic over M,
and V' = M[G]. then there is (definably in the structure (¥, M, G)) an
elementary

Jj: M=V
and we can arrange that cp(/) is arbitrarily high and cf” (cp(j)) = .
However, in the situation of this example, cardinals are always collapsed:
The critical point of such a j is in M an uncountable regular cardinal A.
Let a = S%. the set of ordinals below 4 of cofinality . By elementary
properties of Po.. cp(j) = 4 and ¢f (1) = w iff ¢ € G. For example, if
a € G then j[Ua] € j(a),so j[A] will be an ordinal of cofinality @ below
j(4). Of course, this means that j[A] must equal A, and A is therefore the
critical point of j. If 4 is a successor cardinal in M, then it is collapsed
in V but if it is inaccessible in M, then it is preserved even though its
cofinality changes. Decoding definitions, A" is preserved in M[G] iff
the intersection of @ with the set of subsets of A1 of order type AT is
stationary, and this intersection is in G. In particular, A* is a Jonsson
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cardinal in M, see Kanamori [10, § 8]. On the other hand, no successor
of a regular cardinal is Jonsson, so A1 has to be collapsed.

The following result indicates that under PFA the existence of a cardinal
preserving j : M — V would contradict Conjecture 2.3; this motivated Theo-
rem 1.9 stating that no such embeddings can occur under PFA. Theorem 1.9 is
proven in the following subsection; we show thatif j : M — V is cardinal pre-
serving, then M computes incorrectly many cofinalities (which is significantly
stronger than ORD® ¢ M).

THEOREM 2.4 (Foreman, see Vickers-Welch [24]). If j : M — V is elemen-
tary, then ORD® ¢ M. =

Thus, one expects that Question 2.1 has a negative answer under PFA (or
even provably in GBC).

2.1. Discontinuities. In the case of cardinal preserving embeddings j :
M — V arather bizarre picture is known.

THEOREM 2.5. Suppose that j : M — V is cardinal preserving. Let k =
cp(j). Thenforall A > k. j(2) > A. Inparticular, if j[1] C . thenct™ (1) > k.

ProOF. We proceed by contradiction, assuming j : M — V is a counterex-
ample. Let x = cp(j). We want to show that if A > « then j(1) > A. Let
2 be the first counterexample. Then /1 is a cardinal: If M | 7 = |A|, then
j(z) = 1j(A)] = ||, since j(L) = A. Since j(z) is a cardinal and in M there is
a bijection between A and 7, j(z) = |1 = 7.

The argument now splits into cases, depending on whether 4 is singular or
not.

Case 1. Ais singular.

The following notions and result are essential to pcf theory, see Shelah [17,
Chapter I].

DEerNITION 2.6. 1. Let I be an ideal on a set X and f,g : X — ORD.
Then [ <; g iff
xeX:glx)< f(x) €L

2. Given a cardinal 7, let 7 be the ideal of bounded subsets of 7.

DEFINITION 2.7. Let u be singular. A scale for u is a tuple (. f) such that
1. @ = (u; :i<cf(u)) is an increasing sequence of regular cardinals cofinal
in .
2. f: (fa : o< u™) is asequence of functions such that
(@) fa € i<ct(u) Mi Jor all o <y,
(b) If p<y<u*, then fg <gm, Sy, and
(©) If f € icer(u) ti> then there is o < ™ such that f <gu, fa



CARDINAL PRESERVING ELEMENTARY EMBEDDINGS 25

THEOREM 2.8 (Shelah [17, Chapter I1]). Let A be singular. Then there is a
scale for A. -

Let (1, /) be a scale for 4 in M. We may assume that A > &. so j(4;) > A;
for all i < cf™(1).

Letd = cf™(2). Then j(0) = cf(j(1)) = cf(1) < cfM(2) =6.506 = j(5)
an§ therefore, since A is the least fixed point of j above x, d < x and j(D =
JIAL

Now we use an argument of Zapletal [25]. We have that (j (1), j(f)) is a
scale for / in V. Notice that A* = j(1*). s0 j[f1= (j(fa):a < iT)isa
scale for 1 as well.

Now consider g € ,_; j(4;) given by

g(i) = sup(j[41 N j(4)) = sup(j[4:]).
Notice that g(i) < j(4;) since j(4;) is regular in V', so g is well defined.
Notice also that ¢ dominates each j(f,). since

Jfa)i) = j(fa) () = j(fa(i)) < g(i)

—

for all i, so j[f]is not a scale. Contradiction.
CaAsE 2. Ais regular.

Then A** is a fixed point of j. singular, and limit of regular cardinals 7 such
that j(z) > . We can then easily modify the argument of Case 1 so it applies
to At

We have shown that forall 2 > &, j(4) > A. Now we prove the last assertion
of the theorem. If j[4] C A and cf” (1) < k. let A C A bein M cofinal and
of order type ¢f™ (1). Then j(A4) = j[A] C 4 and j(1) = A, a contradiction.
This completes the proof. =

It follows from this result that the critical point of a cardinal preserving
embedding into V' is I1;-indescribable in a very strong sense. For example:

COROLLARY 2.9. If there is a cardinal preserving j : M — V then there is a
proper class of weakly inaccessible cardinals.

ProOF. Let & = cp(j). Any weakly inaccessible cardinal A in V is also
weakly inaccessible in M and therefore j(4) is (another) weakly inaccessible
cardinal. k is weakly inaccessible in M , so there are (in V', thus in M ) weakly
inaccessible cardinals above . If there are only set many of them, their
supremum would be a fixed point of ;. -

From Theorem 2.5 and Viale’s Theorem 1.8, we immediately obtain:

COROLLARY 2.10. If j : M — V is cardinal preserving, PFA fails and any
strongly compact cardinal is larger than cp(J).

ProOF. That PFA fails follows from Theorem 1.8.7 (itself a consequence of
items 4 and 6 of Theorem 1.8). since we can find (arbitrarily large) cardinals
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u closed under j and of V'-cofinality w. but any such u has M -cofinality at
least cp(j), by Theorem 2.5; for example,

u=j"(ep(j)) =sup cp(j).j(ep(;)).j(jlep(j))). ...

If . < ¢p(j) is strongly compact, then CP(z, @) holds for all regular cardinals
7 > . by Theorem 1.8.5. In particular, no M -regular cardinal above (or
equal to) cp(j) can have V -cofinality w, by Theorem 1.8.6. But then we reach
a contradiction exactly as above. -

It also follows in the same way that if j : M — V is cardinal preserving
and 7 is strongly compact, then for any 1 > 7, ofM () > riffef(2) > 7.

2.2. Consistency strength. Let j : M — V be cardinal preserving. Since
such an M computes incorrectly many cofinalities, covering fails very badly
for M, and it should be no surprise that such an embedding would require
considerable consistency strength. For example:

THEOREM 2.11. Assume that there is a cardinal preserving embedding j :
M — V. Then there are inner models with strong cardinals.

ProOF. Assume otherwise. Then K exists, is rigid, and satisfies the weak
covering property. In particular, K computes cofinally many successor cardi-
nals correctly.

Universality of a class W = L[] is a technical assumption, see Steel [19]
for a definition, but below strong cardinals, it follows by the covering lemma,
see Mitchell [15]. that if (u*)" = u* for cofinally many cardinals u. then
W is universal. By Mitchell [15], any universal proper class mouse W is an
iterate of K. so in particular there is an elementary 7 : K — W.

Since we are below strong cardinals, K™ is iterable in V' (since, below
Woodin cardinals, iterability can be expressed as a I1} condition) and it follows
that it is universal by the weak covering property (in M) and the fact that
CARM = CAR. But then there is an embedding 7 : K — K™, so jon :
K — K is nontrivial. Contradiction. -

§3. Embeddings of 1”. Now we turn our attention to the case of embeddings
jiV -M.

3.1. Nice cardinals. We start by showing that cardinal preserving embed-
dings must have significant large cardinal strength.

DEerNITION 3.1. Given a cardinal preserving j : V' — M, we say that a
regular cardinal u is j-nice (or nice. if j is clear from context) iff

8 = sup jlu] < j(u).

Throughout this section (even if not explicitly stated), j : V — M is
cardinal preserving and k = cp(j). If u is j-nice, then we can define a uniform
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r-complete ultrafilter I/, on u by setting
U= XCu:d,ejX) .

The point is that there are many j-nice cardinals 4. For example, u is j-nice
if u =p*and p < j(p). because sup j[p*] has cofinality p* while j(p*) =
Jj(p)T is regular and larger than p* since j(p) > p.

THEOREM 3.2. If there is a cardinal preserving j : V. — M, then V is closed
under sharps.

PROOF. Let 4 be a set, which we may assume transitive. If 4% does not exist,
by the covering lemma, see Mitchell [15], whenever A is a singular strong limit
cardinal larger than rk(4), then AT = (A*)%). Fix such 4 of cofinality .
Then AT is nice. Asin the Vopénka-Hrbacek argument from strongly compact
cardinals, see Kanamori [10, Theorem 5.9], we can then consider the two
embeddings j;+ : V — M+ 2 ult(V,U;+) and k : V — N+ = ult= (V.U ),
where ult™ is formed by only considering those functions f : At — ¥ such
that |ran(f)| < A™. We then also have an embedding i : N;+ — M+ given
by i([f]7) = [f]. where [f]~ is the collapse of the equivalence class of f in
the ultrapower ult=(¥,2{;+) and [ /] is the collapse of the corresponding class
in ult(¥,U;+ ). We then have (see Kanamori [10, Theorem 5.9]):

[ ] j;'+ = l o k

e cp(i) > k(i") and j;- (4) = k(4).

o k(A7) < ju(27F).

But then it follows that j;: (1) = k(1) and
Jr () = i ((aF)E ) (e (2)F)EUs ()
)+

= (k")) = ke ((AH)H)
= k().

contradiction. -

Schindler pointed out that essentially the same argument gives more infor-
mation:

THEOREM 3.3. If'there is a cardinal preserving j : V. — M then for all n and
all X, M,?(X) exists. -

We omit the (technical) proof of Theorem 3.3, but include a (very brief)
sketch for the experts: The result follows by induction on n. Assuming, for
example, that M,?(X) exists for all X but Mnn+1 doesnot, if one lets E be along
extender coding a sufficiently large fragment of j, then one can build K inside
M}(E). In M(E) there is then an elementary embedding (coming from E.
as above) sending K to a universal weasel such that the map is discontinuous
at some successor cardinal where covering holds (just as before). This gives a
contradiction, exactly as above.
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The cardinal « = cp(j) possesses very strong large cardinal properties
just shy of strong compactness. For example, cofinally often, u is nice and
therefore the ultrafilter ¢/, is defined; in particular, this holds for all regular
cardinals u > « below 4;, where

/; =min first weakly inaccessible above &, first fixed point of j above k.

since all these cardinals u are of the form p™ for some p such that p < j(p).
Ketonen [12] has shown that an uncountable regular cardinal v is 7-compact
for regular = > v iff all regular ¢ with v < g < 7 carry a uniform v-complete
ultrafilter. Thus:

COROLLARY 3.4. If there is a cardinal preserving j : V — M with k = cp(j).
and A; is defined as above, then k is < J;-strongly compact. -

In particular, x is kT-strongly compact. so « is a measurable cardinal such
that O, fails, see Kanamori-Magidor [11]. It follows from Andretta-Neeman-
Steel [1] that there is a non-domestic premouse and in particular there are
inner models of ZF + ADg containing all the reals.

The following is immediate from the proof of Viale’s Theorem 1.8, see
Viale [23]:

THEOREM 3.5. Given a cardinal preserving j : V. — M, if A is j-nice, then the
covering property CP(A, 0) holds for all regular 0 < k = cp(j) and therefore

1. O(2) fails.

2. If = ptandcf(p) = 0 < k. then 9 = ). —|

In particular, if A = p* is nice, then either p is singular in M or else
cf(p) > .

THEOREM 3.6. If j : V — M is cardinal preserving, then j is not the ultra-
power embedding by a set extender.

PROOF. We proceed as before: Let E be a (k. §)-extender with each E,
over [(]“!, and let j : ¥ — M be the corresponding embedding. Towards a
contradiction, suppose that j is cardinal preserving. Let A > {, ff be a singular
strong limit cardinal of cofinality & so, in particular, A > 2*. Then A < j(A)
and since j(A) is a singular cardinal of M -cofinality j(x). j(1) > A**. Since
24 = )% = j(a®) > j(A). Z violates the singular cardinal hypothesis SCH:;
here, /% = j (1) follows as before: j(2*) < (A*I|8])*. by Corollary 1.3. Tt
follows that A** also violates SCH, since At* < (A**)* = 1* and, since A" is
fixed by j. then

gl j(/l)+j(ﬁ) = ](/LJFH) < ](}“H) ="

By Silver’s theorem or the Galvin-Hajnal results, see for example Holz-
Steffens-Weitz [7, Corollary 2.3.4], {u < A1" : u® > u*} contains an w-club.
For u singular of cofinality w, recall that T = u™ is nice if j(u) > . and
that therefore CP(z, ) holds, so t® = 7, or u® = u*. Hence, j(u) = u
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for an w-club of cardinals below A™. However, all cardinals in the interval
[A. ATF) are moved by j. Contradiction. -

3.2. Cofinality preserving embeddings. We close the paper by showing how
consistency strength can be extracted in a cleaner way from an embedding
j V. — M if we impose the formally stronger requirement that M computes
cofinalities correctly.

THEOREM 3.7 (Caicedo, Woodin). Assume j : V — M is such that if k =
cp(j). then cf (%) = cf™ (1) for any J < sup j[j(k)]. Then

1. j(k) is strongly inaccessible and

2. Vi) = & is strongly compact.

PrOOF. The assumption guarantees that A is nice whenever k < 4 < j(x)
and / is regular, and therefore x is < j(x)-strongly compact. We start by
showing that j witnesses the < j(k)-strong compactness of x in the sense that
for any 2 < j(x) there is in M a set Y such that j[A] C Y and |Y| < j(x).
For this, fix in V' a sequence

C=(Ch:a<i)

such that each C, is a club subset of a of order type cf(c). Then j(C)s, is
club in d; and has order type . Let D = {f < 4 : j(B) € j(C)s,}. Then D is
< k-clubin Zand j[D] C j(C)s,.

Now use a bijection 7 : D — 4 to lift the covering of j[D] to a covering
of j[A]: Notice that j(r) is a bijection between j(D) and j(Z), and that
J(@UIPN = jIA).

The same argument shows that j[j (k)] is covered by a set in M of size j (k).

We use this covering property of j to establish the strong inaccessibility of
j (k). For suppose that thereis a regular y, k < y < j(k), such that2” > j(x).
Fix X C P(y) of size j(x). Then thereis ¥ € M of size j(k) covering j[X].
Clearly an j[y] # bN j[y] whenevera # b € j[X]. Let S € M cover j[y]and
have size < j(x). It follows that Y N P(S) has size j(x) in M and therefore
Jj(x) is not strongly inaccessible in M. Contradiction.

Finally. since any ultrafilter on P.(4). 2 < j(k). lives in V(). clearly
Vi) E ZFC + & is strongly compact. —

Notice that the assumptions of Theorem 3.7 are not (expected to be) vac-
uous, since for example a 2-huge cardinal induces an embedding as required
in Theorem 3.7. What is interesting is that we have recovered a very strong
hypothesis from an assumption that rather than directly imposing closure on
the target model only requires of it some degree of “correctness.” Recall that
& is 2-huge iff there is an embedding j : V' — M withcp(j) = & and such that
MIU®) C M. 1In fact, the weaker assumption of a 2-superstrong cardinal
suffices. Recall that « is n-superstrong iff there is an embedding j : V' — M
with ¢p(j) = k and Vir) © M. where the superscript indicates iteration.
These are in any case significant assumptions; while superstrong cardinals are
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“weak” in the sense that any supercompact cardinal is limit of superstrong
cardinals, 2-superstrength is (consistency-wise) above supercompactness.

QUuEsTION 3.8. Is it consistent to have an embedding j : V' — M such that
the first A***! cardinals of M and of V' coincide? Here, x = cp(j) and 4 is
the first fixed point of j above k.

Acknowledgments. Some results in this paper strengthen results first an-
nounced in the invited talk Cardinal preserving elementary embeddings given
in Oaxaca, México, on August 2006 during the XIII SLALM; I want to
thank the organizing committee of the SLALM for allowing me the oppor-
tunity to speak, and the NSF for support in attending the meeting through
grant DMS-0605727. The new results were to form part of the talk I was to
present during the Logic Colloquium 2007, but health issues prevented me
from attending; I want to thank the ASL and the organizing committee of
the Colloquium for the invitation and the opportunity to include this paper
in its proceedings. I also want to thank Grigor Sargsyan for conversations
regarding Section 3, and the referees for their useful suggestions.
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PROOF INTERPRETATIONS AND MAJORIZABILITY

FERNANDO FERREIRA

Abstract. In the last fifteen years, the traditional proof interpretations of modified realizability
and functional (dialectica) interpretation in finite-type arithmetic have been adapted by taking
into account majorizability considerations. One of such adaptations, the monotone functional
interpretation of Ulrich Kohlenbach, has been at the center of a vigorous program in applied proof
theory dubbed proof mining. We discuss some of the traditional and majorizability interpretations,
including the recent bounded interpretations, and focus on the main theoretical techniques behind
proof mining.

§1. Introduction. Functionalinterpretations were introduced halfa century
ago by Kurt Godel in [17]. Godel’s interpretation uses functionals of finite
type and is an exact interpretation. It is exact in the sense that it provides
precise witnesses of existential statements. Another example of an exact (func-
tional) interpretation is Georg Kreisel’s modified realizability [40, 41]. In the
last fifteen years or so, there has been an interest in interpretations which are
not exact, but only demand bounds for existential witnesses. These interpre-
tations, when dealing with bounds for functionals of every type, are based on
the majorizability notions of William Howard [20] and Marc Bezem [4]. This
is the case with Ulrich Kohlenbach’s monotone modified realizability [29]
and monotone functional interpretation [27], the bounded modified realiz-
ability [11] of Fernando Ferreira and Ana Nunes, or the bounded functional

This work is based on four lectures on proof interpretations given in Days in Logic’06 in
Coimbra (Portugal), January 2006. Meanwhile, these lectures were published under the title
Proof Interpretations in “Days in Logic’06 (Two Tutorials),” eds. R. Kahle & I. Oitavem, Textos
de Matematica (Série B), Departamento de Matematica, Universidade de Coimbra, vol. 36.
pp. 1-42 (2006). The lectures have few proofs, except for the ones that are somewhat new, not
well-known or not easily available (other proofs are given suitable bibliographic pointers). The
present article is a revision of the published tutorial, with some changes and corrections, omitting
some issues, and inserting new material presented in our address to the Logic Colloquium’07.
An introduction was also specially written for the present publication. The Coimbra lectures
are rather hard to find (and came out with some annoying misprints). We hope that with the
present publication our lectures become more widely available. We also want to thank the two
anonymous referees for their suggestions of improvement. This work was partially supported by
Fundagio para a Ciéncia e Tecnologia (Financiamento Base 2008 - ISFL/1/209).

Logic Colloquium *07

Edited by Frangoise Delon, Ulrich Kohlenbach, Penelope Maddy, and Frank Stephan

Lecture Notes in Logic, 35
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interpretation [11] of Ferreira and Paulo Oliva. There are, to be sure, other in-
terpretations which also incorporate majorizability notions to a certain extent:
for instance, the seminal Diller-Nahm interpretation [6], Wolfgang Burr’s in-
terpretation of KPw [5] or the very recent interpretation of Jeremy Avigad
and Henry Towsner [3] which is able to provide a proof theoretic analysis
of ID;. The reader should consult [2], [54] and [43] for more information on
proof interpretations. Specifically for Godel’s interpretation, I also suggest
the articles which appeared in a recent issue of dialectica [48] commemorating
the 50th anniversary of Godel’s paper.

In these lectures, we give an overview of the various functional interpreta-
tions based on the notion of majorizability of Howard/Bezem. The starting
points are the exact interpretations of Godel and Kreisel. We have tried to
organize the results around certain main theorems: soundness, extraction,
conservation and characterization theorems. We hope that this organization
makes it easier to appreciate the differences between the various interpreta-
tions, their advantages and limitations, and also the techniques involved in
proving the theorems (even though. as observed in the introductory footnote,
the lectures have few proofs). We also pay special attention to certain is-
sues. For instance, we discuss the advantages of the monotone functional
interpretation vis-a-vis Godel’s interpretation (Section 4.2), and discuss the
role of extensionality in relation to intensional majorizability and the uniform
boundedness principles (Section 5.6). The lectures finish with an extraction
result for the fully extensional classical theory E-PAG + AC(ll‘f1 (the result entails

that this theory has the provably total functions of Peano Arithmetic) via a
false theory by applying the techniques developed in Part 5. It is not known
whether there is a direct route. In order not to distract the reader, we give
almost no references during the exposition of the material. Each of the four
lectures closes with a section on suggested readings and historical notes where
we try to give the proper references.

The monotone functional interpretation and associated theorems have been
used to guide the extraction of effective data from given ordinary proofs in
mathematics. In more picturesque words, it has been used to guide the “proof
mining” of ordinary mathematical arguments. This paper does not attempt
to even give a brief description of the applied work apart from saying that
proof mining techniques (functional style) have been applied to approximation
theory, fixed points of non-expansive mappings and, more recently, to ergodic
theory. There are very good places to get into these applications and the recent
book of Kohlenbach [35] is a very good place to start. Nevertheless, we would
like to convey here a sense of the excitement of possible applications. Our
example is taken from the research blog of Terence Tao. In a page entitled
“Soft analysis, hard analysis, and the finite convergence principle” (see [51]),
Tao speaks of an informal distinction between “soft” and “hard” principles
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in mathematics. Typically, “soft” principles are abstract, infinitary and lack
computational content. They are extremely useful in modern mathematics
and, given the usual training of a mathematician, they are simple to state
and easy to remember and apply. An example of a “soft” principle is (in
Tao’s terminology) the infinite convergence theorem: every bounded monotone
sequence of real numbers is convergent. On the other hand, “hard” principles
are concrete, finitary and with computational content. They seem to be more
difficult to grasp than the corresponding “soft” principles. In his blog, Tao sets
himself the task of finding the “hard” counterpart of the infinite convergence
theorem. Actually, Tao considers the following modification of the infinite
convergence principle: every bounded nondecreasing sequence of reals is a
Cauchy sequence. (The reader of like mind knows that this modified statement
is weaker than the original one in terms of set existence: see, for instance,
Section 13.3 of [35].) Tao proceeds in an informal, tentative manner, and is
eventually satisfied with a principle dubbed the finite convergence principle.
Afterwards — in an impressive application — Tao formulates a variant of the
infinite convergence theorem for Hilbert spaces and shows that Szemerédi’s
regularity lemma, a major combinatorial tool in graph theory, follows from
the corresponding finite convergence principle for Hilbert spaces.

As pointed by Towsner in a comment of the blog, the finite convergence
principle can be seen as an application of Godel’s dialectica interpretation. In
a detailed treatment, Kohlenbach shows in his recent book [35] that the finite
convergence principle is the no-counterexample interpretation (cf. Section 4.5)
of the modified infinite convergence principle reinforced with a uniformity
observation (which is given an explicit quantitative meaning in Kohlenbach’s
analysis). Note that, for the case at hand, the no-counterexample interpre-
tation coincides with the dialectica interpretation (after a double-negation
translation). In the lines below, we show that the finite convergence principle
is essentially the bounded functional interpretation (for the classical case) of
the modified infinite convergence principle:!-? in contrast with the dialectica
interpretation, the bounded functional interpretation takes care of the unifor-
mities automatically. Let us see why this is so. We state the modified infinite
convergence theorem in a normalized form as follows:

1
Vk € NVx € [0. 1]N3IN € NVn € N |xy 1 — xn| < 7

!A similar case can also be made for the monotone functional interpretation.

2In [8]. we describe a direct bounded functional interpretation for the classical case. In the
present lectures, the (intuitionistic) bounded functional interpretation is applied after a double-
negation translation. The proviso “essentially” is made because, for the bounded functional
interpretation to work as desired. the convergence principles would have to be formulated with
intensional majorizability signs (these reformulations are nevertheless equivalent to the original

statements by extensionality reasons, as discussed in the sequel and in Section 5.6). These are
technical matters that we sidestep in this introduction.
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under the assumption that x; < x;,;, for all i € N. Alternatively, one can
drop the assumption and work instead with the sequence X, = max;<, X;.
This is what we will do. Rather than go through the moves of applying the
syntactic transformation of the bounded functional interpretation, we will
put the above statement in the form V3 (with an appropriate matrix) using
the so-called characteristic principles associated with the bounded functional
interpretation (for the classical case). These are the principles bBBACY and
MAJY of Theorem 5.12. The first principle is a version of choice, a conse-
quence of which is:

(I):  VieN3dj eNAs(i.j) — 3f e NVWi e N3j < (i) A5(i. j).

where A5 is an existential formula, and the tilde on the quantifier “3/f”
means that f is nondecreasing. Another consequence of the first principle
is the following “collection” principle (in our application, it reduces to a
“compactness” property):

(IN):  VYw €[0,11N3i € NAs(w, i) — 3 € Nvw € [0, 11V3i < I45(w. 1),

where A5 is an existential formula. The quantification “Vw € [0.1]Y” is a
bounded quantification under a suitable representation of the compact sepa-
rable metric space [0, 1]V (its topology is the product topology of N-copies
of the closed unit interval, and a natural metric is forthcoming). One should
consult [35] for an exposition concerning representations of Polish spaces. Ac-
cording to the characteristic principles, the bounded quantification mentioned
above should have been intensional, but in our application we can work with
the regular bounded quantification because we apply it to a matrix A3(w, )
which is extensional in w (these issues are discussed in Section 5.6).’

Assume the modified infinite convergence principle. Consider the negation
of the formula 3N € NVn € N |Xy 4, — Xn| < Zlk Using (I), this negation is
equivalent to 3F € NNYN € N3n < F(N) |Zy4n — Xn| > 2% (note that the
relation > between real numbers is existential). We get,

N 1
Vk € NYF € NVWx € [0. 1]N3N € NVn < F(N) |fy40 — Xn] < >

It is clear that the matrix “Vn < F(N) [Sy4n — Sn] < %” can be replaced

by “Vn < F(N)|Xyin — Xn| < zik.” The latter matrix can be considered
existential. Hence, we can apply (I1I) and conclude that

- 1
Vk € NYF € NYIM € NVx € [0.1]V3IN < MVYn < F(N) |Zx 0 —Xn| < 7

3In more familiar mathematical terms, our application of (II) boils down to the fact that the
compact space [0, 11N is covered by the family of open sets U; = {w € [0, 11N : A5(w, i)}, with
i € N. Hence, it has a finite sub-cover.
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Observe that only the values of x;, fori < M + F(M) + 1, do matter. Hence
the above can the restated as,

Vk € NVF € NVIM € Nvx € [0, 1|M+F(M)+1

AN < MVn < F(N) |Xyn — Xn| < 2ik

This is a straightforward reformulation of Tao’s finite convergence princi-
ple. As usual, this “hard” principle is more difficult to read than the “soft”
monotone convergence principle. We quote a description given by Tao of
this principle: the finite convergence principle “asserts that any sufficiently
long (but finite) bounded monotone sequence will experience arbitrarily high-
quality amounts of metastability with a specified error tolerance 2% in which
the duration F(N) of the metastability exceeds the time N of onset of the
metastability by an arbitrary function F which is specified in advance.” As
Tao says, this is significantly more verbose than the “soft” formulation.

In a more recent blog [50] entitled “The correspondence principle and
finitary ergodic theory,” Tao speaks of a correspondence principle between
qualitative (or “soft™) results in infinite dynamical systems and quantitative
(or “hard”) results in finite dynamical systems. He illustrates such correspon-
dence principle with eight examples, all of them mediated by compactness
properties. It would be interesting to see how Tao’s examples are relate to the
majorizability interpretations: are they essentially instances of the bounded
functional interpretation? Moreover, the majorizability interpretations are
based on majorizability properties, not on compactness properties (consult
Sections 17.7 and 17.8 of [35] to appreciate the difference, as well as the
groundwork with new base types in [33] and [15]). Are there examples of
“correspondences” waiting to be discovered based on the majorizability inter-
pretations?

I want to thank my students Patricia Engracia, Gilda Ferreira and Jaime
Gaspar for discussions and observations concerning the majorizability inter-
pretations. I would also like to thank the two anonymous referees for their
helpful criticism and suggestions of improvement.

§2. Basic theory and some models.

2.1. The language of finite-type arithmetic. The finite types 7 are syntactic
expressions defined inductively: 0 (the base type) is a finite type; if r and ¢
are finite types then 1 — ¢ is a finite type. It is useful to have the following
interpretation in mind: the base type 0 is the type constituted by the natural
numbers, whereas  — ¢ is the type of (total) functions of objects of type ©
to objects of type o.

To make the reading easier, we often omit brackets and associate the arrows
to the right. E.g., 0 — 0 — 0 means 0 — (0 — 0). The pure types are
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defined inductively for each natural number: the pure type corresponding to
the natural number 0 is the base type 0; the pure type n + 1 isn — 0.

The language of Heyting arithmetic in all finite types, denoted by L, is a
sorted language with a sort for each finite type. There is a denumerable set of
variables x7, y7, z?, etc. for each type . When convenient, we omit the type
superscript. There are two kinds of constants:

(a) Logical constants or combinators. For each pair of types p. t there is a
combinator of type p — v — p denoted by I, . for each triple of types
0, p, T there is a combinator of type

W—=p—=1)=0—=p)—0—1)

denoted by X5 , ;.
(b) Arithmetical constants. The constant 0 of type 0; the successor constant
S of type 1; for each type p, a recursor constant of type

0—=p—=(p—=0—=p) —p
denoted by R,,.

Constants and variables of type p are terms of type p. If ¢ is a term of type
p — 7 and ¢ is a term of type p then App(t.q) is a term of type t. These
are all the terms there are. A term with no variables is a closed term. We
usually write tq or t(q) for App(t,q). When writing tgr without brackets
we associate to the left (note the difference with the previous convention):
(t(q))(r). We also write ¢(q. r) instead of (¢(¢))(r). In general, t(q.r.,....s)
stands for (... ((¢(g))(r))...)(s).

Atomic formulas are formulas of the form ¢ = ¢ where ¢ and ¢ are terms of
type 0. Note that, in the present setting, there is only one primitive equality
symbol (infixing between terms of type 0). Formulas are obtained from atomic
formulas by means of the usual propositional connectives A, V, —, L (falsum)
and universal and existential quantifiers Vx° and Jx? for each type o. As
usual, =4 abbreviates 4 — 1 and 4 < B abbreviates (4 — B) A (B — A).

2.2. Heyting arithmetic in all finite types. The theory HA§ is based on
intuitionistic logic. Tt also has the following axioms for combinators and
equality:

(a) Axioms for combinators. A[Il(x,y)/w] < A[x/w]and A[Z(x, y,z)/w]
— A[x(z,yz)/w], where A4 is an atomic formula with a distinguished
variable w and A[¢/w] is obtained from A by replacing the occurences
of w by ¢.

(b) Equality axioms. x = x (reflexivity); x = y A A[x/w] — A[y/w], where
A is an atomic formula with a distinguished (type zero) variable w.

and the arithmetical axioms:

(c) Successor axioms. Sx #0and Sx = Sy — x = y.
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(d) Axioms for recursors. A[R(0,y,z)/w] < A[y/w]and A[R(Sx,y.z)/w]
— A[z(R(x,y,z),x)/w], where 4 is an atomic formula with distin-
guished variable w.

(e) Induction scheme. A(0) A Vx°(A(x) — A(Sx)) — VxA(x). for each
formula A4 of the language.

It can be shown that equality is symmetric and transitive and, moreover, the
conditional x = y A A[x/w] — A[y/w] also holds for every formula of the
language (provided that there is no clash of variables). Similarly, the axioms
for combinators and recursors extend to every formula 4.

Equality is decidable in the following sense: HAY F Vx'(x = 0V x #
0). This is easily proven by induction. Equality for higher types is defined
inductively: s =,_. ¢ is Vx”(sx =, tx). Equality in higher types is not
decidable anylonger. Full extensionality is the scheme of axioms VzVx, y(x =
y — zx = zp). It should be noted that we are not assuming full extensionality
in the theory HA. The theory obtained by its inclusion is denoted by E-HAG .
In the sequel, we prefix a theory by E when adding full extensionality to it.

2.3. Combinatorial completeness. The combinators IT and X are instrumen-
tal in proving the following important property:

TueoREM 2.1 (Combinatorial completeness). For each term t[x”] of type ©
with a distinguished variable x of type p, we can construct a term q of type
p — T whose variables are those of t except for x such that, for every term s of
type p and atomic formula A with a distinguished variable w?,

HAY F A[t[s/x]/w] < A[gs/w].

For instance, if 7 is of type 0, then ¢gs = #[s/x]. The term ¢ is usually denoted
by /x.t[x] and the above equation can now be written (Ax.z[x])s = t[s/x] (f-
reduction). Of course, the proposition extends to all formulas 4 (provided
that there is no clash of variables), i.e., we may substitute the term #[s/x] by
(Ax.t[x])s in any formula.

Using the recursors, it is possible to associate to each description of a
primitive recursive function a closed term that (with the proper understanding)
satisfies the defining conditions of the description. Therefore. the theory HAY
contains, in a natural sense, primitive recursive arithmetic. Actually, only the
recursor R is needed to define the primitive recursive functions. The presence
of recursors of higher types has the effect of making possible the definition
of functions beyond the primitive recursive functions (e.g., the Ackermann
function).

We reserve the subscript “qf” for quantifier-free formulas:

PROPOSITION 2.2. For each quantifier-free formula Aq(x) there is a closed
term t of appropriate type such that HA F Ag(x) < tx = 0.
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As a consequence, HAf F Ay V ~Age. The theory obtained from HAF
by adjoining the unrestricted law of excluded middle 4 V —4 is the classical
theory PAY. If full extensionality is present, we have E-PAy.

2.4. Main models. 1. The full set-theoretical model S”. Let Sy = N and
S,—: = (S;)%. where (S;)% is the set of all functions from S, to S,. Let S®
be (S;)sc7. With the proper understanding, it is clear that S® is a model of
HAZ. It is actually a model of E-PA7. The model S is called the standard
structure of finite-type arithmetic. When we call a sentence of L true or false,
we always mean true or false with respect to the standard model.

2. The hereditarily recursive operations HRO®. For each type ¢ we define a
subset HRO, of the natural numbers in the following way: HROy = N and

HRO,_., = {n € N:Vk € HRO, 3m € HRO, ({n}(k) ~ m)}.

where {-} denotes the Kleene bracket of recursion theory. Let HRO® be

(HRO,)er. If n € HRO,_,; and k € HRO, then App"RO” (n, k) is defined

as {n}(k). With a proper interpretation of the constants, HRO® is a model

of PAY. By internalizing the above definitions within first-order Heyting

arithmetic HA, it is possible to prove the following conservation result:
PROPOSITION 2.3. The theory HAY is conservative over HA.

3. The intensional continuous functionals ICF®. In order to motivate some
definitions below, let us briefly discuss continuous functionals of type 2. The
set S; (=N") endowed with the product topology of the discrete space N with
itself N-times is known as the Baire space. It is easy to see that a functional
@ : S; — Nis continuous at a point f € Sj if, and only if,

In € NVy € 8;(7(n) = p(n) — @(y) = ©(B)).
where 7(n) stands for the finite sequence (y(0),...,y(n —1)). In other words,
the value of @ at a point f only depends on a finite initial segment of . There-
fore, @ is determined by what happens in a countable set of finite sequences.
This can be made explicit in the following way. An associate of a continuous
functional @ is an element o € S; with the following two properties:

i. If s = (sp.....s,_1) is a finite sequence* of natural numbers, a(s) # 0
and s is an initial segment of A, then ®(f) = a(s) — 1.
ii. Forall p €Sy, there is n such that a(f(n)) # 0.
Of course, such associates exist. It is clear that for every continuous func-
tional ®? with associate . the following holds:

() = a(Buk(a(p(k)) #0))) — 1.
where u is the minimization operator of recursion theory. Therefore, each

continuous functional of type 2 is determined by a function of type 1. By

4We are identifying the finite sequence s with its numerical coding. as it is usually done in
recursion theory.
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means of this type lowering procedure, we obtain a structure for £ in the
following manner (for simplicity, we restrict ourselves to pure types). First,
for a, f € S; we define

a(B) = a(B(uk(a(B(k)) #0))) — 1.
Second, we let ICF; = N, ICF; = S; and, for the remaining pure cases:
ICF, o ={a €S, :Vp €ICF,3k € N(a(f) =k)}.

The above definition can be extended to all finite types. Let ICF” =
(ICF;)scr. Application between functionals is defined in the natural way:
fora € ICF,_gand § € ICF,, with p # 0. then App'“* (a, B) is (). With
a proper interpretation of the constants, ICF® is a model of PAj.

This construction can be generalized in the following way. Take U C NN
closed under Turing reducibility. Define ICF,(U) = N, ICF;(U) = U and,
for ¢ # 0,1, put ICF, (U) following the blueprint above (mutatis mutandis).
Then ICF®(U) := (ICF,(U)),cr is a model of PAY. A particularly nice
source of (counter-)examples is ICF®(Rec), where Rec is the set of (total)
recursive functions from N to N. This is due to the fact that recursive sets do
not necessarily separate disjoint r.e. sets (a result of Kleene).

4. The extensional counterparts HEO® and ECF®. The models HRO® and
ICF® are called intensional because the scheme of extensionality fails to hold
for them. For instance, take ¢, e, € N two different indices for the constant
zero function. Clearly, e, e; € HROj. Let e € N be an index for the identity
function. Of course, ¢ € HRO,. Even though {e}(e;) # {e}(ez), one has
Vn € HROy ({e1 }(n) = {e2}(n)). Therefore, the form of extensionality

vorval, pL(vk® (ak = k) — Do = Op).

already fails in HRO®”. The above form of extensionality holds in ICF®, but
it is easy to find a counter-example a type above, i.e. to:

V&IVD2 P2 (Va! (Do = Ya) — 6O = &D).

We now define the extensional counterparts of HRO® and ICF®. These
are called, respectively, the hereditarily effective operations HEO® and the
(extensional) countinuous functionals ECF®. The elements of non-zero type
of HEO” and ECF® are functions (functionals). For HEO® we define by
induction on the type ¢ both the functionals in HEO, and the indices of
these functionals (these indices are natural numbers). We let HEOq be the
set of natural numbers and declare that each natural number is an index of
itself. We say that a natural number e is an index for a function (functional)
F : HEO, — HEQO, if for each index x of a function & of HEO,, {e}(x) is
defined and is an index for the function F(4). We take HEO,_.; as the set of
functions ' : HEO, — HEO, which have an index. The structure HEO® is
defined as (HEO, ), c7-
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Regarding ECF®, we let ECF be the set of natural numbers and, for each
non-zero type o, we define by induction both the functionals in ECF, and the
associates of these functionals (these are elements of S;). We put ECF; as S;
and declare each o« € S an associate of itself. We restrict to pure types in order
to simplify. We say that « € S; is an associate for a function F : ECF, — N,
with ¢ a non-zero pure type, if for each associate f of a function 4 of ECF,,
a(p) is defined and is the natural number F (). We take ECF,_, as the set
of functions F : ECF, — N which have an associate. This definition can be
extended to all finite types. The structure ECF® is defined as (ECF;)yer.

The structure ECF® is also called the structure of the countable functionals
(Kleene’s terminology). In a way similar to the intensional case, we can also
start with any subset U of S| closed under Turing reducibility, and get the
struture ECF®(U).

5. The strongly majorizable functionals M®. Let My = N and let <j be the
usual “less than or equal” relation between natural numbers. Given types p
and 7, and given x and y elements of M]Tw”, we say that x <7y (and read
“y strongly majorizes x”) if

Vu,v € M), (u <5 v = x(u) <7 y(v) Ay(u) <5 y(v)).

Define M, as the set {x € MY 3y e MY (x <;-: ¥)}. Let M be
(My)ser. Bezem showed that M® forms a model of E-PA7 under function
application and the natural interpretation of the constants. Itis also important
to observe that if x, y € ME/I” and x Sj‘HT y, then y g;% y. Therefore, not
only is it the case that x is in M,,_,; but y is also there.

For x,y € S1. x <j y iff x <; y and y is non-decreasing. Note that <7 is
not reflexive. Given a : N — N, let oM be defined by a™(n) = max,<, a(k).
It is clear that @ <} oM. Therefore, M| = S;. However, M, is properly
contained in S;. E.g., consider the functional £ € S, defined as follows:

n if n is the least value such that a(n) # 0,

Ha)= ifVk (a(k) = 0).

Suppose, in order to get a contradiction, that there is ¥ with ¥ <5 V. In
particular, Vo € Sj(a <f 1' — Z(a) < ¥(1')). This is a contradiction:
just consider the function o which takes the value 0 for numbers n < (1)
and is 1 afterwards. As a consequence, the following form of choice fails in
M®: Va!'3n'A(a. n) — I0?Va' A(a. D(a)). To see this, just take for 4 the
formula:

(a(n) #0AVk <n(a(k) =0))V (n=0AVk(alk) =0)).

The failure of choice in M® can be further improved by noticing that the
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discontinuous functional E defined thus:
1 ifVk (a(k) =0),

Ela) =
(o) 0 otherwise

is majorizable. Hence, we can replace the formula Vk(a(k) = 0) by the
quantifier-free formula E(a) = 1 and, as a consequence, get the failure of
the above form of choice with a quantifier-free matrix (although with the
parameter E).

Continuous functionals have been playing an important role in discussions
concerning finite-type functionals. Since the notion of majorizability (as
opposed to continuity) plays the crucial role in some of the functional inter-
pretations discussed in this paper, we believe that it is illuminating to make
two observations regarding the relationship between continuity and majoriz-
ability. First, the continuous functionals of type 2 are in M,. The proof
of this fact uses a compactness argument. Given @ a continuous functional
of type 2. it makes sense to define the functional ®M < S, according to
the equation ®M(a) = max;< ,v ®(B) because, for a given o € Sy, the set
{B €8S : B <1 aM} is a compact subspace of the Baire space and, hence,
O[{p €Sy : B <1 aM}]is compact in the discrete topology of N. In other
words, it is finite and we can take its maximum. By construction, ® <3 @M.
Additionally, it is not difficult to show that ®M is continuous. Clearly, by the
continuity of ®@ one has

S| = Usep{pf € S; : f extends s},

where D is constituted by the finite sequences of natural numbers that deter-
mine values for @ (i.e., such that elements of S; that extend an element of D
have the same values according to ®). Given o € S;, by compactness there is
a finite ¥, C D such that

{pesSi: < aM} C User, {p € Si : p extends s}.

Let n € N be the maximal length of the sequences in F,. It can now be easily
argued that if @(n) is an initial segment of y then ®M(y) = ®M(a).

The second observation is that, nevertheless, there is a type 3 functional in
ECF® which is not majorizable. Kreisel showed that there is a FAN functional
% in ECF; such that

Y® € ECFyVa <1 1V4 <1 1 (a(§(@)) = (D)) — Do = OP).

In other words, F(®) is a length witnessing the uniform continuity of ® re-
stricted to the Cantor space (i.e., to the compact subset of the Baire space
constituted by the elements o such that o <; 1'). However, the set {F(®) :
® € ECF; and @ <; 12} is clearly unbounded. Therefore, § is not majoriz-
able. (I thank Dag Normann for this observation.)
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It will be important in the sequel to formalize the majorizability relation.
We finish our discussion of the strongly majorizable functionals with this issue.
Fix a suitable formula “x < y” of £f saying that the natural number x is less
than or equal to the natural number y. The (strong) majorizability formulas
“x <} yp” are defined inductively on the types according to the following
clauses:

(@) x<gy:=x<y
(b) x <5,y i=Yul v (u <5 v = xu <; yv Ayu <} yv)

The following easy, but important, absoluteness property holds: when inter-
preted in M the formulas “x <} »” coincide with the strong majorizability
relations defined in the beginning of this example. It follows that M is a
model of the majorizability axioms MAJ®: ¥x3y(x <* y). By previous dis-
cussions, MAJ® already fails in the full set-theoretic model S® at type 2, and
fails in the structure of (extensional) continuous functionals ECF® at type 3.

LemMMA 2.4. For each finite type a, the theory HAY proves:
(i) x<py—y<iy

(i) x <t yAy<iz—ox<iz
(il) x <,y Ay <pz—x <z

where the relation < is the pointwise “less than or equal to” relation: it is < for
type 0. and x <,_.. y is defined recursively by Yu? (xu <, yu).

The following theorem of Howard is a basic ingredient of the soundness
proof of many interpretations discussed in this paper:

THEOREM 2.5. For each closed term t there is a closed term g such that
HAY 1t <* q.

6. The term model. We say that a term ¢ contracts to a term ¢ if one of the
following clauses is satisfied:

(i) tisIlrs and g is r.
(i) tisXrst and ¢ is r(z. st).
(iii) ¢is ROst and ¢ is s.
(iv) tis R(Sr)st and g is t(Rrst.r).

A term ¢ reduces to another term ¢ in one step if g is obtained from ¢ by
contracting a single sub-term of 7. A term is said to be in normal form if it
does not admit reductions in one step. A reduction sequence is a sequence of
terms ¢, ..., t, such that each term reduces in one step to the next. In this
case, we say that ¢y reduces to t,. If t, cannot be reduced further, then ¢, is in
normal form and the sequence is called terminating.

THEOREM 2.6 (Confluence and strong normalization). Every term reduces
to a unique term in normal form. Moreover, every reduction sequence even-
tually terminates.
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The uniqueness result (confluence) is the Church-Rosser theorem for this
reduction calculus. Normalization strictu sensu is the fact that every term
has a terminating reduction sequence (strong normalization is the fact that
every reduction sequence eventually terminates). Proofs of normalization are
bound to use strong forms of induction (viz. induction on non-arithmetical
predicates), because it is known that it (elementarily) implies the consistency
of first-order Peano arithmetic. This fact can be proved with the aid of Godel’s
dialectica interpretation (see Section 4.6).

A corollary of the normalization theorem is that every closed term r of
type 0 reduces to a numeral 7 and. clearly, HA§ + r = 7n. Therefore, we
can assign to each closed term ¢ of type 1 a number theoretical function that
maps each k € N to the unique natural number n such that 7k reduces to
7. The normalization process ensures that this function is recursive. As we
will comment in Part 3, closed terms of type 1 give exactly the provably total
Z?-functions of PAY (and. actually, of PA).

Let CT, be the set of closed terms of type o, and let CT? be (CTy)pe7.
Given closed terms 7, ¢ of type zero, we say that t =CT" ¢ if the normal forms
of t and g are the same term. If t € CT,_,; and ¢ € CT, then AppCT(t.q)is
defined as the term App(t, q). With these specifications and the interpretation
of constants by themselves, CT® is a model of HAY .

A modification of the reduction calculus above has an interesting applica-
tion. Let T be a closed term of type 2. The interpretation of T in the full
set-theoretical model S, denoted by 75", is a function from S; to N. We claim
that this function is continuous. In fact, we claim more: 75" is a computable
function (such functions are. of necessity, continuous since each computation
only depends on a finite initial segment of the input, which is considered an
oracle for effecting the computation). Consider a distinguished variable X of
type 1. Fix a € S;. We complement the previous normalization calculus with
a new contraction rule:

(V)q tis X(7) and q is a(n).

This a-normalization calculus enjoys the property of confluence and strong
normalization. Therefore, the type 0 term TX has a (unique) normal form
which (it may easily be argued) must be a numeral 7z. Due to the semantical
soundness of the contraction procedure, it is clear that 75" () = n. It is
also clear that the process of normalization yields an oracle computation (the
oracle is only invoked to effect contractions of the form (v),).

2.5. Suggested reading and historical notes. The structure of the hereditar-
ily continuous functionals was independently discovered by Stephen Kleene
in [22] and Kreisel in [40]. The notion of majorizability was introduced by
Howard in [20]. The structure of the strongly majorizable functionals was
defined by Bezem in [4]. The failure of choice in M® is due to Kohlenbach
in [25]. The existence of the continuous FaN functional mentioned at the end
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of the discussion of the structure M® appeared in [41], and the proof that this
functional is not majorizable is discussed in [23]. The strong normalization
theorem for finite-type functionals (as well as the oracle modification) is due
to William Tait in [49].

Anne Troelstra’s book [52] is still very much rewarding for studying the top-
ics of this section. Volume II of [55] and the recent [35] are alternatives. More
specifically: HRO® and ICF” and their extensional counterparts are covered
in [52] ([55] has less material). Our treatment of the extensional structures is
slightly unusual since we work directly with set theoretic functionals instead
of working with their indexes or associates endowed with a suitable notion of
equality. Kohlenbach also studies the extensional counterparts in [35], as well
as the structure of the majorizable functionals in detail. Both [52] and [55]
study the term model and the normalization theorems.

The treatment of equality in finite types in this paper comes from a sugges-
tion in [18], elaborated by Troelstra in [53] (the subscript ‘0’ in HA comes
from Troelstra given notation).

§3. Modified and bounded realizability.

3.1. Modified realizability. The method of realizability is reminiscent of the
BHK (Brouwer-Heyting-Kolmogorov) interpretation of the intuitionistic con-
nectives. We introduce a version of realizability, called modified realizability,
due to Kreisel in the setting of finite-type arithmetic.

We present Kreisel’s modified realizability in a slightly unfamilar way. In-
stead of saying what realizing tuples of functionals are, we associate to each for-
mula of the language an existential formula. We need a preliminary definition:

DErFINITION 3.1. A formula of £f is called 3-free if it is built from atomic
formulas by means of conjuntions, implications and universal quantifications.

Do notice that 3-free also means free of disjunctions (compare with some
definitions in the sequel). We are ready to define the assignment of modified
realizability:

DErFINITION 3.2. To each formula A4 of the language £ we assign formulas
(4)™ and Ay, so that (4)™ is of the form Jx A, (x) with A, (x) a I-free
formula, according to the following clauses:

1. (4)™ and A, are simply 4. for atomic formulas A.

If we have already interpretations for 4 and B given by IxA,(x) and
3y B () (respectively). then we define:

2. (A A B)mr is dx, X(Amr(i) A er(Z)):
3. (AVB)™is3n®3x.y (n=0— Amr(x)) A(n# 0 — Bue(p)) .

4. (4 — B)™is Elivl(Amr(l) - er(i(i)))a
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5. (VzA(2))™ is fVzAm(f (2). 2).
6. (3zA(2))™ is Iz, x Ape(x, 2).

In the established literature, we say that x mr-realizes A instead of Ay (x).
Notice that the tuple x may be empty. The realizers of a disjunction include
a flag n of type 0 that decides which way to fork. Similarly, the realizers of an
existential quantifier include an existential witness. It is easy to check that the
interpretation of negation (—A4)™ is Vx4, (x). Notice that (—-4)™ is always
an J-free formula and, therefore, demands an empty realizer. Realizability is
unsuitable for extracting constructive information from negated formulas.

There are two important principles in connection with modified realizabil-
ity:

1. Axiom of Choice AC”: Vx3yA(x.y) — IfVxA(x. fx). where 4 is any
formula. B - - o

I1. Independence of Premises |P%;..: (4 — 3zB(z)) — Jz(4 — B(2)).
where A is 3-free and B is an arbitrary formula.

The last principle is a classical, but not intuitionistic, law.
THEOREM 3.3 (Soundness of modified realizability). Suppose that

HAY + AC” + IP%.. + A A(2).

where A is a set of I-free sentences and A(z) is an arbitrary formula (with the
free variables as shown). Then there are closed terms t of appropriate types such
that

HAY + A+ VzAm(1(2). 2).

The proof is by induction on the length of formal derivations, and the terms
are effectively constructed from the formal derivations. The principles AC”
and IP%,.. disappear because they are trivially realizable. Full extensionality
is not automatically interpretable but the next best thing happens: It is consti-
tuted by 3-free sentences and, therefore, it is self-interpretable. Therefore, in
the above theorem, we may replace in both places the theory HAY by E-HAG .

3.2. Extraction and all that (I). The following is an important consequence
of the soundness theorem:

ProrosITION 3.4 (Extraction and conservation, modified realizability).
Suppose that

HA(S) + Acw +1 gl)free + A VXE'J’A(XJ),

where A is a set of I-free sentences and A is a 3-free formula with free variables
among x and y. Then there is a closed term t of appropriate type such that

HAY + A F VxA(x, tx).
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Letting 4 be the sentence 0 = 1 and A be empty, we conclude that the
theory HAY + AC” + IPS,.. is consistent relative to HAE . This is not, however,
terribly interesting.

THEOREM 3.5 (Characterization). For any formula A,
HAS + AC” + P2 . F A < (4)™.

The two principles AC” and IP%;,.. are called the characteristic principles
of modified realizability. The characterization theorem also ensures that we
are not missing any principles besides AC” and IP%;,., in the statement of the
soundness theorem. To see this, suppose that we could state the soundness
theorem with a further principle (sentence) P. Since P is a consequence of
itself, from soundness it would follow that there are closed terms ¢ such that
HA?  Pu(2). A fortiori, HA® = JxPp.(x). ie.. HA” = (P)™. By the
characterization theorem. we get HA” + AC” + IP%,.. - P. In conclusion, P
is superfluous.

COROLLARY 3.6. The following two properties hold.:

(a) (Disjunction Property) Suppose that HAY + AC” + IP%;.. = AV B, for
sentences 4 and B. Then, either HAY + AC” + IPSg.. - A or HAY +
AC? + IP%.. F B.

(b) (Existence Property) Suppose that HAG + AC” + IPSp.. - IxA(x), for
the sentence 3xA(x). Then there is a closed term t such that HAG +AC” +
I (ELI)free - A(t)

The above corollary is consequence of the soundness and characterization
theorems. For instance. suppose that 4V B is provable in HAg + AC” + 1P,
By the soundness theorem, there are closed terms s%and ¢, g such that,

HAG = (5 = 0 — Ane(£)) A (s # 0 — Bu(g)).

Since s is a closed term, there is a numeral # such that HAY + s = 7.
Suppose n = 0 (the other case is similar). Then HAY + A, (2) and. therefore,
HAZ + (A4)™. By the characterization theorem, we get the desired conclusion.

It is important to notice that the above argument works because, in the
presence of AC” and IP%;.... it is possible to come back from the formula (4)™"
to the original formula 4. The existence property has the following natural
generalization:

PrOPOSITION 3.7. Let A be an arbitrary formula with free variables among x
and y. Suppose that

HAG + AC” + IPS;. F Vx3yA(x. ).
Then there is a closed term t of appropriate type such that
HAY + AC” + IP%.. F VxA(x, 1x).

This is not a conservation result anymore. However, it is still a sound
extraction result since the conclusion VxA4 (x, tx) is true.
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THEOREM 3.8 (FAN rule). Let A be an arbitrary formula containing only the
variables x' and n°. Then the following rule holds: If

HAY + AC” + 1P F Vx <; 131° A(x. n)
then there is a natural number m such that
HAg + AC” + IPSe. F Vx <y 13n <m A(x.n).

The proof of this result uses Howard’s majorizability relation. Assume that
Vx <y 13n° A(x, n) is provable in HAG + AC” + IP%;... We get,

HAS + AC” + IP%e F VX (x <1 1 — FnTFzA (2, x, n)).

By IP%ee. Vxdn3dz(x <; 1 — Am(z, x.n)) is provable. As a consequence of
the soundness theorem, there is a closed term ¢ of type 2 such that

HAY F Vx(x <; 1 — 3zA4Ame(z, x. 1x)).

By Howard’s majorizability result, take a closed term ¢ such that ¢t <j ¢q. Itis
clear that

HA? + AC” + 1P F Vx <; 131 < q(1') A(x. n).

3.3. Digression on intuitionistic extraction. Modified realizability does not
quite achieve the disjunction and existence property for HAf. For instance,
if HA7 = A v B then we can only guarantee that either 4 or B is provable
in the stronger theory HAY + AC” + IPgj.. One would want instead that 4
or B were already provable in the original HAY. This is in fact the case, and
the proof uses a variant of modified realizability: modified realizability with
truth. The clauses of this variant of realizability are the same of modified
realizability except that the conditional has an extra clause:

(A — B)™ is 3/ Vx (Ama(x) — Bure(£ () A (4 = B).

THEOREM 3.9 (Soundness of modified realizability with truth). Suppose
that

HAG - A(z).

where A(z) is an arbitrary formula (with the free variables as shown). Then
there are closed terms t of appropriate types such that

HAG F VzAmn(2(2). 2).

For the purpose at hand, we crucially have:
LemMA 3.10. For every formula A, HAY = (A)™" — A.

Now it is clear how to prove the disjunction and existence properties for
plain HAG .
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3.4. Bounded modified realizability. The new bounded interpretations rely
heavily on the Howard-Bezem majorizability notions. In view of this fact, it
is convenient to work with an extension of the language £ (with exactly the
same terms). Firstly, we extend the language £2 with a primitive binary rela-
tion symbol < that infixes between terms of type 0. There are now new atomic
formulas, and the syntactic notions extend in the natural way. Actually, the
language that we get is an extension by definitions of L because x < y may
be defined by a natural quantifier-free formula. In this setting, we use the
primitive binary symbol to define the majorizability formulas. Secondly, it is
convenient to introduce the primitive syntactical device of bounded quantifi-
cations, i.e., quantifications of the form Vx <* ¢ and dx <* ¢, for terms ¢
not containing the variable x. Bounded formulas are formulas in which every
quantifier is bounded.

The theory HAZ is HAY together with the (universal) defining axioms of <
and the following schemes:

v o VX <FtA(x) - Vx(x <*t— A(x)).
By : dx <* tA(x) < Ix(x <* 1t AA(X)).

It is clear that HAZ is a conservative extension of HAY. We say that a
functional f is monotone if £ <* f. In the sequel, we often quantify over
monotone functionals. We abbreviate the quantifications Vx(x <* x —
A(x)) and Ix(x <* x A A(x)) by VxA4(x) and IxA(x). respectively.

DEFINITION 3.11. A formula of £2 is called 3-free if it is built from atomic
formulas by means of conjunctions, disjunctions, implications, bounded quan-
tifications and monotone universal quantifications, i.e., quantifications of the
form Va.

This notion resembles the notion of 3-free formula, but notice that disjunc-
tions are allowed.

DeriNITION 3.12. To each formula A4 of the language £% we assign formulas
(A)P" and Ay, so that (4)P is of the form b4y (b). with Ap,(b) a I-free
formula, according to the following clauses:

1. (A4)°" and (A)y, are simply 4, for atomic formulas 4.

If we have already interpretations for 4 and B given by 3b Ay, (b ) and 3d By, (d )
(respectively) then, we define

2. (A A B)™ is b, d(Aue(b) A Bor(d)).

3. (4V B)™is 3b.d(Ap(b) V Bi(d)).

4. (4 — B)"is 3/ Vb(Aue(b) — Bue(f (b))

For bounded quantifiers we have:
5. (Vx <* 1 A(x))Pr is FbVx <* 1 Ape(b. x).
6. (Ix <* 1 A(x))" is IbIx <* ¢ Ap,(b. x).
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And for unbounded quantifiers we define
7. (VxA(x))b is ﬁi@’ab’x <* a Ape(f(a). x).
8. (FxA(x))P is Ja. bIx <* a Ap:(b. x).

Notice that the realizers of a disjunction do not include a flag deciding
which way to fork, and that only a bound for the existential witness is included
in the realizers of an existential statement. As usual, negation is a particular
case of the implication: (—A4)" is Vb= Ay, (b).

Three principles are important in connection with the above assignment:

1. Bounded Choice bAC®:

Vx3IyA(x.y) — 3fVbVx <* b3y <* fb A(x.y).

where A is an arbitrary formula.

I1. Bounded Independence of Premises bIP% _ :

(4 —3yB(y)) — 3b(4 — Iy <* b B(y)).

where A is a 3-free formula and B is an arbitrary formula.
II1. Majorizability Axioms MAJ”:

Vx3dy(x <* ).

It must be remarked that each principle above is false in the full set theoret-
ical model S”. The majorizability axioms MAJ” (as well as bIP%, ) are. of
course, true in the structure M® of the majorizable functionals. However, as
we saw in the first part, the bounded choice principle already fails in M® for
x of type 1 and y of type 0.

PROPOSITION 3.13. The theory HAZ +bAC” + bIPS,  proves the Collection
Principle bC”:
Vz <* ¢3yA(y.z) — IbVz <* Iy <* bA(y.z).

where A is an arbitrary formula and c is a tuple of monotone functionals.

PROOF. Suppose that Vz <* ¢y A(y.z). By bIP%, . we get

VzIb(z <* ¢ — Iy <* bA(p.2)).

By bAC”, we may conclude that ﬁng <* ¢3p <* Sfedy < b A(x, X)' The
desired conclusion follows from the transitivity of the majorizability relation.
_|

The case where the types of z and y are 0 extends the familiar collection
principle of arithmetic. In the context of intuitionistic analysis, Brouwer’s FAN
theorem is the case where z is of type 1 and y is of type 0. The formulation
for the Cantor space is:

Vz <1 13n°A(n. z) — Im°Vz < 13n < mA(n, z),
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for arbitrary formulas 4. The above formulation of the FAN theorem must be
distinguished from the following, which also appears in the literature:

Vz <1 13n°4(n. z) — 3Oz < 130w <) 1(w(k) = 2(k) — A(n.w)).

for arbitrary formulas 4. The latter formulation explicitly includes a continuity
principle, whereas the former does not. It is important to keep in mind
that bounded interpretations concern majorizability notions, not continuity
notions.

THEOREM 3.14 (Soundness of the bounded modified realizability).
Suppose that

HAZ + bAC” 4 bIPE,  + MAJ” + At A(z).

where A is a set of I-free sentences and A(z) is an arbitrary formula (with the
free variables as shown). Then there are closed monotone terms t of appropriate
types such that

HAZ + A+ VaVz <* a Ay (t(a). z).

Above, and in similar situations in the sequel, by a closed monotone term ¢
we mean a closed term such that the monotonicity condition (¢ <* ¢, in this
case) is provable in the base theory ( HAZ. in this case).

3.5. Extraction and all that (IT). The following is a consequence of the
soundness theorem:

ProposSITION 3.15. (Extraction and conservation, bounded modified real-
izability) Suppose that

HAZ + bAC” + bIPZ, _ + MAJ® + A+ Vx3pA(x, y).

where A is a set of I-free sentences and A is a I-free formula with free variables
among x and y. Then there is a closed monotone term t of appropriate type such
that

HAZ + A+ VYavx <* a3y <* ta A(x. y).

Strictly speaking, we do not have a conservation result. However, if the
type of x is 0 or 1 then we do have such a result:

COROLLARY 3.16. Suppose that

HAZ + bAC” +bIPY,  +MAJ” + A Vx"13pA(x. ).

Ifree

where A is a set of 3-free sentences, A a 3-free formula with free variables among
x and y. Then there is a closed monotone term t of appropriate type such that

HAZ + AFVx3y <" tx A(x,y).
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In particular, this corollary yields a relative consistency result of the theory
HAZ + bAC” + bIPE, . + MAJ? over HAZ. This is interesting in the present
setting because the former theory is classically inconsistent: It refutes the

classically true Markov’s principle. To see this, suppose that
Vx! ==3n°(xn = 0) — In’(xn =0) .

By intuitionistic logicand bIPY, _ Vx!3n®(—Vk(xk # 0) — Ji < n(xi =0)).
Now, by the collection principle bC”, there is a natural number m" such that
Vx <y 1(=Vk%(xk # 0) — 3n < m (xn = 0)). This is a contradiction (just
consider the number-theoretic primitive recursive function that takes the value
1 for values less than m + 1 and is 0 afterwards).

The reader should take notice that the world of HAZ + bAC” + bIP%,  +
MAJ® is a world with some principles related to Brouwerian intuitionism and,
in the terminology of intuitionism, has strong counterexamples to classical
logic.

We can also prove a characterization theorem for bounded modified realiz-
ability:

TuEOREM 3.17 (Characterization). For any formula A,

HAZ + bAC” + bIPY,  + MAJ” - 4 — (4)™.

Of course, bAC?, bl P%’free and MAJ® are called the characteristic principles of
the bounded modified realizability. As noticed, in contrast with the traditional
case, these charateristic principles are not true. If we prove Vx'3yA4(x, y) in
the extended theory HA‘% + bAC? + bIP%I)free + MAJ? for an arbitrary A then,
in complete analogy with the traditional case, we can find a closed monotone
term ¢ such that Vx'3y <* 1x A(x. ) is provable in HAZ + bAC” + bIP%,  +
MAJ®. However, the extended theory is not a true theory and, therefore, we
may not conclude that the statement Vx'3y <* tx A(x. ) is true. In other
words, the extraction of the term 7 is not sound when the matrix A is arbitrary.
However, as we saw above, the extraction is indeed sound if A(x, y) is an
J-free formula (in particular, if A(x, y) is quantifier-free).

3.6. Benign principles. In the context of bounded modified realizability, if
we are interested in extracting sound bounding information from proofs, we
must restrict ourselves to conclusions of the form V3 whose matrix is 3-free. If
such statements are proved in the theory HAZ +bAC” +-bIPS.  +MAJ?, then
it is possible to extract truthful bounding information. Of course, we may use
in our proofs principles that follow from the above theory. This is the case,
e.g.. with Kohlenbach’s uniform boundedness principles UB,. a combination of
the FAN theorem (extended to higher types) with choice:

VEOx < yk 3z°A(x. y. k. z) — Fp'VKOYx < yk 3z < yk A(x. y. k. z).
for arbitrary 4 and y of type 0 — p.
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There are, however, principles that do not follow from the extended theory
but whose use as premises does yield sound bounding information (since that
information is checked in a true theory). We call these principles benign. Note
that benign principles may be false (because they could follow from suitable
true principles with the aid of the false characteristic principles). We present
a list of eight benign principles:

1. The axioms of extensionality Vz7~°Vx7, y(x =, y — zx =5 zy). for
o = 0,1 or 2 and ¢ arbitrary, are benign.

2. The classical, but not intuitionistic, truth
VxVy(A(x) V B(y)) — VxA(x) VVyB(y).

where 4 and B are 3-free formulas, is benign. When the types of x and y are
0 and 4 and B are quantifier-free formulas, we have the lesser limited principle
of omniscience LLPO (this is Errett Bishop’s terminology).

3. The law of excluded middle 4 vV —A4, for J-free formulas A, is benign.
This form of excluded middle includes ITY—LEM, i.e., Vn’A(n) v =Vn°4(n)
for A a first-order bounded formula. In view of the fact that HAY + bAC” +
bIP%,.. + MAJ® refutes Markov’s principle, we are drawn to the conclusion
that T19—LEM does not prove Markov’s principle.

4. The choice principle Vx%'3yA(x, y) — 3fVxA(x, fx), where 4 is an
arbitrary formula and y is of any type. is benign.

5. The following is a benign version of choice with no restrictions on the
types: Vx <* a yA(x,y) — IfVx <* a A(x, fx). for arbitrary formulas A.

6. It is well-known that the FAN theorem is true (and intuitionistically
acceptable) for quantifier-free matrices with parameters of type 0 or 1 only. A
modification of its contrapositive, which is equivalent to weak Konig’s lemma
WKL, is rejected intuitionistically. Nevertheless, this modified contrapositive,
namely Vn3x <; 1Vk < nAg(x.k) — 3x <; 1Vk Age(x. k). is a benign
principle. The familiar formulation of weak Konig’s lemma states that every
infinite subtree of the full binary tree has an infinite path. This principle is
non-constructive in the following precise sense: There are infinite recursive
subtrees of the full binary tree that have no recursive infinite path (this is a
reformulation of Kleene’s result that there are recursively inseparable r.e. sets).

7. The form of comprehension 3DVy(dy = 0 — A(y)). where 4 a I-free
formula and y may be of any type, is benign. Comprehension for negated
formulas is also a benign principle: IOVy (®y = 0 « —A(y)), for arbitrary 4.

8. Kohlenbach considered in [29] the principles F,, a simplification of which
are:

VCD/HOVy/'EiyO Sp va Sp y ((D(Z) < (D(yO))

These principles are false for p £ 0. They are, nevertheless, benign.
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The proof that the above principles are benign relies on a careful study of
the formulas which imply, or are implied by, their own bounded realizations.

For some years now, Kohlenbach and his co-workers have been showing the
practical use of Proof Theory in obtaining numerical bounds from classical
proofs of analysis. Kohlenbach’s methods are not based on realizability be-
cause realizability notions (including bounded realizability) are not taylored
for the analysis of classical proofs. In effect, even though a classical proof may
be translated into an intuitionistic proof via (e.g.) the Godel-Gentzen negative
translation, the translation destroys existential statements — replacing them
by negated universal statements — with the consequence that realizers yield
no computational information. Of course, this shortcoming is related with the
fact that Markov’s principle is not benign. That notwithstanding, bounded
modified realizability (and Kohlenbach’s monotone modified realizability)
supports many classical principles that go beyond intuitionistic logic.

3.7. Suggested reading and historical notes. The notion of (numerical) re-
alizability was introduced by Stephen Kleene in [21]. Modified realizability is
due to Kreisel in [40] and [41]. Proofs of the theorems of Section 3.1 can be
found in [52]. An alternative is the very recent [35] (which has, nevertheless,
circulated in preliminary form as a manuscript for quite some years). A survey
on realizability until the mid-nineties can be found in [54] (where one can find
the story of the truth variants of realizability). The FAN rule at the end of
Section 3.2 appeared in [35] but is already essentially treated in [25]. Bounded
modified realizability was introduced by Ferreira and Nunes in [11]. This
paper includes full proofs of the results concerning this form of realizability,
including the discussion of the benign principles. For the sake of space, we
did not discuss the monotone version of realizability introduced by Kohlen-
bach in [29]. The result that IT1{—LEM does not prove Markov’s principle first
appeared in [1] using this version. Monotone modified realizability is also
explained in [35].

84. The dialectica interpretation.

4.1. Godel’s dialectica interpretation. In 1958, Godel published an article
in an issue of the journal dialectica dedicated to the seventieth anniversary
of Paul Bernays. The article presents an interpretation of first-order Heyting
arithmetic into a quantifier-free theory with finite-type functionals (Godel’s
theory T). This theory is. essentially, the quantifier-free part of HAY. Godel’s
dialectica interpretation appeared as a contribution to an extended Hilbert’s
program by means of the notion of computable functional of finite type. In
the sequel, we present Godel’s interpretation extended to finite-type arith-
metic HAY.

DerFINITION 4.1. To each formula A of the language £§ we assign formulas
(A)P and Ap so that (4)P is of the form IxVyAp(x.y) with Ap(x.y) a
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quantifier-free formula, according to the following clauses:
1. (4)P and A4p are simply A4, for atomic formulas A.

If we have already interpretations for 4 and B given by HxVyAD( ) and
3zVwBp(z. w) (respectively) then we define:

2. (AAB)Pis3x, zVy, w(dp(x. y) A Bp(z.w)).

AV B)Pis3In’. x. zVy. w((n = 0 — Ap(x. Z))/\(” #0 — Bp(z. w))).
A— B)Pis3f . gVx. w(dp(x.g(x.w)) — Bp(f(x).w)).

VzA(z))P is 3/ V2V Ap(f (2).p.2).

3zA4(2))P is 3z, ﬁvaD(l y.z).

A I

-
-
-
-

The definition of implication is the hardest to understand. Goddel moti-
vates it as follows. First consider (4)P — (B)P. that is, the implication
IxVyAp(x,y) — IzVwBp(z. w). In other words, a witness x to Vy Ap(x, y)
gives rise to a witness z to YwBp(z.w). If this is done by a rule of com-
putation, there should be finite-type computable functionals f such that
Vx(VyAp(x.y) — YwBp(f(x).w)). Godel invites us to interprete the inner
implication in the following way: Whenever a counter-example w is given
to Bp(f(x),w) then a counter-example y is given to Ap(x, y). If the lat-
ter counter-example is given by a rule of computation in terms of the for-
mer, then there should be finite-type computable functionals g such that
—Bp(f(x).w) — =4p(x.g(x.w)). Using the decidability of quantifier-free
formulas, we get the implication Ap(x.g(x,w)) — Bp(f(x),w), as in the
definition. The attentive reader will notice that several of the passages above
are not intuitionistically justifiable. However, Godel’s definitions do sustain a
soundness theorem. There are three important principles in connection with
this theorem:

I. The axiom of choice AC”.

II. The principle of independence of premises stated for universal an-
tecedents, denoted by IPY (a formula is universal if it is of the form Vx4 g (x).
for Aqr quantifier-free).

HI. Markov’s Principle MP”: —VzAy(z) — z—Ag(z). where Ay is a
quantifier-free formula and the z’s are of any types.

Markov’s principle strictu sensu applies only for z of type 0. The acceptance
of this principle differentiates the school of Russian constructivism from the
other constructivist schools. Its acceptance is based on the intuition that if
Vz%A44r(z) leads to a contradiction then, if we test in succession each natural
number z° for the (decidable) truth of Ayr(z) then we will eventually find a z°
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such that =44 (z). Note that this intuition does not apply for z of non-zero
type. The name “Markov’s Principle” for non-zero types is a misnomer.>

Using the decidability of quantifier-free formulas, we can see that MP®
implies (VzAq(z) — Bqyr) — 3z(Agr(z) — Byr). for Aqr and By quantifier-
free formulas. Note that MP® is the particular case when Ay is L.

THEOREM 4.2 (Soundness of the dialectica interpretation). Suppose that
HAG + AC” + IPY + MP” + A+ A(z).

where A is a set of universal sentences and A is an arbitrary formula (with the
free variables as shown). Then there are closed terms t of appropriate types such
that

HAG + A - VzVyAp((z). . 2).

As usual, the proof is by induction on the length of formal derivations,
and the terms are effectively constructed from the formal derivations. The
discussion of the seemingly innocuous contraction axiom 4 — A A A4 is
subtle in three respects (with the advent of Linear Logic in the late eighties,
we learned that contraction is not that innocuous). Firstly, the choice of
witnessing functionals is not canonical at this point. Secondly, it involves a
definition by cases functional. Finally, it uses the decidabilility of quantifier-
free formulas. The interpretation of the hypothesis is IxVyAp(x, y) and that
of the conclusion is

3x13x2Y1Vy2(Ap(x1. y1) A Ap(x2. 2)).
We must define functionals f, /> and g such that

Ap(x.g(x.y1.2)) = Ap(f1(x). y1) A Ap(f2(x). y2).

We take /] and f, as Ax.x. Suppose that y; and y; are of type . In order to
define g we need a closed term C, of type 0 — ¢ — ¢ — ¢ which satisfies in
HAJ the following “definition by cases” requirements:

B[C,(0.u,v)/w] < Blu/w] and B[C,(Sz° u.v)/w] — Blv/w].

where w is a distinguished variable of type ¢ and B is a quantifier-free for-
mula. The functional C, can be defined with the aid of the recursor R, by
R, (z,u, ~wis.v). Note that the checking of the contraction axiom needs a
recursor, not merely the combinators. Since Ap is quantifier-free, there is
a closed term 7 of £ such that HAY + #(x.y) = 0 < —dp(x.p). Itis
easy to see that g can be taken to be AxAy;4y,.C,(¢(x. y1), y1.y2). But, as
remarked, the choice is not canonical at this point: we can also take the term
Ax2y12y2.Co(t(x, y2). y2. y1)-

5 A referee of this paper pointed out that in the model of continuous functionals ECF®, where
there is a dense subset of finitary objects at any type, it makes some sense to retain the name
“Markov’s principle.”
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The following proposition is an immediate consequence of the soundness
theorem:

ProprosITION 4.3 (Extraction and conservation, dialectica case).  Suppose
that
HAY + AC” +IPY + MP” + A - Vx3yAge(x. p).

where A is a set of universal sentences and Ay is a quantifier-free formula with
free variables among x and y. Then there is a closed term t of appropriate type
such that

HAG + At VxAge(x. tx).
THEOREM 4.4 (Characterization). For any formula A,
HA? 4+ AC” + IPY + MP? 4 « (4)P.
With the aid of the characterization theorem, we can prove the following
sound extraction result for arbitrary formulas A:
PROPOSITION 4.5. Let A be an arbitrary formula with free variables among x
and y. Suppose that
HAS + AC” + IPY + MP? + Vx3yA(x, p).
Then there is a closed term t of appropriate type such that
HAY + AC” + IPY + MP® I VxA(x, 1x).
ProOF. Let (4)P(x, y) be IzVwAp(y. z. w. x). By the soundness theorem,
there are closed terms 7 and ¢ of appropriate types such that
HAG + AC” + IPY + MP” F VxVw Ap (1x. gx. w. x).
The result follows by the characterization theorem. -

4.2. On the monotone functional interpretation. The reason why we could
include universal sentences A in the statement of the soundness theorem for the
dialectica interpretation is because the dialectica interpretation of a universal
sentence is (essentially) itself. By weakening the conclusion of the soundness
theorem it is possible to deal with a wider classe of sentences.

THEOREM 4.6 (Soundness of the monotone functional interpretation).
Suppose that
HAG + AC” + IPY + MP” + A+ A(z).

with A is a set of sentences of the form 3x < r¥yBgy(x.y), where By is
quantifier-free, r is tuple of closed terms, and A is an arbitrary formula (with the
free variables as shown). Then there are closed monotone terms t of appropriate
types such that

HAG + A b 3x <* 1VzVy Ap(x(2). y. 2).
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The proof'is by induction on the length of formal derivations, and the terms
are effectively constructed from the formal derivations. In the proof, when
it comes to the contraction axiom, the choice of terms becomes canonical.
However, both the decidability of quantifier-free formulas and the definition
by cases functional are still required.

ProposITION 4.7 (Extraction and conservation, monotone case). Suppose
that

HAg) + AC? + |P‘§ + MP® +AF VXHyAqf(xsy)v

with A is a set of sentences of the form 3x < r¥yBy(x.y), where By is
quantifier-free, r is tuple of closed terms, and Aqs is a quantifier-free formula
with free variables among x and y. Then there is a closed monotone term t of
appropriate type such that

HAG + A F V. u (x <% u — 3y <% tu Age(x. p)).

When x is of type 1 we can put u as x™M and get Vx3y <* txAq(x, p).
When furthermore y is of type 0. even VxAq(x. £x) is in order.

With the aid of the characterization theorem of the dialectica interpretation
(notice that the assignment of formulas for the dialectica and monotone in-
terpretations are the same), the following sound extraction result for arbitrary
formulas 4 can be proved in the manner of Proposition 4.5:

PROPOSITION 4.8. Let A be an arbitrary formula with free variables among x
and y. Suppose that

HA(a) + AC® + |P;’ + MP® + A+ VXH)’A(X,)/),

with A as in the proposition above. Then there is a closed monotone term t of
appropriate type such that

HAY + AC” + IPY + MP” + A - Vx,u (x <*u — 3y <* tu A(x,y)).

In order to compare the dialectica with the monotone interpretation, let
us consider a toy, but illuminating, example: the lesser limited principle of
omniscience LLPO (see Section 3.6). This principle is not intuitionistically
acceptable. Furthermore, it does not have a dialectica interpretation. Let
us see why not. Fix two recursively enumerable, recursively inseparable sets
X and Y. Consider quantifier-free formulas Aq(w. k) and Bge(w. r) such
that X = {w € N : Fk-Ag(w.k)} and ¥ = {w € N : Ir-Bg(w.r)}.
The dialectica assignment of the following instance of LLPO (with numerical
parameter w)

Vi, r(Aqr(w. k) V Bye(w. k) — VkAge(w. k) V VrBgs(w. r)
is essentially

In'3f, gVwVk, r Ag(w. fkrw) V By(w, gkrw) —
(nw =0 — Agr(w.k)) A (nw # 0 — Bgs(w. r)) .
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A dialectica interpretation would provide a closed term ¢ of type 1 such that
VwVk,r (tw =0 — Age(w. k)) A (tw # 0 — Bge(w, 1)) .

is true (at this juncture, we are using the fact that X and Y are disjoint). But
this would entail that the set {w € N : 15"w = 0} is recursive and separates X
from Y.

Nonetheless, it has a monotone functional interpretation (in a suitable
verifying theory). One must find closed terms ¢ and ¢ of types 0 — 0 and
0 — 0 — 0 — 0, respectively. such that

(x) 3n < t3f.g < qVwVk.r Ag(w. fwkr) V Bes(w. gwkr) —
(nw =0 — Agr(w. k)) A (nw # 0 — Bge(w. r)) .

It turns out that t := Aw.l and g := Awik,r.max(k,r) do the job. The
proof is simple, though not completely obvious. One considers the modified
predicates

A(w. k) :=Vu < kAg(w,u) V Iu,v < k(=Agr(w, u) A =By(w,v)) and

B(w.r) :=Vv < rBy(w,v) VIu,v < r(=Age(w. u) A =Bge(w, v)).

and verifies that, for each w, Vk,r(A(w.k) vV B(w.r)). By LLPO, one gets,
for each w. VkA(w.k) vV VrB(w.r). The function n is chosen to be 0 or
1 according to whether the first or second leg of the disjunction holds. At
this juncture, we draw attention to the fact that a bit of choice is used. The
functions f and g are, respectively, Aw. k. r.(um < max(k.r)~Ags(w, m))
and Aw. k. r.(um < max(k,r)-Bqg(w,m)) (where um < ¢ is the bounded
minimization operation; we take ¢ + 1 as the default value if no pertinent
value satisfies the matrices).

Let us take stock. Suppose that the theory HAY +AC” +IPy +MP” +LLPO
proves A(z). Itiseasy to see that HAY + () - LLPO. Therefore, HAE +AC” +
IPY +MP“ + (%) - A(z). Since (x) has the right syntactic form, by Theorem 4.6
there are closed terms 7 such that HAY +(x) = 3x <* tVzVy Ap(x(2).y.z). In
the paragraphs above we have shown that (x) is a consequence of HAZ, LLPO,
but a bit of choice is also needed (AC” is, of course, sufficient). So, in order
to verify 3x <* 1VzVy Ap(x(z), y. z) we need more than just HAY + LLPO.

The above is a typical phenomenom. Usually, one deals with principles of
the form

(k) x < rwVyBge(x. y. w).

with parameters w (as axioms, one should of course take the universal closures
of these principles). The effect of having parameters is that these principles are
no longer covered by Theorem 4.6. One must instead use the uniformization
of these principles, namely the sentences 3X < rVwVy By(X (w). y. w). Note
that these uniformizations have the right syntactical form for the application



60 FERNANDO FERREIRA

of Theorem 4.6. In other words, if one wants to state a monotone soundness
theorem which includes in A principles of the form (5x), as Kohlenbach does,
then in the verifying theory one must strengthen these principles by their
uniformizations. As long as one’s aim is just to extract true computational
information (in the form of bounding terms ¢) from proofs, the uniformization
procedure is acceptable because if a certain true principle of the form (x) is
used in the proof then its uniformization is also true. Therefore, the verification
of the role of the extracted terms takes place in a true theory and, hence, correct
computational information is indeed extracted. The pre-eminent example is
weak Konig’s lemma (see Section 3.6). In its tree formulation, WKL is the
statement

VT (Treeso(T) — 3o <1 10 T'(@n) = 0),

where we are using the sequence notation of Section 2.4, and Tree..(T)
abbreviates the conjunction of

Vs (Ts =0 — Seq2(s)) AVs,u(Tu =0As <u — Ts =0)

with the infinity clause Vn°3s(Ts = 0 A |s| = n). Here, Seqs(s) expresses
that s is the number-code of a binary sequence, s < r means that the binary
sequence given by s is an initial segment of r, and |s| is the length of the
binary sequence given by s. Within HAY, this principle can be put in the
form (xx). NB the verification of this takes some work and was done in [26].
Therefore, by the above discussion, one has a monotone soundness theorem
with WKL, although with a strengthened version of it in the verifying theory
of the soundness theorem. In fact, this strengthened version can be taken to
be the so-called uniform weak Konig’s lemma:

30T (Trees (T) — ®(T) <, 1 AVA® T(®(T) n) = 0).

Even though one needs in general to strengthen WKL to the uniform weak
Konig’s lemma in the verifying theory, in certain particular cases the dialec-
tica interpretation together with some majorizability tricks also permits the
elimination of WKL from the verifying theory: this happens when A4(z) is an
existencial numerical statement with parameters z of types 0 or 1.

4.3. Negative translation. Let us consider Godel-Gentzen’s negative trans-
lation in the framework of arithmetic.

DEFINITION 4.9. To each formula A of the language £§ we associate its
(Godel-Gentzen) negative translation A% according to the following clauses:

1. A%1s A, for atomic formulas 4.
ii. (4A B)%is A% A BE,
iii. (4V B)?is—(—A4% A -B8).

iv. (A — B)&is A% — B&.

ja
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v. (VxA)Eis VxA4e.
vi. (3xA)2is Vx4,

In the framework of pure logic we must define 4% as =——A for atomic 4,
but this is not needed in the current framework because atomic formulas are
decidable. The result of Godel-Gentzen states that if a formula A is classically
provable from I" then A% is intuitionistically provable from I'¢, where ['® =
{B® : B € I'}. This result extends to HAY because the negative translation
of an induction axiom is still an induction axiom and because the remainder
axioms are universal formulas. It does not extend to HA + AC” + [Py + MP?
because of the axiom of choice (the other principles pose no problem since
they are laws of classical logic). However, the restriction of the axiom of choice
for quantifier-free matrices ACy; behaves well under the negative translation
provided that Markov’s principle MP® is present in the verifying theory (as
well as ACG; itself). In fact:

THEOREM 4.10 (Negative translation). Suppose that
PAG +ACy + A= 4,
where A is a set of sentences and A is an arbitrary sentence. Then
HAG + ACGr + MP? 4 A% 1= 48,
Let us analyze the negative translation of ACg;. It s,
Vx—ﬁy—'qu(x, y) — _‘vfﬁVXqu(xe fx),

where By is a quantifier-free formula. It is easy to check that this translation
is provable in HAY + ACg; + MP®. To see this, assume Vx—Vy—By(x, y).
By MP”, we get Vx3yBy(x.p). By ACG. 3/VxBy(x, fx) and. a fortiori,
=V f=VxBgr(x. fx).

4.4. Extraction and all that (III) & (IV). We may now state an extraction
and conservation result which is applicable to a classical theory:

PRrOPOSITION 4.11 (Extraction and conservation, classical dialectica case).
Suppose that

PAY + ACS + A - VxTpdge(x. ).

where A is a set of universal sentences and Ay is a quantifier-free formula with
free variables among x and y. Then there is a closed term t of appropriate type
such that

HAG 4+ A+ Age(x, tx).

This is an easy corollary of the properties of the negative translation and
the soundness of the dialectica interpretation. If Vx3yAqe(x,y) is provable
in PAG + ACg; + A then, by Theorem 4.10. Vx—Vy—A4q(x, y) is provable in
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HA§ +ACqr +MP®” +A. Thensois Vx3yAq(x. y) (because MP® is available!).
At this point, we use Proposition 4.3.

In a similar vein, the combination of the negative translation and the sound-
ness of the monotone functional interpretation yields,

ProPOSITION 4.12 (Extraction and conservation, classical monotone case).

Suppose that

PAY + ACS + A - VxTydge(x. ).

where A is a set of sentences of the form 3x < r¥y Bqe(x. y). with By quantifier-

free, r a tuple of closed terms and y of any types, and qu is a quantifier-free
formula with free variables among x and y. Then there is a closed monotone
term t of appropriate type such that

HAG + A Vx,u (x < u — Jy <" tu Ag(x. p)).

Observe that each sentence in A proves intuitionistically its own Godel-
Gentzen translation. As in Proposition 4.7, when x is of type 1 we may
conclude Vx3y <* rxAg(x.y). When furthermore y is of type 0. even
VxAqr(x, tx) is in order.

THEOREM 4.13 (Characterization). For any formula A,
PAY + ACG A4 « (48)P.
4.5. The no-counterexample interpretation. It is a basic observation in pure
logic that a first-order formula in prenex normal form
IxVyoIxi1Vyi ... Ixk Vi Age(X0. Yo, X1, V1. o2 Xk, Vi),

is classically valid if, and only if, its Herbrandization

Fxo3xy ... Ixg Agr(xo. folx0). x1. f1(x0.x1). ... Xk, fre(xo. ... x%))

is classically valid, where fY, f1...., f are new function symbols of appro-
priate arities (known as index functions). Perhaps the most intuitive way of
seeing this is to show that the negation of the former formula is satisfiable if,
and only if, the negation of the latter one is.

THEOREM 4.14 (No-counterexample interpretation). Suppose that the sen-
tence
IxoVyo . .. Ik Vyr Age(x0. Yo. ... Xk. Vi)

of the language of first-order arithmetic is provable in PA (first-order Peano
arithmetic). Then there are closed terms 1y, . . ., t; of such that

HAG Y fo.. Y i Agr(to(f). folto(f)). ...t (f). fi(to(f). ... tu([f))).

where [ abbreviates a tuple of variables f. f1..... fi of (essentially) type 1.

Observation. A type of the form 0 — 0 — --- — 0 is essentially of type 1 via
a pairing code.
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Proor. Note that Jxg...3x; Aqf(X(), f()(Xo), e X, fk(xo, cee, xk)) fol-
lows from 3x¢Vyo . . . Ixg Vv Aqe(x0. yo. . . .. Xk, yi) by logic alone. Therefore,
the former formula is provable in PA7. We now use the extraction theorem of
the previous section. -

To make sense of the name of the theorem, we may think of f,..., f
as denoting functions in (essentially) S; that attempt to provide a coun-
terexample to the truth of xoVyy ... IxxVyx Agr(X0. Yo. - - .. Xk. Y ). by mak-
ing A(ng. fo(no).....nx. fr(no.....ny)) false for any given numerical values
ny,....n. However, such counterexample must fail for the values ny =
5°(f).....me = 6" (f). As we have argued at the end of Section 2.4, the

functions 7§ ..., are computable (note that we can view the closed terms
fo, ..., 1 as having type 2). Hence, the above theorem says that values which
defeat a purported counterexample may be effectively constructed from the
attempted counterexample and that the effective computations are specified
by closed terms of Lf.

The no-counterexample interpretations coincides with the dialectica inter-
pretation (after a double negation translation) for V3V statements. This is the
case, for instance, with the modified infinite convergence theorem discussed
in the introduction. However, the two interpretations already differ for 9v3
statements. Kohlenbach discusses in several places the shortcomings of the
no-counterexample interpretation vis-a-vis the dialectica interpretation. One
such discussion can be found in his recent book [35].

4.6. Digression on provably total functions. The following result can be
proved formalizing Tait’s normalization argument:

PROPOSITION 4.15. Let t[x1.....x;] be a term with its (free) variables as
shown, all of which are of type 0. The theory HAY proves the Hg-sentence say-
ing that for all natural numbers ny, . .., ny the closed term t[ny/x, ..., W [ xi]

normalizes. As a consequence, so does the theory HA.

A word of caution: PAf does not prove the sentence that says that every
closed term of £ has a normal form because this would imply that PAY
proves its own consistency, an impossibility by Godel’s second incompleteness
theorem. To see this. suppose that PA7 proves ‘0=1". By the proof of the
soundness of the dialectica interpretation there would be a sequence of closed
terms 7, of £ and a sequence of quantifier-free formulas 4,(x. y) ending in
‘0=1" such that 4,(z,.¢) holds for each list of closed terms ¢ of appropriate
types. Well, a truth predicate for these (universal) statements can be defined
within PA§ provided that each closed term normalizes (reducing the verifica-
tions of the quantifier-free matrices to checking whether pairs of numerals are,
or are not, the same), and this would yield a consistency proof.
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The following corollary is immediate, but worth an explicit formulation:

COROLLARY 4.16. Let us fix a closed term t of type 1. The theory HAG proves
the T1S-sentence saying that, for each numeral i, the term (7, has a normal form
(necessarily a numeral ). As a consequence, so does the theory HA.

The previous corollary and Proposition 4.11 imply that the provably total
X0-functions of PA are given by the closed terms of type 1 of £&. This
provides an alternative characterization to the one based on Gentzen’s work
on the ordinal analysis of PA (< gp-recursion).

Let us now briefly consider a very natural subsystem of HAZ. The theory
iPRA? differs from HAY by only having the recursor Ry and, correspondingly.
induction in the following restricted form:

At (0) AV (Aqr(x) — Agp(S%)) — Vxdgp ().

where Ay is quantifier-free. Due to the absence of higher-order recursors,
in order to interprete the contraction axioms we need primitive constants C,
in the language satisfying the “decision by cases” requirements discussed in
Section 4.1.

The combination of Godel’s dialectica interpretation and the Godel-
Gentzen negative translation yields,

ProrosITION 4.17 (Extraction and conservation, classical p.r. case).
Suppose that

PRA® + AC% + A F Vx3pAge(x. p).

where A is a set of universal sentences and Ay is a quantifier-free formula with
free variables among x and y (PRA® is the classical theory associated with
iPRA®). Then there is a closed term t of appropriate type such that

iPRA F Age(x, 1x).
In the present setting, there is a also a notion of contraction of terms and a
corresponding strong normalization theorem, with the following consequence:
PROPOSITION 4.18. For every closed term t of type 1 of the language of iPRA®,
15" is a primitive recursive function.
It is easy to see that the theory PRA® + ACgf and, a fortiori PRA” + ACq,
proves the following two schemes:
(1) X0-induction: A(0) AVx°(A(x) — A(Sx)) — VxA(x), for Z-formulas
A. i.e.. formulas of the form 3n® Ay (n. x) with Aqr quantifier-free.
(2) A%-comprehension: ¥x°(A(x) < —B(x)) — Ja!Vx’(ax = 0 < A(x)).
where 4 and B are X{-formulas.
The previous schemes are the distinguished axioms of the second-order
theory RCAy, which plays an important role in the studies of Reverse Math-

ematics. The above results show that the witnesses of the I19-consequences
of RCAq are the primitive recursive functions. A fortiori, they are also the
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witnesses of the [13-consequences of the subsystem PA! of PA, characterized
by having the scheme of induction restricted to X-formulas (this result is,
essentially, due to Charles Parsons and, independently, to Grigori Mints and
Gaisi Takeuti).

4.7. Suggested reading and historical notes. Godel’s functional interpreta-
tion was published in German in [17]. An English translation of this paper
can be found in Godel’s collected works [19]. The soundness theorem, gener-
alized to finite-type Heyting arithmetic, with the characteristic principles, is
implicit in [40]. The characterization theorem is due to Mariko Yasugi [56].
The books [52] and [35] present proofs of these theorems. [2] is a good sur-
vey of the functional interpretations until the mid-nineties. The monotone
functional interpretation is due to Kohlenbach and appeared in [27]. A good
reference for this interpretation is [35]. The treatment of LLPO in Section 4.2
is related to, but not quite the same as in [31]. The elimination of WKL
mentioned at the end of Section 4.2 appears in [24]. Similar eliminations are
also explained in [2] and [35]. An alternative elimination of WKL via the
elimination of LLPO is worked out in [31].

The negative translation is due, independently, to Godel and Gerhard
Gentzen (cf. [16]). The characterization theorem of Section 4.4 is essen-
tially due to Kreisel in [40]. Instead of dealing with classical Peano arithmetic
via the negative translation followed by the dialectica interpretation, a direct
and elegant path is provided by Joseph Shoenfield in [45] (note, however, that
Shoenfield’s interpretation is the same as the combination of an appropriate
negative translation followed by the dialectica interpretation: this was recently
shown by Kohlenbach and Thomas Streicher in [38]). The no-counterexample
interpretation is due to Kreisel in [39]; [30] discusses in detail the shortcomings
of the no-counterexample interpretation. Proofs of the results in Section 4.6
can be found in [52]. The result of Charles Parsons appeared in [44]. For
information regarding the program of Reverse Mathematics one should con-
sult [46].

85. Injecting uniformities.

5.1. Intensional majorizability. Bounded formulas are treated as computa-
tionally empty by the bounded modified realizability interpretation. in the
sense that their realizers are trivial. This hinges on the fact that the majoriz-
ability relations of Howard-Bezem are given by 3-free formulas and that these
formulas have empty realizers. However, the functional interpretation acts
non-trivially on these formulas. We solve this problem with the notion of
intensional majorizability.

We introduce a modification of the language £%, dubbed £%. The new
language is an extension of £ with the primitive binary relation symbol < (as
in £2), but also with primitive binary relation symbols <, for each type a.
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Note that the terms of £% and Lf are the same. The symbols <, are the
intensional counterparts of <. There are now new atomic formulas, and the
syntactic device of bounded quantification is modified in such a way that it
now concerns the intensional symbols instead of the extensional ones. I.e.,
we have quantifications of the form Vx < ¢4 (x) and 3x < tA4(x), for terms ¢
not containing x. In the current framework, we use the terminology of the
bounded formulas and monotone functionals with respect to the intensional
symbols.

DeFINITION 5.1. The theory HAZ is an altered version of HAZ with the
axiom schemes:

By : Vx <td(x) < Vx(x <t — A(x)).
Bs : Ix 9t4(x) < Ix(x <1 A A(x))

instead of the corresponding extensional ones, and with the further axioms

Mptx<doy = x <y,
My : x<,py = Vu <, v(xu <5 yo A yu <, pv)

and a rule RL4

Apg ANu <v — su<ltv Atu Jtv
Apg — s <t

s

where s and ¢ are terms of £%, Apg is @ bounded formula and u and v are
variables that do not occur free in the conclusion. Moreover, the induction
scheme is now extended to all formulas of the language £%.

We observe that it is not needed to state the axioms for combinators, the
axiom of equality and the axioms for recursors for the new atomic formulas of
the language, since these already follow from the more restricted statements.

The crucial feature of the above theory is that we have rules instead of the
purported axioms: Vu <, v(xu <, yv A yu <, yv) — x <,_,, y. Note that the
previous formula would pose a problem for the functional interpretation. The
rules, however, do not pose such a problem! We dubbed the new majorizability
symbols <, intensional because they are (partially) governed by rules. The
presence of rules entails the failure of the deduction theorem in HA%,, a feature
that many do not find attractive. However, one should keep in mind that
the rules are introduced for mathematical reasons and that “mathematical
attraction” is partly a question of familiarity. In the end, systems where rules
play an essential role must be judged by their own mathematical merits.

Even though the rules are weaker than the axioms we still have:

LEMMA 5.2. The theory HAZ proves that the relations <, are transitive and
that x <y — y <y. For type 1, we have x <y y — x <} y, x <y xM and
min; (x, y) <; yM (where the min, function is the minimum function defined
pointwise). Howard’s majorizability theorem holds: For each closed term t,
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there is a closed term q such that HAZ &= t Qq. Furthermore, it holds of the very
same term constructed for the extensional case.

5.2. Bounded functional interpretation. Let us now define the bounded func-
tional interpretation:

DEeFINITION 5.3. To each formula A of the language £% we assign formulas
(A4)® and A so that (4)B is of the form 3bVc Ag(b. ¢). with Ag(b, ¢) abounded
formula, according to the following clauses:

1. (4)B and Ay are simply A, for atomic formulas A.

I~f we have already interpretations for 4 and B given by 3bVcAg(b. ¢) and
ddVeBg(d, e) (respectively) then we define:

2. (AAB)Bis3b.dVc.e(Ag(b.c) A Bg(d.e)).

3. (AVvB)Bis HQ QVQ e(Ve! < cdg(b.c') v Ve <

4. (4 — B)Pis3f.gWb.e(Vc < gbedp(b.c) — By(fb.e)).
For bounded quantifiers we have:

5. (Vx <Q1A(x))Bis IbYevx < t Ap(b. c. x).

6. (3x < 1A(x))Bis IbVeIx < tVe! < ¢ Ag(b. ¢

And for unbounded quantifiers we define:
7. (VxA(x))B is gllg’a, cVx dadg(fa.c.x).
8. (AxA(x))Bis Ja.bVeIx < aVe' <cAg(b.c'. x).

There are five important principles in connection with this interpretation:
L. Intensional Bounded Choice bAC%:

Vx3yA(x.y) — 3fYbYx <b3y < fbA(x.y).

where A is an arbitrary formula of £Z. It is clear that the forms of choice
bAC;{, Vx'3y/ Bge(x.y) — 3fVx3y <; fx Bge(x.p). fori.j € {0.1} and

By quantifier-free, follow from bACZ in HAZ, (evenif bACZ, were restricted to
bounded matrices only, a principle which we denote by bBACZ). Due to the
availability of minimization for quantifier-free formulas, note that bACg? =

ACE{?, fori € {0,1}. Here. AC;‘-fj, i,j € {0.1}, is the usual form of choice
Vx'3y/ Bye(x,y) — 3fVxBge(x. fx). with By quantifier-free. Note that

appropriate tuple versions of these principles also follow from bBACZ,.

I1. Intensional Bounded Independence of Premises bIP%:
(4 — 3yB(y)) — 3b(4 — 3y <bB(y)).

where A is a universal formula (with bounded matrix) and B is an arbitrary
formula. In the present setting, by “universal with bounded matrix” we mean
a formula of the form Vx Apq(x), with Apg a bounded (intensional) matrix.
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1. Intensional Bounded Markov's Principle MPZ:
(VyAva(y) — Boa) — 3b(Vy < bAba(y) — Boa).

where Apq is a bounded matrix and By is a bounded formula. W~hen B is
the formula 0 = 1, the above principle specializes to =Vy Apq(y) — Ib-Vy <
bAwg(y). If y is of type 0 and the matrix is quantiﬁ_er-free_, the princi_ple
further specializes to the familiar Markov’s principle of type O: “VyAq(y) —
Jy—Aqe(y). In this, we are using bounded numerical search.

IV. Intensional Bounded Contra-Collection Principle bBCCZ:
Vb3z QcVy IbAv(y.z) — 3z < VyApa(p. 2).

where ¢ is a tuple of monotone functionals and Apg is a bounded formula.
Note that this is classically equivalent to collection restricted to bounded
matrices (see Proposition 5.4 below). This principle allows the conclusion of
certain existentially bounded statements from the assumption of weakenings
thereof. Let us see that it implies weak Konig’s lemma WKL (the statement
of WKL is in the end of Section 4.2). Suppose that Tree.(T"). The infinity
clause says that ¥n°3s(Ts = 0 A |s| = n). We introduce some notation.
Given s a binary sequence, let § be the infinite binary path which extends s
by appending an infinite string of zeros. With the aid of the rule RL4 one can
show that HAY + Vs(Seqa(s) — § <y 1). Therefore, from the infinity clause
one gets Vn’3a <y 1 (T (@n) = 0). Of course, by the definition of tree,

Vn'3a <y IVk < n (T (ak) = 0).

Applying bBCCY, we may infer 3a < Vn(T (an) = 0). Sincea <1 — a < 1,
we get our infinite path through 7.

The following principle, dubbed Intensional Bounded Disjunction Property,
also follows from bBCC%:

VbVe(Vx < bApg(x) VVy D eBoa(y)) — VaxApa(x) V VyBua(p).

where Apq and Bpg are bounded formulas. This property clearly implies
(within HAZ,) the lesser limited principle of omniscience LLPO. mentioned in
Section 3.6.

V. Intensional Majorizability Axioms MAJZ: Vx3y(x < y).
The following result is similar to Proposition 3.13:

PROPOSITION 5.4. The theory HAZ + bACZ + bIPZ proves the Intensional
Collection Principle bC%:

Vz<dceIyA(y.z) — 3bVz D

Jy <bA(x.y).

where A is an arbitrary formula and c is a tuple of monotone functionals.
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Obviously, the restricted theory HAZ +bBACZ +bIP%, proves the Intensional
Bounded Collection Scheme bBC%, that is, the above scheme restricted to
bounded formulas A. a

The theory HA%, + bAC% + bIPY is classically inconsistent. E.g.. it refutes
the limited principle of omniscience LPO (in Errett Bishop’s terminology):

Vx!(vnl(xn = 1) v 3In(xn £ 1)).

To see this, assume the above. Hence Vx!3n®(Vk%(xk = 1) V xn # 1), by
intuitionistic logic. A fortiori, Vx <y 13n°(Vk(xk = 1) V xn # 1). By the
intensional collection principle bC%. we get Im°Vx <1 13n < m(Vk(xk = 1)V
xn # 1). Take such m and consider the sequence s of length m + 1 with
constant value 1. Clearly, § <; 1 but it is not the case that 3n < m(Vk(§k =
1) vin#1).

Also, the restricted theory HAZ 4+ bBACY, + bIPZ 4+ MP already refutes a
basic form of extensionality. In fact, it proves the negation of

VYO Vol B (VK (ak = pk) — Oa = DP).
Towards a contradiction, assume the above. In particular, one has
VO <5 12V, f <y 113k (ak = pk — ®a = DP),

where 1! := J1k°.1° and 12 := 4y'.1° (we used here MP%). By bBC%. one may
infer - a

VO <, 1V, B <y 1 (Vk < nlak = k) — Oa = OP).
Take one such n = ny. Define ®@ according to:
0 ifVk <ng(yk =0)

1 otherwise

1
Y o

It is clear that for « := k.0 and f := k.0, (Kronecker’s delta) one has
Vk < ny (ak = pk) but ®a # ®B. Since it is easy to show that ® < 12 and
a, f <11, we are faced with a contradiction.

The above two examples are not set-theoretically sound. The bounded
functional interpretation injects uniformities which are absent in the universe
of sets and which are incompatible with it. Given this state of affairs, it is
pressing to assure that the theory HAZ +bAC% +bIP%+MPZ +bBCCE+MAJZ
is consistent. a - a a - -

THEOREM 5.5 (Soundness of the bounded functional interpretation).
Suppose that

HAZ + bACY + bIPY + MPZ + bBCCY + MAJY + A+ A(2).

where A is a set of universal sentences (with bounded matrices) and A is an
arbitrary formula (with the free variables as shown). Then there are closed
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monotone terms of appropriate types such that
HAZ + A+ Vavz < aVe Ag(t(a). c. 2).

Given an appropriate restatement, we may include in A sentences of the form
Jx < rVyBge(x. y). as in the soundness theorem of the monotone functional
interpretation (see Theorem 4.6). Let us see what we mean by this. Given
a tuple of closed terms r, by Lemma 5.2 there is a tuple of closed terms ¢
such that HAZ - r <. The sentence 3x < ¢(x < r AVyBg(x. y)) obviously
implies the original sentence 3x < rVy By(x. y). Furthermore, the modified
sentence is of the form Ix < 7 Vw Cye(x. w) for quantifier-free Cyr. because
the formula x < r is universal. By bBCC%, the modified sentence is implied
by VbIx < tVw < b Cyr(x.w), and this latter sentence has the right form
for applying the soundness theorem above. Of course, in the conclusion of
the soundness theorem, the verifying theory must include this sentence. At
this juncture, we draw attention to the fact that this sentence “flattens” (see
Section 5.5) to a sentence which is implied by Vu3x < r¥Vy <* u Bg(x.y)
(we are using here (iii) of Lemma 2.4). NB this is a weaker statement than
the original one. This should be compared with the monotone functional
interpretation (see the discussion in Section 4.2) where a strengthening of the
original statement is needed.

As usual, the proof of the above soundness theorem is by induction on the
length of formal derivations, and the terms are effectively constructed from
the formal derivations. However, for the bounded functional interpretation
the choice of the witnessing terms is always canonical, and there is no need for
a definition by cases functional nor for the decidability of bounded formulas.

PRrROPOSITION 5.6. (Extraction and conservation, intuitionistic intensional
case) Suppose that
HAZ + bACS + bIPZ + MPZ + bBCCE + MAJZ + A F Vx3yApa(x. y).

where A is a set of universal sentences (with bounded matrices) and Ayq is a
bounded formula with free variables among x and y. Then there is a closed
monotone term t of appropriate type such that

HAZ + At VaVx < ady < ta Apa(x. v).
THEOREM 5.7 (Characterization). For any formula A,
HAZ + bACZ + bIPZ + MP% 4+ bBCCY + MAJZ + 4 — (4)°.

Using the above characterization theorem and an argument as in the proof
of Proposition 4.5, we get the following fact:

PROPOSITION 5.8. Let A be an arbitrary formula with free variables among x
and y. Suppose that

HAZ + bAC% + bIP% + MP% + bBCCY + MAJY F Vx3pA(x, y).
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Then there is a closed monotone term t of appropriate type such that
HAZ +bACZ +bIPZ +MP%+bBCCZ+MAJZ F VaVx < ady < ta A(x. y).

It is not clear what is accomplished by the above extraction result, given
that the verifying theory is not sound. This is in sharp contrast with Propo-
sition 4.8, where the extraction is indeed sound. We are here facing the same
phenomenon as the one discussed at the end of Section 3.5. However, note
that for restricted A, Proposition 5.6 yields a sound extraction result since the
characteristic principles are absent from the verifying theory (the forthcoming
Section 5.5 is also relevant for this discussion).

In the presence of classical logic, the situation concerning the monotone and
the bounded interpretations changes. In the classical case, the matrix 4 must
necessarily be narrowed down (it is well-known that computational extraction
in the classical case may already fail for universal matrices). The reader should
compare the extraction results of Proposition 4.12 and Proposition 5.15 below.

5.3. Digression on a new conservation result. In Section 4.6, we mentioned
the classical second-order theory RCA. the ordinary base theory for Reverse
Mathematics. By iRCA; we mean an intuitionistic version of this theory,
whereby the logic used is intuitionistic, adjoined with the axiom VXVx(x €
X V x ¢ X). Let us introduce some further second-order principles. bIPy is
the following bounded version of the scheme of independence of premises:

(4 — 3yB(y)) — 3y(4 — Jw < yB(w)).

where A is a formula starting with a string of universal (first or second-order)
quantifiers followed by a formula without unbounded first-order quantifica-
tions (it can have bounded first-order quantifications as well as second-order
quantifications), and B is an arbitrary formula. MP is the usual (numerical)
Markov’s principle. bAC" is bounded version of the countable axiom of choice:

Vx3yA(x,y) — IX Func(X) AVx,y((x,y) € X — Jw < yA(x,w)) ,

where A4 is any formula, and Func(X) says that the set X is constituted by the
codes of the pairs of a total function from N to N. Finally, FAN is the scheme

VX3xA(x, X) — JzVX3x < zA(x, X),
with arbitrary 4. Weak Konig’s lemma WKL has its usual formulation in
terms of infinite binary trees.
THEOREM 5.9. The second-order intuitionistic theory

iRCAg + WKL + MP + bIPy + bACY + FAN

is conservative over PA" with respect to Hg—sentences.6

6There is a careless misstep in our abstract [9], where the scheme of independence of premisses
IPy (ie. (4 — 3yB(y)) — 3Iy(4 — B(y)). for 4 and B as in bIPy) and the principle of
countable choice ACY (i.e., Vx3yA(x.y) — IX[Func(X) AVx, p((x.y) € X — A(x,y))])
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Proor. The second-order language of arithmetic can be embedded in £%
by letting the first-order variables run over type 0 arguments, letting the
second-order variables run over type 1 variables X such that X <; 1, and by
interpreting x € X by Xx = 0. Under this embedding, the theory iRCAy +
WKL + MP + bIPy 4+ bAC" + FAN is clearly a sub-theory of iPRA% + bAC% +
bIPY + MPY% + bBCC% + MAJY (where iPRAY is the obvious intensional
version of iPRA®). Therefore, if the former theory proves a I13-sentence
then, by (an adaptation of) Proposition 5.6, then PRA% already proves it. By
flattening (see the forthcoming Section 5.5), so does the theory PRA”. By an
internalization argument in the manner of Proposition 2.3, it can be argued
that PRA® is (first-order) conservative over PA'. We are done. —

As a consequence, the provably total £{-functions of iRCAg + WKL + MP +
bIPy + bACY 4 FAN are the primitive recursive functions (even though this
theory is classically inconsistent; see the argument after Proposition 5.4). In
Reverse Mathematics, WKLy is the classical theory RCA, together with weak
Konig’s lemma WKL. The importance of the theory WKL is well documented
from the work in Reverse Mathematics. The following elimination result is
originally due to Harvey Friedman.

COROLLARY 5.10. The theory WKL is Hg-conservative over RCA,.

PrROOF. Suppose that WKL, proves a certain IT9-sentence. Note that
(WKL)# is a subtheory of iRCAg + WKL + MP. Therefore, by the nega-
tive translation, iRCAy + WKL + MP also proves the given Hg-sentence (notice
the presence of MP). The result follows from the previous theorem. -

5.4. Extraction and all that (V). The negative translation of Godel-Gentzen
can be easily extended to the language £% according to the extra clauses:

vil. (Vx <t A)8isVx <t A8
vill. (Ix <t A)%is -Vx <t ~A48.

Itis clear that the negative translation of a bounded formula is still bounded,
and it can be shown by induction on the type that the intensional majorizability
relations are stable, i.e., HAG - ——=(x < y) — x < y. Now, in analogy with
the dialectica interpretation, the next result is not difficult:

THEOREM 5.11 (Negative translation). Suppose that
PAY + bBACY + MAJY + A - 4,

where A is a set of sentences, A is an arbitrary sentence and PAZ is the classical
version of HAZ. Then,

HAZ + bBACZ + MAJZ + MPZ + Af - 45,

appear instead of the weaker principles bIPy and bACN, respectively. We do not know if the
theorem still holds with IPy and ACN.
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Remember that PAZ + bBACY proves the intensional collection principle
restricted to bounded formulas bBC% and, by classical logic, the contra-
collection scheme bBCC% follows. The next proposition is a consequence
of the combination of the negative translation with the soundness theorem:

THEOREM 5.12 (Extraction and conservation, classical intensional case).
Suppose that

PAZ + bBACY + MAJY + A b Vx3yApg(x. »).

where A is a set of universal sentences (with bounded matrices) and Ayg is a
bounded formula with free variables among x and y. Then there is a closed
monotone term t of appropriate type such that

PAZ + A+ VaV¥x < a3y < ta Apa(x. ).

In contrast with the analogous result of Section 4.3, the verification theory
is a classical theory because intensional bounded formulas are not decidable
in general. However, if y is of type 0 and Aypq is quantifier-free, the verification
can be done in HAY + A&,

THEOREM 5.13 (Characterization). For any formula A,
PAY + bBACY + MAJZ = 4 « (48)°.

5.5. Flattening. We want to use this intensional technology in “real world”
applications. The following lemma is the passageway from the intensional
theory to plain PAZ:

LemMA 5.14 (Flattening). Suppose PAY + ' = A, where A is a sentence
and T is a set of sentences, formulated in the intensional language L. Then
PAZ + T'* + A*, where B* is the sentence of L2 obtained from B by replacing
throughout the binary symbols <, by the form;das <} (mutatis mutandis for
sets of sentences).

We call B* the flattening of B (mutatis mutandis for sets of sentences).

PROPOSITION 5.15 (Extraction and conservation, classical flattened case).
Suppose that

PAZ + bBACY + MAJY + A F Vx 3y Apg(x. ).

where A is a set of universal sentences (with bounded intensional matrices) and
Aypq is a bounded (intensional ) formula with free variables among x and y. Then
there is a closed monotone term t of appropriate type such that

PAZ + A" FVaVYx <* a3y <" ta Afg(x, p).

In particular, the theory PAZ + bBACY, + MAJY, is conservative over PAZ
with respect to I19-sentences.

It is interesting to inquire what happens if one flattens the theory PA%
together with the characteristic principles of Theorem 5.13. It so happens
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that PAZ + bBAC” is inconsistent (here bBAC® is the flattening of bBACY).
Let us see why. Well, PA‘% proves

Vxl(x <70 — x<,0) = Vx <y 130 (=x <, 0 — xn #0).

If we now apply the intensional collection principle restricted to bounded
formulas to the consequent above, we get

Vxl(x <10 — x <, 0) — Im°x <) 130 < m(=x <1 0 — xn #0).

We remind the reader that the intensional collection principle restricted to
bounded formulas is provable in PAZ + bBACY. Hence, by flattening, PAZ +
bBAC® proves

Vxl(x <70 — x <7 0) — ImOx <} 13n < m(-x <70 — xn #0).
Since the antecedent is logically true. we infer
Im®x < 1(3n(xn #0) — In < m (xn #0)),

a statement which is obviously refuted in PAZ. Therefore, the theory PAZ +
bBAC® is inconsistent.

5.6. On extensionality and uniform boundedness. We say that a formula
A(x")is extensional in the type 1 variable x if Vx!, y! (x =; yAA(x) — A(p)).
and we write Ext,[A4].

PROPOSITION 5.16. Let Apq(x'. k°) be abounded (intensional ) formula. Then
the theory PAZ + bBACY + MAJY proves the implication whose antecedent is
Ext [Apq] and whose consequent is

Vx < ZﬂkAbd(X,k) — dnVx < z3dk < nAbd(x,k).

PrOOF. Assume Vx <; z3kApq(x.k). By the extensionality of A4yq with
respect to x. we have Vx3kApg(min|(x.z). k). A fortiori. we get Vx < zM
Ik Apg(ming (x, z), k). Hence, by the intensional bounded collection scheme
bBCY. we may infer that there is n such that Vx <zM3k < ndpq(min;(x. z). k).
Since min; (x,z) < zM, we have Vx3k < nAdpq(min;(min;(x.z).z).k). By
extensionality again, we conclude Vx <; z3k < ndpq(x, k). -

The principle of the previous proposition is a uniform boundedness princi-
ple. As they were stated originally by Kohlenbach, they also incorporate a bit
of choice. The following corollary can be proved similarly to the above result
with the aid of bBACZ:

COROLLARY 5.17. Let Apg(x', 2971, m° k%) be a bounded (intensional ) for-
mula. Then the theory PAZ + bBACZ + MAJZ proves the implication whose
antecedent is Ext,[Avq] and whose consequent is

VmVx <i zmIkAvg(x. z.m. k) — fWmV¥x < zm3k < fmApa(x, z.m. k).
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When the formula Apq is a £)-formula (possibly with higher order parame-
ters), the consequent above is dubbed X{-UB. Note that the previous corollary
includes this case because one can collapse two existential numerical quan-
tifiers into a single one. Observe also that X{-UB is a false principle. For
instance, it entails that a// type 2 functionals are bounded on compact sets:

VOV 3k x < z (Dx < k).

Full extensionality (see the definition at the end of Section 2.2) cannot be
added to the theory PAZ 4 bBACY + MAJZ: as we saw in Section 5.2, this
would entail a contradiction. Instead, we consider the theory PA‘; + ACcll‘fO +
ACg’f1 + Z?-UB (stated in the language E“S’) We will see that adding full

extensionality to this theory is consistent (and more). In order to accomplish
this, we briefly review a (streamlined version of the) method of elimination of
extensionality due to Horst Luckhardt:

DEFINITION 5.18. We define, by recursion on the type:
a) X~y y=x=y,
b) x =) y =Vul v (u~, v — xu =, yv).
LeEMMA 5.19. For each finite type o, the theory HAY proves:
(i) x =y =y~ x;
(i) X~y =y~
(i) X g YAY Rg 2 — X Ry Z5
(iv) X =g YAy Ry 2z — X = 2.
Proor. All the claims can be proved by induction on the complexity of the
type o, but (ii) and (iii) should be proved simultaneously. -
Let the expression E(x) abbreviate x ~ x and, given a formula A of [,”é,
let AF be the relativization of A to the predicate E. Note that Vx'E(x).
TueorEM 5.20 (Elimination of extensionality). Suppose that

E-PAZ + AC[{ + AF A(z).

where A is a set of universal closures of formulas with bound variables of type 0
or 1 only, and A is an arbitrary formula with its free variables as shown (all this
is stated in the language L2). Then,

PAZ + AC)Y + A+ E(z) — 4% (2).

Usually, this theorem is also stated with the inclusion of Acg‘fl. There is
however no restriction because this form of choice can be included in A (the
type 0 — (0 — 0) is essentially of type 1). Even though ACil‘f0 is not of the
form A, the elimination of extensionality still goes through because the type 2
witness functional of ACé’fO can be taken as giving the least numerical witness
satisfying the matrix of choice, and this forces the functional to satisfy the
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predicate E (if the parameters of the matrix also do). The following result is
due to Kohlenbach:

TueoREM 5.21 (Extraction and conservation, uniform boundedness). Sup-
pose that

E-PAZ + AC;f +ACy; +27-UB + A+ Vx”'3pdye(x, y).

where Aqs is a quantifier-free formula with free variables among x and y, and A
is a set of universal sentences (all this is stated in the language L2 ). Then there
is a closed monotone term t of appropriate type such that

PAZ + A Vx"13y <* tx Age(x. p).

PROOF. For this proof, let us introduce the scheme (£9-UB)~ constituted by
(universal closures of) implications of the following form: the antecedent is
Ext[F] and the consequent is VmVx <| zm3kF (x,z,m, k) — EIfIVmVx <
zm3k < fmF (x,z.m. k), where F (x!, 2071, m°, k°) is a £)-formula (possibly
with higher order parameters). Observe that thisis a scheme of formulas whose
bound variables are of type 0 and 1 only. By hypothesis (notice the presence
of full extensionality),

E-PAZ + ACY + ACY + (20-UB)™ + A+ Vx""3pdy(x. y).
Hence, by elimination of extensionality (previous theorem),
PAZ + ACY + ACY + (20-UB)™ + A - Vx®/13pdqe(x. p).

By the comments in Section 5.2 apropos intensional bounded choice and
by Corollary 5.17, we get PAY + bBACY + MAJZ + A F Vx13pAe(x. p).
Hence, according to Theorem 5.12, there is a closed term ¢ of appropriate type
such that

PAZ + A Vx"13y < tx Age(x. p).

The desired result follows by flattening. -

The above result can be refined in two ways. On the one hand, A may be
constituted by sentences of the form Ix < rVyBge(x. y), with By quantifier-
free, r a tuple of closed terms of type 0 or 1 (the same types of x) and y a
tuple of any types. One can apply Luckhardt’s elimination of extensionality
technique to such sentences and, afterwards, use the techniques discussed
after Theorem 5.5. As observed in that discussion, the verification can even be
done with the weaker (corresponding) sentences Vz3x < rVy <* zBg(x. y).
On the other hand. the above result can also be stated with the form of
choice AC (l]'fl. We discuss in detail the latter improvement. This improvement
follows from

PROPOSITION 5.22. The theory E-PAY + ACé‘fO + 29-UB proves ACil‘fl.
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PrOOF. We need a preliminary lemma:
LeMMA 5.23. Let Ay(y') be a quantifier-free formula. Then

E-PAY + ACL + £0-UB I Vy' (dqs(y) — Im" dqe(ym)).

PROOF OF THE LEMMA. By extensionality, we have Vy, z (y =1 z A Age(y) —
Age(z)). Therefore, Vy,z3n (yn = zn A Ags(y) — Aqe(z)). It is easy to see
that A(le"f0 entails the existence of a functional T of type 1 — (1 — 0) such
that

Vy.z(p(Zyz) = z(Zyz) A Agr(y) — Age(2)).

Fix y. By X{-UB, there is m" such that Vz < y(Zyz < m). The lemma
follows. —(of lemma)

We now prove that AC;’f1 follows from E-PAY + AC;? + =9-UB. Let
Agr(x'. y') be a quantifier-free formula and suppose that Vx3yAq(x, y). By
the previous lemma, we may infer that Vx3s%(Seq(s) A Agr(x.§)). where
Seq(s) means that s is a finite sequence of natural numbers. Therefore, by
AC;‘fO, there is a functional @ of type 2 such that Vx(Seq(®x) A Aqe(x, Px)).

Clearly, ¥'—! := Ax.®x is a choice function. —(of proposition)

As a consequence of the results above, we obtain an extraction result for the
fully extensional, true theory, E-PAY + AC;‘fl. However, this result is obtained
in a very roundabout way, via a false extension. Is there a more direct route?

5.7. Suggested reading and historical notes. The bounded functional inter-
pretation appeared in [12], where the proofs of the theorems in Sections 5.1
and 5.2 can be found. The intuitionistic application in Section 5.3 appears here
for the first time. The negative translation within the setting of the bounded
functional interpretation is also discussed in [12]. A direct interpretation of
Peano arithmetic — in the style of Shoenfield — was recently defined in [10].
In this paper, the characterization theorem is formulated with different, but
equivalent, characteristic principles. Notwithstanding, Theorem 5.13 regards
an indirect interpretation, via a negative translation. However, one could (for
instance) use the factorization of Jaime Gaspar [14] to get the result in the
text (albeit for the so-called Krivine’s negative translation; it is easy to see,
though, that the result also holds for the Godel-Gentzen translation using the
fact that these negative translations are intuitionistically equivalent). Flatten-
ing is already introduced in [12]. but only in [13] it is given its name. The
latter article includes a study of the elimination of weak Konig’s lemma in the
feasible setting (the elimination technique mentioned at the end of Section 4.2
does not apply to the feasible setting since it uses bounded search in an essen-
tial manner). The discussion on extensionality and the uniform boundedness
principles in Section 5.6 are based on [12], where stronger results are proved.
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Luckhardt’s result on the elimination of extensionality is from [42] but, as no-
ticed, it is here simplified. The extraction and conservation result on uniform
boundedness is due to Kohlenbach and appears (essentially) in [35] under a
treatment which is a combination of results in [28] and [32]. Our treatment is
rather different, in that it is based on the bounded functional interpretation.

§6. Coda. The emphasis of this paper is on the theoretical aspects of proof
mining in the style of Kohlenbach and his co-workers. This means studying
proof interpretations where the concept of majorizability plays a central role.
Even though the applied work has been revolving around functional interpre-
tations, for the sake of rounding up we also included in our discussions the
realizability interpretations. The main theoretical tool of the applied work
has been the monotone functional interpretation but, from a theoretical point
of view, we believe that the bounded functional interpretations provide a fresh
perspective. We also took the chance of making some comparisons between
the monotone and bounded interpretations. It remains to be seen whether
the latter interpretations prove to be useful in the applied work. Proof mining
itself was left out. I suggest the surveys [37] and [34] for a first reading (see
also [36] for a systematic list of statements of the results obtained until 2006).
Kohlenbach’s book [35] is recommended for a detailed treatment. In [§]
the reader can find some general discussions on the theoretical and practical
benefits of (functional) majorizability interpretations.

We left out two important theoretical topics, one old, the other quite recent.
The old one is Clifford Spector’s deep generalization of Godel’s interpretation
to second-order classical arithmetic using bar-recursive functionals (see [47]).
The systems which Kohlenbach and his co-workers use in proof mining in-
clude, as a matter of course, full second-order comprehension. Kohlenbach’s
book [35] is a good source for an exposition of Spector’s interpretation. Very
recently, it was shown in [7] that the bar-recursive functionals of Spector can
also be used to obtain a bounded functional interpretation of second-order
classical artithmetic. In the words of Part 5, it is possible to inject uniformities
into systems containing full second-order comprehension (see [8] for a brief
discussion on how far one can go on in doing this). The other topic is the
generalization of the monotone functional interpretation to new base types,
typically metric or normed spaces. This generalization was introduced in [33]
and is also treated in [35]. It has been proved very useful in the applied work
and it is rather illuminating from a theoretical point of view.
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PROOF MINING IN PRACTICE

PHILIPP GERHARDY

Abstract. In this paper, we present some aspects of a recent application of proof mining by
J. Avigad, H. Towsner and the author. In this case study. we analysed a proof of the Mean Ergodic
Theorem and obtained a computable rate of convergence for the ergodic averages. Proof mining
generally falls into two main categories: Establishing general metatheorems that classify theorems
and proofs from which additional information may be extracted and carrying out case studies. The
aim of presenting aspects of a proof analysis in detail in this paper is to illustrate how the general
logical results and the techniques they rely on translate into a proof analysis in practice.

§1. Introduction. ‘Proof mining’ is the subfield of mathematical logic con-
cerned with extracting additional information from proofs in mathematics and
computer sciences. This activity has its roots in Kreisel’s so-called ‘unwinding’
program and is motivated by the following quote by G. Kreisel:

“What more do we know if we have proved a theorem by restricted means than
if we merely know the theorem is true.”

Kreisel proposed to use techniques developed in proof theory (e.g. to settle
questions of consistency) to analyse proofs and unwind the extra information
hidden in them. This additional information can both be of qualitative nature,
such as computable realizers and bounds, as well as of quantitative nature,
such as uniformities or weakenings of premises. An example of the former
is extracting a computable rate of convergence even from an ineffective proof
using full classical logic that a certain kind of iteration sequence converges.
An example of the latter is establishing that the rate of convergence is uniform
in the starting point of the iteration or that the convergence not only holds in
compact metric spaces, but already in bounded metric spaces.

Proof mining falls into two major categories: On the one hand, one es-
tablishes general metatheorems that classify theorems and proofs from which
such additional information can be extracted and develops general techniques
to carry out these extractions. On the other hand, one carries out case studies
and analyses actual mathematical proofs. This paper will be concerned with
the latter part.
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The main techniques in proof mining are proof interpretations. Proof inter-
pretations are used to inductively transform given proofs into enriched proofs
from which the desired additional information can be read off. While the
soundness of these methods rests on results in mathematical logic, the resulting
enriched proofitselfis again an ordinary mathematical proof. The main exam-
ples of proof interpretations are so-called functional interpretations, where the
most widely used variants are Gédel’s Dialectica interpretation (sometimes
itself referred to as functional interpretation) and Kreisel’s modified realiz-
ability interpretation, as well as variants of these two interpretations.

The idea behind functional interpretation is to give a computational inter-
pretation of constants, axioms and derivation rules of a given formal system
by functionals of higher type. Thus, starting with the axioms, one may in-
ductively transform the proof into an enriched proof and, in the end, read off
a computable realizer for the conclusion of the proof. In monotone variants
of functional interpretations, one seeks to obtain bounds rather than exact
realizers. This has the advantage that the monotone interpretation of axioms
and rules often is much simpler. Furthermore, certain non-constructive prin-
ciples, e.g. weak Konig’s lemma, do not allow for an exact realizer, but do
allow for bounds, such that these principles can be safely added to a formal
system, when one merely is interested in extracting bounds.

Naturally, there are certain limits to what can be achieved with proof mining:
The halting problem can be formulated as a simple V3V-statement, where the
J-quantifier tells us when a Turing machine stops, if it stops at all. This
has a simple classical proof, but of course we can extract neither realizers
nor bounds for the 3-quantifier as this would contradict the undecidability
of the halting problem. Still, proof interpretations allow one to prove very
general logical metatheorems stating when and how theorems and proofs may
be analysed and what information can be extracted from them. For some of
the most recent results on such metatheorems, see [4, 2]. For a comprehensive
overview of proof interpretations see [9, 5].

While metatheorems apply to formal systems and thus, in principle, to fully
formal proofs, it is in general not necessary to completely formalize a proof in
order to analyse it. In practice, case studies in proof mining often consist of
preprocessing a “normal” (mathematical, but still relatively informal) proof
by putting the statement and the main concepts involved into a suitable form
and then identifying the key inferences in the proof that need to be given a
computational interpretation. The metatheorems guarantee the extractability
of additional information based on a formal, mechanical transformation of
entire proofs. In practice, these transformations translate into a number of
heuristics applied to the key inferences and concepts of the proof.

In this paper, we illustrate proof mining in practice by describing some
details of a recent application of proof mining ([1]. joint work by J. Avigad,
H. Towsner and the author). In this application, we analysed a standard
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textbook proof of the Mean Ergodic Theorem and obtained a computable
rate of convergence for the ergodic averages. In the next three sections, we will
treat the following three aspects of this application: (1) Putting the theorem
into a suitable form, checking that the proof in principle is formalizable in a
formal system for which metatheorems exist and using this to make predictions
about the bounds we can extract from the proof. (2) Giving a computational
interpretation to an instance of the law of excluded middle that is used in the
proof. More precisely, the proof uses that “a given real number r is either zero
ornotzero”. (3) Weakening the assumption that a full rate of convergence for a
certain monotone bounded sequence of real numbers exists to the assumption
that there exists no counterexample to the convergence of that sequence. The
latter always has a simple computational interpretation, while in general a full
rate of convergence for bounded monotone sequences of real numbers need
not exist at all, as illustrated by so-called Specker sequences.

§2. The Mean Ergodic Theorem. There are several ways to state the Mean
Ergodic Theorem. Originally, itis stated in the context of ergodic theory. where
it asserts that the ergodic averages for measure preserving maps on a measure
space converge. We state a more general version, asserting the convergence of
ergodic averages for Hilbert spaces and nonexpansive mappings. Recall, that
a Hilbert space is a normed linear space with an inner product. The inner
product provides a notion of orthogonality, where x Ly < (x,y) = 0, and
induces a norm || x| := (x,x)on X.

DErFINITION 1. Let (X, {-,-)) be a Hilbert space. A function T : X — X is
nonexpansive (short: f n.e.), if |7/ < ||f] forall f € X.

MEAN ERGODIC THEOREM. Let (X. (-,-)) be a Hilbert space, let T : X —
X be a linear, nonexpansive selfmapping of X. For f € X define A, f =
ﬁ Yo T'f. then A, f converges to a limit.

The first reformulation we will undertake is to rewrite “A4,, f converges to a
limit” as

Ve > 03nVm > n(||Am f — Auf || <€),

where || - || is the norm induced by the inner product.

The theorem has the logical form VTV fVe > 03nVm > n(...)’, so the
computational challenge of the theorem is to find a realizer or bound for Jn.
If we furthermore restrict the e > 0 to those that can be written as 2% for
k € N, we see that the theorem is almost purely arithmetical — except for
parameters f and 7" which involve the types X. In a moment, we shall see
how to cast even those parameters in a such a way that they only contribute
to the computational challenge of the theorem by natural numbers.

This theorem can be formalized in the formal system A®[X, (-,-)]. The
theory A® is Peano arithmetic extended to all finite types and extended with
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the axiom schema of dependent choice. Most of classical analysis can be
formalized in this theory. The theory A®[X, (-, -)] denotes the extension of A%
with an abstract Hilbert space in the following way:

e We add a new ground type X for the elements of the Hilbert space and
extend A® to all finite types 7% over N and X.

e We add new constants representing the inner product and the vector
space operations on X.

e We add new axioms describing the algebraic properties of the inner
product and the vector space operations.

Using a monotone variant of Godel’s Dialectica interpretation, one proves
general metatheorems about the extraction of bounds from proofs of V3-
statements in A°[X;, (-, -}] and similar theories. For details, see [2].

The Mean Ergodic Theorem is a V3V-statement. As mentioned above, such
theorems do not always allow to extract realizers or bounds for the existential
quantifier. This is also the case with the Mean Ergodic Theorem, where
we can construct a Hilbert space and a mapping 7 such that a full rate of
convergence for the ergodic averages A, f would solve the halting problem for
Turing machines. Even in the measure theoretic setting, one may construct
counterexamples. Only when the measure space is ergodic, one obtains a full
rate of convergence. For details, see [1].

Instead, we will extract bounds for the classically equivalent but construc-
tively weaker no-counterexample version of the Mean Ergodic Theorem:

MEAN ErRGODIC THEOREM (NO-COUNTEREXAMPLE VERSION). Let (X, (-, ~>) be
a Hilbert space, let T : X — X be a linear, nonexpansive selfmapping of
X. For [ € X define Apf = 7 " T'f. then for every e > 0 and
and every number-theoretic function M : N — N there exists an n € N s.t.

Ay S —Anf Il <e.

The function M claims the existence of a counterexample to the convergence
of 4, f, and the existence of n shows that any such supposed counterexample
can be refuted. This no-counterexample version is classically equivalent to
full convergence. Constructively, this establishes the local stability (up to an
g > 0) of the ergodic averages 4, f for arbitrarily long periods of time.

The theorem is now in a suitable form for the metatheorems mentioned
above to be applicable. From the most general form of the metatheorems
in [2] we derive the following special case:

DErFINITION 2. The finite types T¥ are defined as follows:
()N.XeT¥ (i)preT*=p—1eT’
We often write 0 for the type N and 1 for the type N — N.

DErINITION 3. A formula F is called a V-formula, resp. 3-formula, if it is of
the form Va2F, . resp. 3a%F, . where F,r is quantifier-free and the types of
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o are small', which includes amongst others the types N, X, N - N, N — X
and X — X. We write Fyy and F5 for V-formulas and 3-formulas respectively.

COROLLARY 4. Let (X, (-,-)) be an abstract Hilbert space. If

VX TX=X KO MY T e AVUPBy(f. Tk, M, u) — °C5(f. T.k. M. v)

is provable in A”[X, (-, -)], then there is a computable ¢ : N x N x NN — N such
that
VX, TX=X KO, MY || fI|<bAT nen
Vu® < ¢(b. k. M)By — F0° < ¢(b. k. M)C5

holds in any Hilbert space (X, {-,-)).

This is exactly the logical form of the no-counterexample version of the
Mean Ergodic Theorem, and it is easy to see that the standard proof of the
(no-counterexample version) Mean Ergodic Theorem can be formalized in
A®[X, (-,-)], as the proof only uses the basic algebraic properties of normed
spaces and inner products. Thus, this corollary predicts a computable bound
on Jn in the Mean Ergodic Theorem in terms of (an integer bound b on) || /||,
e and the counterexample function M, but independent of the particular f
(as long as its norm is bounded by /), the particular T or the particular
space (X, (-,-)).

In [1], the following bounds were obtained:

i0:0, ne = — M —
£

215 M (g )*b*

ik +1=1i + 7
g

Letd = 5%”’ then for somen < N(b,e, M) = 2’;—"}’ we have that || 4, f —
Ao f| <e.

In the next sections, we discuss details of the proof analysis carried out in [1]
which resulted in these bounds.

§3. Interpreting the law of the excluded middle. The main argument of the
proof of the Mean Ergodic Theorem goes as follows: Any element /' € X
can be written as a sum f = h + g. where & is T-invariant (i.e. Th = h)
and g can be approximated arbitrarily well by an element of the form u — Tu
with # € X. Since T is linear, we may thus study 4,4 and A4,g seperately.
Obviously, 4,h = h foralln € N. Also, ||4,(u — Tu)|| < % which quickly
converges to 0. In other words, the main argument is: Either || f —Tf| =0, f
is T-invariant and 4, f is constant, or || f — T'f|| > 0 and then A4, f converges,
because the part that is not 7 -invariant tends to 0 quickly. To estimate how

For the exact definition, see [2].
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fast ||4,(u — Tu)| converges to 0, we need to know the norm |[Ju||. or at least
an upper bound on ||u||. Asthe decomposition of f into g and / corresponds
to a decompostion of the whole space X into orthogonal subspaces U (the
closure of the space of elements of the form u — Tu) and V' (the subspace of
T-invariant elements), this is equivalent to approximating the projection of f
onto U by some u — Tu and obtaining an upper bound on ||u/|.

As the averages 4, f lie in the subspace generated by {f. Tf.T*f....}.
it suffices to consider the projection of f onto Uy = {T'f — Tt f|i =
0.1.2....}. For this subspace Uy C U, we can explicitly define a sequence
u, such that g, = u, — Tu, converges to the projection of f onto Uy, and it
is from this sequence that we derive an upper bound on the norms ||u,||. The
elements u,, are defined as follows:

_ ST
RNV Vit
S = (ui = Tw). T f = T2f)
Uit = < uHTiHL} — T >T e

The numerator of the fraction has an easy upper bound by (f, f — Tf) <
LIS =TF | resp. (f —(ui—Tug), T f=TH2 ) < |[FII|T =727
Thus we only need to find a lower bound for || f — Tf|. resp. || T f —
T*2 f|| in the denominator — but the norm of elements 77 f — T'*! f can be
arbitrarily small.

The solution lies in the original argument: If the norm of 77 f — T'+! f is
zero for some i, then 7" f is T-invariant and we are done. If not, it must be
larger than somed > 0. This is close to the solution, but not quite there yet. As
we are only looking for local stability for 4, f, not full convergence, it suffices
that ||T7f — T+ f|| is small enough. as then repeated use of the triangle
inequality yields local stability. Given € > 0 and the counterexample function
M ., we can say how small |77 f — T'*! £|| needs to be to directly imply local
stability, i.e. we can produce an explicit § > 0 such that ||T7 f — T+ f|| < 6
yields the result. Otherwise, we have a lower bound on || 77 f — T'*+! f|| and
therefore an upper bound for ;!

In [1], we prove the following lemma (Lemma 2.15 in [1]), reflecting the
above discussion:

LemMmA 5. Forany i > 0ande > 0, either
1. thereisann < 21’[”/;—”} such that ||Ay ) f — Anf]| < €.or
o :
2. Nl < W= 2y T,
In summary, we use the fact that for any i € N either ||T7f — T f| is
zero or it is not zero. We give a computational interpretation of this instance

of the law of the excluded middle by producing, for each i € N, aJ > 0 such
that both | T f — T f|| <dand |T' f — T f|| > J yield an n € N such



88 PHILIPP GERHARDY

that || 4,/ — A, f|| < e. The maximum of the two is then an upper bound
on an n € N such that the result holds.

84. The principle of convergence for monotone sequences. Another impor-
tant aspect of the proof is the use of the convergence of the sequence g, =
u, — Tu, to the projection of f onto Uy. The convergence of g, is estab-
lished in the following way: For every n € N, the norm || g,|| < ||f||. Also.
llgnll < llgn+t1l], so the sequence a, = ||g.|| is a bounded monotone sequence
of real numbers, and hence it is a Cauchy sequence. A simple argument
shows that for every 0 > 0 there is a y > 0 such that if |a; — a;. 4| < y then
llgi — givall < I, sothat we can obtain a rate of convergence for g, from a rate
of convergence for a,,.

The convergence of g, is used to give an estimate of || A4 () f — A, f||. For
any i,n € N:

NApny f = Anf 1l < N Apn)(f — i) — An(f = )l + [ Ay &ill + | 4ngil.-
One then shows that there is > 0 such that if ||g; — g;.4|| < J foralld > 0
then || 4, (f — gi) — 4,(f — g)|| < /2 for all n. With an upper bound
on ||u;| (such as the one we sketched in the previous section), we can find
an n large enough so that || 4,,,)g:ll. ||4,&i|| < €/4. Combined, this yields
a0 S — Anf ] <.

Classically, the full convergence of the sequence g, is established using
the principle of convergence for monotone sequences, but constructively, we
cannot obtain a full rate of convergence for the g, as the convergence of g, and
the V3V version of the Mean Ergodic Theorem are equivalent constructively.
However, we may still give a computational interpretation of this particular
appeal to the principle of convergence for monotone bounded sequences in
the proof of the Mean Ergodic Theorem. As this may sound confusing, here
is another explanation: We cannot obtain a computable rate of convergence,
but we can give a computational interpretation to the use of its existence as
a lemma. This is because a proof of a V3-theorem cannot fully exploit the
computational strength of a V3V-lemma.

The principle of convergence for monotone bounded sequences is an in-
stance of arithmetical comprehension. The computational interpretation of
arithmetical comprehension in general requires bar recursion (see [6]). Even
though comprehension is applied to a sequence a, = ||g,|| which is explicitly
given in the parameters of the proof, a computational interpretation of this in-
stance of comprehension — although simpler — would still vastly increase the
complexity of the extracted bounds. Instead we opt for a different approach.

In [3], Kohlenbach describes a technique to eliminate certain instances of
arithmetical comprehension without increasing the growth rate (relative to the
Grzegorczyk classes of computational complexity) of the bounds extracted
by monotone functional interpretation. In this particular case, the informal

H
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idea amounts to this: Although we obtain the Mean Ergodic Theorem from
the full convergence of g,, we only need to establish ||g; — g;14]| < J for a
particular d which is expressed in the other parameters and a hypothetical i.
The exact d can be read off of the proof — as made explicit in the lemmas
stated below — and from this we may form a sequence of non-overlapping
intervals [iy, iy +dj] where iy = 0 and i | = iy +d). Now recall that there was
ay > Osuch that |a; — a;4| < y implies ||g; — g;+a|| <. Since the sequence
a, is monotone and bounded |a;, — a;, | cannot exceed y > 0 infinitely often.
Hence. |a;, — a;, | < y for some k € N, and the result follows.

In total, this amounts to replacing the use of full convergence with the
statement that there is no counterexample to convergence, and the latter
has, as sketched, a simple primitive recursive interpretation. Interestingly,
the usefulness of this computationally weaker, no-counterexample version of
convergence was recently (re-)discovered independently by Terrence Tao [7]
under the name “Finite convergence principle”. Tao uses this principle to
establish finitary, combinatorial proofs of some convergence results in ergodic
theory, but without proving explicit bounds. See [8] for details.

In [1], this argument yields the following sequence of lemmas, concerned
with establishing || 4, (/ — &) — 4, (f — )| < £/2 by making g — g:-l|
small enough for some i and d:

LEMMA 6. Lete > 0, letd = d(e) = [32[—{:”4] Then for every i there is a j
in the interval [i.i + d) such that |[T(f — g;) — (f —g;)|| <e.

LEMMA 7. Lete > 0, letn > 1, let d’ = d'(n.e) = d(2¢e/n) = [2"4|‘4f”41.

€

Then for every i there is a j in the interval [i,i + d') such that | A,(f — g;)
(f =gl <e.

LEMMA 8. Let e > 0, let m > 1, let d” = d"(m,e) = d'(m.e/2) =
P2y

. Furthermore suppose ||g; — girar|| < 5. Then for any n < m,

[4x(f = gi) = (f =gl <e.
LEMMA 9. Let e > 0, let m > 1, let d” = d""(m,e) = d"(m.e/2) =
9 .4 14

fM1 Furthermore suppose ||g; — givar|| < §. Then for any n < m,

54
||An(f - gi) - Am(f - gi)” <e.

The last three lemmas follow fairly easy from the first one, repeatedly appeal-
ing to the triangle inequality. The first is proved using general properties of the
inner product in Hilbert spaces; see [1] for details. The last lemma shows ex-
actly, how the convergence of g, allows us to bound || 4, (f —gi)— A, (f —g;)
where eventually m is replaced by M (n).

In other words, this insight allows us to prove the above lemmas and later the
no-counterexample convergence of 4, f/ already from the no-counterexample
convergence of g,: The expression defining d). in terms of i; and the other
parameters is nothing but a counterexample function. In this case, there is

s
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a nested appeal to the no-counterexample convergence of g,, resp. a,, as dj
needs to be big enough enough to ensure that |a;, — ag,+1| < yx where y; is
given in terms of i, and the other parameters. Thus s; depends on iy, while i,
depends on previous values dj _ and thereby on iy _;. The requiredd > 0 such
that ||gi, — gi.+q, || <6 implies |4y, f — An f|| < €, and thus the number of
intervals [iy, ix + dj] we need to consider, is independent of k though. Thus
we consider longer and longer intervals [i, i + d]. but only a fixed number
of those. For the details, see [1].

85. Conclusions. In the previous three sections, we illustrated three aspects
of a recent application of proof mining to the Mean Ergodic Theorem. At the
heart of this proof analysis are proof theoretic ideas that originate from the
general logical metatheorems in [2]. On the surface, this analysis is based on
ideas not dependent of particular aspects of mathematical logic: (1) making
the computational meaning or challenge of a theorem explicit, (2) giving a
computational interpretation of an instance of the law of the excluded middle,
and (3) refining the appeal, within the proof, to the principle of convergence
for monotone bounded sequences of real numbers. In this way, the author
hopes that the above examples illustrate that proof mining yields analyses and
refinements of mathematical proofs that ought to be considered mathematical
even by those who do not consider logic and proof theory proper mathematics.
The proof theoretic perspective on mining proofs merely provides a systematic
tool to carry out these analyses and to guide intuition where the result may
not be obvious otherwise.
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CARDINAL STRUCTURE UNDER AD
STEVE JACKSON

Our aim in this paper is to survey the theory of cardinal structure assuming
AD, the axiom of determinacy (defined below). We work throughout in the
theory ZF + DC + AD.

The axiom of determinacy was introduced by Mycielski and Steinhaus in
the early 60’s and quickly developed into a powerful tool for extending the
ZF results of the classical descriptive set theorists about E% (analytic) and
I} (co-analytic) sets to higher levels of the projective hierarchy. The axiom
contradicts the axiom of choice AC, but it was understood that it should be
applied in a restricted universe such as L(RR) (the smallest model of set theory
containing the reals) where it seemed like a reasonable axiom. It wasn’t until
much later, through the work of Martin, Steel, and Woodin (see [12]. [20]).
that it was shown that ZFC plus large cardinal assumptions actually imply
that AD holds in L(R). The work of the Cabal from the late 60’s through the
80’s developed an extensive theory of pointclasses and associated properties
from this axiom. A good reference for those developments is Moschovakis’
book [13] and the Cabal volumes themselves ([8]. [9]. [18]. and [4]).

This theory of the projective sets (and beyond) was largely developed in
terms of certain ordinals called the projective ordinals, the é ,17 (Definition 1.12
below). It was also realized that AD had much to say about the properties
of cardinals in general. An example would be Solovay’s early result that N,
is singular with cofinality X, for n > 3 (see Theorem 8.2 of [8]). The theory
at the time, however, was not sufficient to calculate the values of the ) for
n > 5 nor to develop the theory of the cardinals past X,,. Kunen and Martin
independently discovered the idea of a homogeneous tree. The precise concept
and definition was formulated by Kechris. Using this concept, Kunen initiated
a program for computing the 5,1,. The program stalled, however. Kechris’
article [8] gives an exposition of what was known at this time. In the early 80’s
Martin proved a result which in current terminology showed the existence of
the Martin tree. This generalized the earlier construction of the Kunen tree
which played an important role in the AD theory of the X,,. Building on this
and some joint work with Martin, the author computed the ,1, and developed
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a theory for analyzing the cardinal structure through the supremum of the
6; and a ways beyond. In particular, this theory of the projective ordinals
generalizes in a straightforward manner to determine the cardinal structure
through R, (the supremum of the 8, is X,,. where &y = sup, w(n) where we
set (0) = land w(n + 1) = 0®™),

In hindsight, a key concept that was missing in the earlier theory was the
notion of a description. These are finitary objects which, roughly speaking,
describe how to generate ordinals through the iterated ultrapowers of certain
canonical measures. The earlier theory can in fact be viewed as a very simple
case of the general theory, using only “trivial descriptions” (which are just
integers). This point is explained in more detail in [3]. It turn out that the
descriptions in fact completely describe the cardinal structure. One of the
main goals of this paper is to introduce the descriptions in as simple a manner
as possible, and to show how they determine the cardinal structure. In the
complete analysis one must, in addition to defining the descriptions, analyze
the measures (countably additive ultrafilters) on the cardinals and establish
certain partition properties (the strong partition property on the & ;n 41) aswell
as verify certain inductive hypotheses. These additional arguments, however,
use the same notion of description. In this paper, we focus on the descriptions
themselves and the cardinal structure they generate. The reader wishing to see
the details of the complete inductive analysis can consult [5] for the complete
first step of the inductive analysis (including the computation of %) and [4]
for the general step. The reader can also consult [3] for a more complete
exposition of how descriptions are used in other ways (e.g., in analyzing the
measures and establishing the partition properties).

Knowledge of these other papers is not necessary for this paper, however.
Rather than trying to explain in detail how descriptions are used in the com-
plete inductive analysis, we introduce them here through two “exemplary
problems.” These two problems can be stated entirely down at the level of the
N,,, but require the development of the same descriptions needed to compute
ol Asis turns out, 6} = R0 +1. and the descriptions we introduce through
these two problems suffice to analyze the cardinal structure below this point.
Through this approach, the reader can see clearly the underlying combina-
torics in a much simpler setting. Our aim is that reader with a knowledge of
basic determinacy theory at the level of [13] and perhaps [8] can follow the
main thread of this paper. The reader could consult [10] or [13] for more
general background on descriptive set theory.

In §1 we give some background and sketch some of the “global” theory of
AD. By this we mean the more general results that hold for all pointclasses
and are independent of the more detailed analysis using the descriptions.
This section is definitely of a survey nature and is included for the sake of
completeness. In §2 we give a brief sketch of the overall plan of how the
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inductive analysis of the projective ordinals goes. This section is also included
for the sake of completeness and to give the reader a sense of how descriptions
fit into the bigger picture. The later sections do not specifically depend on
these sections, and the reader wishing to quickly see the notion of description
can skip them. In §3 we recall some basic definitions and facts about partition
relations. Partition relations play a central role in how descriptions are used
to generate ordinals. Our approach in this paper is to assume the strong
partition property on the odd projective ordinals, the 5;,, +1. and proceed
straight to the descriptions. In the actual full analysis, the descriptions are
also used to prove the partition relations. In §4 we introduce the two canonical
families of measure W|” and S7* and the first exemplary problem: compute
the ultrapower js» (w,) of the cardinal w, by the measure S{*. Solving this
problem will only need the introduction of the “trivial” descriptions (actually
slight generalizations of these). In §5 we consider the second exemplary
problem: compute the iterated ultrapower jSlml o jS:nz 0---0 jsl"" (w,). The
answer is actually immediate from the solution to the first problem, however
we can describe the cardinal structure in the iterated ultrapower by introducing
the next level of description. These are the same objects one uses in the full
analysis to compute é prove the strong partition relation on 6%, and the
weak partition relation on ¢ é (which is the first step of the inductive analysis).
We carry out an example in computational detail. In §6 we sketch how
these descriptions actually are used to generate the cardinal structure between
5; = N,41 and 6; = N_.o. We also give a brief hint at what goes into the
more general definition of description. In §7 we give an entirely different
mechanism which can be used to present the cardinal structure below the
projective ordinals. This is done via a certain algebra which is defined directly
and does not need descriptions. Descriptions are needed, however, to prove
that this alternate formulation works (these proofs are not given here). This
notational framework involves joint work with B. Lowe [7] and extends earlier
joint work of the author and F. Khafizov [6]. Thus, although the proofs that
this method works are quite involved, this gives a direct and self-contained
mechanism for understanding the cardinal structure. This should make the
techniques of this area accessible to a wider audience.

Finally, in §8 we present as an application of the theory of cardinal structure
under AD a result concerning the collapse of cardinals from L(R) to V.
Namely, we sketch a proof of the fact that assuming large cardinals in V' plus
the saturation of the non-stationary ideal on w;, some regular cardinal in
L(R) below (X,,)*® is collapsed in V. The proof we present here is only a
sketch, as complete details will be given elsewhere. This section is not intended
to be self-contained, and is included to give an example of how the theory of
the cardinal structure under AD can be used to get results in the ZFC world.
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§1. Basic concepts. Though our intention is to eventually specialize to re-
sults of a “local” nature, that is, pertaining to the smaller cardinals for which
the inductive combinatorial methods work, we present as background here
AD results of a more general nature. There results are “global” in nature in
that they hold throughout the Wadge hierarchy under AD. The reader already
comfortable with the basics of AD theory can skip this section, or skim it to
see our (mostly standard) notation.

Let w® denote the Baire space with the usual topology, i.c., the product of
the discrete topology on w. w® is homeomorphic to the set of irrationals (as
a subspace of R), and as is customary, we often call w® the “reals.”

We let £¥ denote the collection of open sets, and I1{ the collection of closed
setsin w®. The levels of the Borel hierarchy are defined as usualby 4 € Zg (for
a<w)iff4= ., A, where 4, € Hgn for some o, < a. Also, 4 € Hg
iff 4° € £ (we use A° to denote @ — A). The collection of Borel sets is

<o X.. The analytic or I; sets are the continuous images of the closed sets
(from w®). Equivalently, they are the sets of the form 4(x) < 3y F(x,y).
where F C »® x w® is closed. We abbreviate this by writing £} = 3*"TI).
The co-analytic or Hi sets are the complements of the analytic sets, which
we abbreviate by IT] = (X])°. A set is A] if it is both X| and IT}, which we
abbreviate A] = £l NTIl. Suslin’s theorem says that A} coincides with the
collection of Borel sets. We extend these sets to form the projective hierarchy
as follows. Weset X, | = 3", M., = (X,,,)% and A, =X | NI, .

The classical descriptive set theorists of the 20’s through the 40’s developed
a theory of the | and IT] sets in ZF. To extend the theory to higher levels
requires stronger set theoretic assumptions. The axiom we consider is the
axiom of determinacy, AD.

By AD we mean the axiom that every two player integer game is determined.
More precisely, For 4 C w®, we have the game G 4:

I x(1) x(3) x(5)

A strategy (for an integer game) for I (or II) is a function ¢ from the
sequences s € < of even (odd) length to w. We say ¢ is a winning strategy
for I (or II) if for all runs x € w® of the game where I (or II) has followed &,
we have x € A4 (respectively x ¢ A).
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If 5 is a strategy for I (or II), and x = (x(1), x(3),...) € w®.leto(x) € ©®
be the result of following ¢ against II's play of x. Note that o[w®] is a Z%
subset of w®.

We employ variations of this notation, e.g., we might describe a game by
saying I plays out x. II plays out y. Here we might use o(y) to denote just
I’s response x following ¢ against II’s play of y. The meaning should be clear
from the context.

These basic concepts generalize in natural ways to games on sets X other
than w. If X cannot be wellorderded in ZF then we usually consider quai-
strategies, which are functions which assign a non-empty set o(s) C X of
possible moves to each s € X <“ of appropriate parity length. Let ADy denote
the axiom that all games on the set X are determined. Quasi-strategies are
used, for example, in considering AD g, which is a strong form of determinacy.
It implies, for example, that all sets of reals are Suslin (see below). For the
purposes of this paper, however, all games considered will be integer games,
so this concept will not be used.

If I is a collection of subsets of w®, we write I'-determinacy to denote that
G 4 is determined for all 4 € T'. Although the determinacy of all projective
games suffices to establish much of the general theory of the projective sets, it
does not suffice for the methods of the inductive analysis (using descriptions).
For this we must assume full AD.

Although AD contradicts AC, it is consistent with weaker forms of choice.
Recall DC (Dependent Choice) is the following axiom: For any set X, If
R C X<® and

V(x0,...Xp—1) € R3x, (x1,....Xp—1.X,) € R,

then 3¥ € X® Vn (¥ | n € R). This is equivalent to asserting that every ill-
founded relation has an infinite descending sequence. DC adds no consistency
strength to the theory ZF + AD since Kechris has shown that AD implies that
DC holds in L(R). DC is implicitly used in many arguments, and we assume
it in our background theory.

We next list some background facts about AD. Points (1), (3) and (5) are
probably folklore. For (2) see 6A.7 and 6A.8 of [13]. A proof of (6) can be
found in [15]. For (7) see for example 6A.16 and 6A.17 of [13]. A proof of
(8) is given in Theorem 8.2 of [8].

Fact 1.1. (1) AD contradicts ZFC but is consistent with restricted forms
of determinacy, e.g., projective determinacy PD or AD®) (the determi-
nacy of games in L(R), see below for the definition).

(2) AD is equivalent to ADy. where X is any countable set with at least two
elements.
(3) AD,, is inconsistent.
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(4) ADg is a (presumably) consistent strengthening of AD. It is equivalent
(Martin-Woodin) to AD+ every set has a scale.

(5) AD = AD*®),

(6) DC is independent of even ADg (Solovay), but on the other hand AD =
DCL®) (Kechris).

(7) AD implies regularity properties for sets of reals, e.g., every set of reals
has the perfect set property, the Baire property, is measurable, is Ramsey.
The determinacy needed is local, e.g., Hi -determinacy implies perfect set
property for Z;.

(8) Under AD., successor cardinals need not be regular (but cof (k) > w
assuming countable choice).

The results on cardinal structure we describe in this paper are all done just
assuming AD, without reference to a particular model. Nevertheless, it is
appropriate to mention the natural inner model L(R) of AD.

Recall that L(R) is the smallest inner-model (i.e., transitive, proper class
model) containing the reals R (or w®). It is defined through a hierarchy
similar to L, except at the bottom we throw in all the reals (or equivalently

Vw-H)
JO(R) = Vw+1-,
Jo(R) = Jp(R) for e limit,

f<a

Jart(R) = rud(J (R) U /o (R)}).

Here rud(X) = , S"(X). where S(X) is the result of applying a certain
finite list of “rudimentary” functions to X. The reader can consult [18] for
further details.

Each level J,(R), in fact each sub-level S"(J,(R) U {J,(R)}), is transitive.
It follows easily from the definition that every set in L(R) is ordinal definable
from a real. In fact, there is uniformly in o a £{(J,(R)) map from wa<® x R
onto J, (R). Steel [18] has developed the “global” scale theory of L(R) assum-
ing AD, using among other things a generalization of Jensen’s fine structure
theory of L. In fact, most of this scale theory can be obtained from just AD,
as shown in [3]. For the purposes of this paper, we will not need to consider
the model L(R), although for some arguments it does become necessary to
assume V = L(R), or at least some strengthening of AD such as Woodin’s
AD" axiom.

1.1. Global results: separation and prewellordering. We first make a “first
pass” at the global theory of AD, sketching the theory of pointclasses it
gives. This is largely given in terms of the separation, reduction, and most
importantly, the prewellordering property. After this, we make a second
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pass, describing the theory of scales which AD gives (the scale property is a
strengthening of the prewellordering property).

DEerFINITION 1.2. For 4, B C »®, we say that 4 is Wadge reducible to B,
A <, B, if there is a continuous function f: w® — ®® such that 4 =
f~YB).ie.x € Aiff f(x) € B.

For A.B C w®, we have the basic Wadge game Gy (4, B): I plays out
x € w®, I plays out y € »®, and II wins the run iff (x € 4 <~ y € B).
It is not hard to see (Wadge’s lemma) that if II has a winning strategy then
A <y B, and if | has a winning strategy then B <y A¢. It is therefore
natural to consider pairs {4, A°} of sets together with their complements. We
say {4, A} <y {B.B}if A <y Bor A <y B°. Welet [{4, A°}] denote
the equivalence class under the relation {4, A} =y {B, B} iff {4, A} <y
{B, B} and {B. B¢} <y {4, A°}.

A basic determinacy fact is the following.

THEOREM 1.3 (Martin-Monk). <y is a wellordering on the equivalence
classes [{A. A°}].

We say A C w® is selfdual if A =y A°. We write {4} in the case of a
selfdual degree.

In view of the Martin-Monk result, we can assign an ordinal rank to every
set of reals as follows.

DEFINITION 1.4. If A C w®, then 0(A4) denotes the rank of {4, A} in <y .

Thus, assuming AD the sets of reals are stratified into a natural hierarchy,
the Wadge hierarchy. This opens up the possibility of an inductive approach
to analyzing the sets of reals,

DEFINITION 1.5. We define the ordinal ® by ® = sup{o(4): 4 C w®}.

Thus, O is the length of the entire Wadge hierarchy of sets of reals. It can
also be characterized as the supremum of the lengths of the prewellorderings
of w®.

The following result of [19] gives the picture of the Wadge degrees.

THEOREM 1.6. The selfdual and non-selfdual Wadge degrees alternate. At
limit ordinals of cofinality w there is a selfdual degree and at limit ordinals of
uncountable cofinality there is a non-selfdual degree.

The basic objects of interest in descriptive set theory are the pointclasses.

DEFINITION 1.7. A pointclass is a collection I' € P(w®) closed under
Wadge reduction.

For I' a pointclass, we let o(I') = sup{o(4): A € T'}. We say a pointclass
Iisselfdualif 4 € I' = A¢ € I'. Otherwise I is non-selfdual. We usually use
I' to denote a non-selfdual pointclass, and A to denote a selfdual one.
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The weakest of the structural properties for pointclasses is the separation
property.

DEFINITION 1.8. T has the separation property, sep(I'), if whenever 4, B € T
and AN B = (), thenthereisaC e A=T'NI'with4 C C,BNC =10.

THEOREM 1.9 (Steel-Van Wesep, [19]. [17]). For any non-selfdual T, exactly
one of sep(I'), sep(I') holds.

Thus, the separation property can be used to distinguish T from T for a
general non-selfdual pointclass.

The notions of norms and prewellorderings are fundamental in descriptive
set theory. The concepts are interchangeable as they refer to essentially the
same thing.

DEerINITION 1.10. A prewellordering < on a set A is a connected, reflexive,
transitive binary relation on 4, whose strict part < is wellfounded (< is defined
byx < yiff x < yand -y < x). Anormponaset4 Cisamapy: 4 — On.
We say ¢ is regular if ran(p) € On.

A norm ¢ on 4 induces a prewellordering on 4 given by x < y iff p(x) <
(). Conversely, a prewellordering induces a wellordering on the equivalence
classes given by:

[x]={y:x 2pAy=x}
The corresponding norm is ¢ (x) = rank of [x].
The Wadge ordinal o(I") defined above is one ordinal associated to a point-
class. The next definition associates another.

DEFINITION 1.11. &(I") = the supremum of the lengths of the A prewellorder-
ings of o®, where A =TNT.

The two ordinals o(I"), §(I") do not in general coincide. However, a result
of [11] (see Lemma 2.3.1) says that if A is selfdual and closed under A and 3°”
(and hence also V and V*”), then 0(A) = J(A). An example of such a A is the
collection of all projective sets. Thus, the difference between the two ordinals
is localized to a projective hierarchy.

The following special case of Definition 1.11 is important enough to warrant
giving separately.

DErFINITION 1.12. The projective ordinal 6:, is defined by o ,'1 = 5(2‘.}1) = the
supremun of the lengths of the A,lq prewellorderings of w®.

The projective ordinals are important because the theory of the projective
sets is largely given in term of these ordinals. The reader can consult [13] or [§]
for these results. We mention in Theorem 1.23 the earlier known results about
the projective ordinals.

The next definition introduces definability into the notion of a norm,
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DEerFINITION 1.13. A T'-norm ¢ on 4 C w® is a norm such the relations
x<"yeoxedA(ygAv(yednplx) <o)
x<TyeoxedN(yEAV(yeANp(x) <o(y)))

are bothin T

If ¢ is a regular I'-norm on A of length A, then the norm gives a repre-
sentation of 4 as an increasing union 4 = _; A<,. where A<, = {x €
A: p(x) < a}. Itiseasy to see from the definition that each A<, € A = rnr
To see this, note that if y € 4 with p(y) = a. then A<, = {x: x <* y} =
{x:=(y<*x)}

The next definition is an important structural property of pointclasses.
Though not as strong as the scale property (considered below), it is more
general. For example, in L(R) there is a largest scaled pointclass, namely
Zf , but the pointclasses with the prewellordering property are cofinal in the
Wadge degrees.

DErFINITION 1.14. T has the prewellordering property, pwo(I'), ifevery 4 € T
admits a '-norm.

For ¢ anormon 4, let A, = {x € 4: ¢(x) = a}. If A is closed under A
(and hence also V), we clearly have that 4, € A.

The initial segment <, of the prewellordering < associated to the I'-norm
 can also be computed as:

XZap o x.y€AcaN(x <" y)
—x,y € A<q Ny <* x).

So, <,€ AifI'is closed under A, V. In view of this, if I is closed under A,
Vv, and ¢ is a regular I-norm then |¢| < 6(I"), where || denotes the length
of .

For classes resembling l'li, a I'-norm on a complete I" set must have norm
the maximum possible length according to the next fact (a proof can be found
in 4C.14 of [13]).

Fact 1.15. IfTisclosed under v*”, A, V. and ¢ isa T norm on a I'-complete
set, then |p| = J(T).
The pointclasses of primary interest are those closed under either existen-

tial or universal real quantification (or both). These generalize the familiar
projective sets defined below. We make this into a definition.

DermNITION 1.16. T'is a Lévy class if it is a non-selfdual pointclass closed
under either 3*” or ¥ (or both).

We let £! enumerate the Lévy classes closed under 3°” and IT), those closed
under v*”. So, E(l) = open, Ei is the collection of analytic sets, and }:,11 agrees
with the definition given in Definition 1.12.
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The next result from [16] shows that the prewellordering property is very
general.

THEOREM 1.17 (Steel). For every Lévy class T, either pwo(T) or pwo(I).

Steel’s analysis gives more information. It shows that the Lévy classes fall
into projective-like hierarchies. The first such hierarchy is the usual projective
hierarchy. These hierarchies can be classified into four basic types.

Following Steel, let C C © be the c.u.b. set of limit « such that A, =
{4: 0(A4) < a} is closed under quantifiers. For ' a Lévy class, let o be
the largest element of C such that A, C I'. Then I is in a projective-like
hierarchy over A = A,. We define this hierarchy as follows. If cof(a) = w,
letXo = , A be the collection of countable unions of sets in A. Then define
the X,,, IT,, from X, as usual by applying quantifiers. We call this case a type I
hierarchy. If cof(a) > w, by [16] there is a non-selfdual pointclass I'y closed
under V** with 0(I'y) = «. From [16] we also have sep(I'y). We call Ty a Steel
pointclass. We assume for the current case that Ty is not closed under 3°”. In
this case we generate the hierarchy over I'y by applying quantifiers as usual.
It is customary to split this case into two cases, called type II and type III
hierarchies, according to whether Iy is closed under V (it is automatically
closed under A since it is closed under V*"). The last case. type IV. is when
Iy is closed under quantifiers. In this case we let £, = 3%°(Iy A T) (here
Lo AT is the pointclass of sets which can be written as an intersection of a I'y
set and a I'y set). We then apply quantifiers to generate the hierarchy.

We summarize this discussion as well as the prewellordering analysis
(from [16]) in the following list. The ordinal « in the following cases is
the ordinal from the previous paragraph.

Types of Projective Hierarchies.

e Typel. cof(a) = w.

LetZo= , A. Then pwo(Eo), pwo(TLa,. 1), pwo(Es, o).

e Type II. cof (@) > w and Iy is not closed under V.

Let Xy = 3" T'y. Then pwo(Iy). pwo(Zo), pwo(Ilzy+1), pwo(Ea,+2).

e Type III. cof (o) > w. Ty is closed under V but not 3",

Same conclusion as in type 2.

e Type IV. T is closed under real quantifiers.

Then pwo(Iy). Let £y = 3°” (o A T). Then pwo(Xg), pwo(Ilsi1).
pwo(Za,12).

1.2. Second pass: scales and Suslin cardinals. We now consider the notion
of scales and the scale property. These are the basic structural notions in
descriptive set theory. This notion was isolated by Moschovakis, and has its
roots in the Novikov-Kondo proof of IT} uniformization. We first introduce
some standard notation.
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A tree on a set X is a subset of X< closed under initial segment. We
frequently identify trees on X x Y with subsets of X< x Y<®. If T is a tree
on X, then

[T]={fe€eX?:Vnf|neT}
If T isa tree on X x Y then we define its projection by:

pITI={f € X?:3g e Y* (f.g) €[T]}
={f € X?: T, isillfounded},

where Ty = {s € Y<?: (f | lh(s).s) € T} is the section of the tree at /.

DEerFINITION 1.18. 4 C w® is k-Suslin if 4 = p[T] for some tree 7 on
w x k. S(k) denotes the pointclass of x-Suslin sets. k is a Suslin cardinal if

S(k)— .. S() #0.

We note that it makes sense to speak of x-Suslin subsets of A for 4 € On
as well. We have the following general closure properties of the k-Suslin sets.

Facr 1.19 (Kechris [9]). For any Suslin cardinal «, S(k) is closed under
countable unions and intersection, 3 and is non-selfdual.

Suslin representations are essentially the same thing as scales, which we
introduce next.

DErFINITION 1.20. A semi-scale on A C w® is a sequence of norms {¢, },cw
such that if x, € 4, x, — x, and for each n, ¢, (x,,) is eventually equal to
some A,. then x € 4. If in addition we have ¢, (x) < A, for all n, then the
{¢n} is said to be a scale.

The last property is called the lower semi-continuity property of scales. As
with norms and prewellorderings, we can add definability of the norms into
the definition which gives the following.

DEeriNITION 1.21. A T'-scale on a set A4 is a scale {¢,} all of whose norms
o, are I'-norms. A pointclass I has the scale property if every A € T has a
I'-scale.

The scale property implies both the prewellordering property as well as
the existence of Suslin representations. The notion of semi-scale can also be
thought of as generalizing the definition of a closed set. The following fact
(see e.g. [3] for a proof) give the equivalence of semi-scales, scales, and Suslin
representations.

Fact 1.22. For all cardinals s, 4 is k-Suslin iff 4 admits a semi-scale with
norms into « iff 4 admits a scale with norms into «.
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If & is a semi-scale, the corresponding Suslin representation is given by the
tree

Ty ={((ao.....an-1).(0.....ay_1)): Ix € A (x [ n = (ao.....an_1)
AVi<n (p,'(X) = a,—}.

Note that if {¢, } is a T'-scale on A, then the corresponding Suslin represen-
tation will be a tree on @ x 6(I"), as each I'-norm has length < §(I").

On the other hand, if 4 = p[T1]. let for x € A4, ¢,(x) = n' coordinate of
the leftmost branch of 7',. Then gr = {p,} is a semi-scale on 4. Let v, =
{po(x)....n_1(x)) be the rank of (pg(x)....¢p,_1(x)) in the lexicographic
ordering on «”. Then ¥/ is a scale on A. [with a little adjustment to T we can
make the w; map into «.]

We note that if @ is a scale, then g(T3) = &. But, not every tree is the tree
of a scale, so we only have Tiz1) C T

The Moschovakis periodicity theorems [13] show that under projective de-
terminacy the pointclasses IT}, 41 X} have the scale property. In particular.
all T, 41 sets are o) +1-Suslin.

Using arguments just based upon the scale property one can establish some
general properties about the projective ordinals and the Suslin cardinals below
the projective ordinals. We summarize these earlier (pre-description theory)
results in the next theorem.

THEOREM 1.23. The projective ordinals 6 i, and Suslin cardinals below their
supremum satisfy the following.

(1) All the ¢ ,11 are regular, in fact measurable.

(2) 6én+2 = (6;n+1)+-

(3) Each odd projective ordinal is of the form 85, ., = (Aani1)", where Jo, 1
is a cardinal of cofinality w.

(4) The Suslin cardinals below the projective ordinals are the J2,,1 and 6;,1 -
Also, S (Jani1) = Tay g and S(85,,1) = b, o.

The projective ordinals were first defined by Moschovakis. Property (1)
is due to Moschovakis for regularity (see Theorem 7D.11 of [13]). Solovay
showed w; and w; are measurable and Kunen showed extended this to all of
the 0 ,11 Property (2) is due to Martin and Kunen independently. Property (3)
is due to Kechris (see [8] for proofs of (2)-(4)). It was also known that d| = ).
0y = s (classical), 3 = w, 4 (Martin-Solovay). and 84 = @,,.» (Martin-
Kunen, see 8H.11 of [13] for proofs of the last two). Also Martin showed
w1 has the strong partition property (defined in §3), and Kunen showed that
6% has the weak partition property. As we mentioned earlier, all of these
results can be done from the description point of view, using only “trivial
descriptions” which we discuss in §4 (for other reasons). The reader wishing
to see this theory redone from this point of view can consult [3].
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Past the projective hierarchy the same basic pattern of Theorem 1.23 contin-
ues. Before stating this, we first state the following important theorem of Steel
and Woodin. Steel first showed the result under the assumption V' = L(R)
(see [18]). and Woodin then gave the general result by a completely different
argument.

THEOREM 1.24 (Steel-Woodin). Assume AD. The Suslin cardinals are closed
below their supremum.

The Suslin classes S(x) are Lévy classes, and so we can attempt to clas-
sify them using the framework of the projective hierarchy types stated at the
end of §1.1. Steel [18] gives this complete classification of Suslin cardinals
and the scale property assuming AD + V' = L(R). Assuming just AD, Mar-
tin developed a method for analyzing the next Suslin cardinal. Using this
method one can recover almost all, but not completely, all of these results.
In particular, this suffices to analyze the Suslin cardinals (the one missing
fact is mentioned below). Martin’s method and the AD analysis of the Suslin
cardinals is presented in [3]. More recently, Woodin (unpublished) using
inner-model theoretic techniques has shown how to recover all of these results
from just AD. We next state this classification result. We refer the reader to [3]
for a proof and the definition of the Martin pointclass A(I, k) appearing in
the statement.

THEOREM 1.25 (Classification of Scales and Suslin Cardinals). Suppose k is
a limit of Suslin cardinals, and k is below the supremum of the Suslin cardinals
(so k is a Suslin cardinal ). We have the following cases.

o cof(k) = w (type I).

LetXy =, S<y. Thenscale(Xy) with norms into k. and scale(Ily,1).
scale(Xo,12) with norms into 82,1 = 6 (Ta41).
Oms1 = (Aaus1)™. where cof (Aang1) = @ (A1 = K). 01.43.03.... are

the next w Suslin cardinals after k. S(Ap+1) = Zont1. S (Ont1) = Lonio.
o cof (k) > w and Ty (the Steel pointclass) is not closed under 3 (types I
and IIT).

Let Xy = 3°"Ty. Then scale(Ty). scale(Xo) with norms into k and
SCale(H2n+l), 80316(22n+2) with norms into 52n+1 = 5(H2n+1). 21,01, A3,

. are the next w Suslin cardinals after k. 02,41 = (lani1), Where
cof (Aans1) = w and S(Japs1) = Eong1. S(02041) = Lo

o cof (k) > w and Ty is closed under 3°° (type IV).

Then scale(T'y) with norms into k. Let A = A(Ty, k) be the Mar-
tin pointclass. Let Xy =, A. Let A1 = o(A). Then scale(Ily,1).
scale(Xo,12) with norms into 82,41 = 6(Iy,11). A1,03. A3 are the next w
Suslin cardinals after k. Sy1 = (Aang1)". where cof (Ja,q1) = w and
S(Aons1) = Zons1. S(02m+1) = Tonso.
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The one fact missing from the above statements which the V' = L(R)
analysis gives is that in the case of a type IV hierarchy we have the scale
property at X.

§2. The inductive analysis: the overall plan. The previous section reviewed
the “global” theory of pointclasses and scales assuming AD. We now wish to
descend to a smaller scale and consider the much finer analysis of the cardinal
structure up through X,,. The results of the previous section describe the
scaled pointclasses, but give only a little information about the corresponding
cardinals. For example, down at the projective level, the projective ordinals
s 41 are not computed, nor is information given about the structure of the
cardinals (e.g., their cofinalities) in between. As we said before, our goal in
this paper is not to describe how descriptions give the complete analysis, but
rather to introduce them in a simpler context and see how they determine the
cardinal structure. Nevertheless, we make some brief comments here about
the nature of the overall inductive analysis. We will continue this discussion
in §6 after we have seen the notion of a description.

First note that below R, all of the limit Suslin cardinals have cofinality
w. That is, we are always in the case of a type I hierarchy as described
in Theorem 1.25. Let 6} = 6(X!) for @ < w; (recall X! is the a™ Lévy
class closed under 3*”). For a limit, X! is the pointclass £y described in
Theorem 1.25 corresponding to the limit Suslin cardinal x = sup,_, 5}. In
this case, 6(Xo) = 6(X1) = &T. So, as an artifact of our notation we have
that 6. = 6, .1 = k1. As described in Theorem 1.25, the projective hierarchy
above X behaves similarly to the usual projective hierarchy. In our notation,
0 (11 1 1sanalogous to (5,11. The general analysis proceeds by induction on . The
main task to analyze the measures on the o L and use this to prove the strong
partition relation on the &) for o an odd ordinal (this includes 8., = 4., 41
when « is a limit). Along the way we compute the values of the 6(11 and
determine the cardinal structure in between the J..

Figure 1 shows the projective hierarchy along with the hierarchy above a
typical limit Suslin cardinal. It will turn out that sup,,_,, ¢ l=x,.

At limit Suslin cardinals s no new measures arise since cof (x) = w. Thus,
limit stages below X, are trivial, and the arguments all take place at the
successor steps where they are identical to those of the projective hierarchy.
So, to simplify notation let us consider the 6:,. Only the odd projective
ordinals 83, 41 are relevant in the inductive analysis. Assume inductively we
have analyzed all the measures on the 65, 41 for m < n, and have shown the
strong partition relation on these 85, +1 and the weak partition relation on
6;,,“. Assume also we know the values of 8! for all m < 2n + 1. We then
define the notion of a level-2n + 1 description, which is a finitary object built
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FIGURE 1. The first w; Suslin cardinals.

out of the lower level descriptions (the complete definition will not be given
here, it can be found in [4]). Roughly speaking, these objects describe how to
generate ordinals in the iterated ultrapowers by certain canonical measures on
05, and the smaller cardinals. These level-2n2 + 1 descriptions are used to do
three things: compute 83, 43, prove the strong partition relation on ¢ ’ +1-and
prove the weak partition relation on 83, +3. The partition relations are proved
by analyzing the measures on én +1 and Ay, 3 respectively. The arguments for
all three parts are similar and use the same set of level-2n + 1 descriptions.
This completes this step of the induction.

The argument for converting an analysis of the measures to a proof of
a partition property uses two important ingredients. The first is the general
method of Martin for proving partition properties in general. Martin used this
originally for establishing the strong partition property on ;. Martin used
the theory of indiscernibles for the L[x], but his argument can be recast into
trivial descriptions as well. Martin’s method is given in [8] and in a somewhat
more general form in [3]. Martin’s theorem basically says to prove a partition
property on & it suffices to have a coding of the functions into x which have
sufficiently nice definabilty properties. The second ingredient is an argument
of Kunen which shows that one can convert an analysis of the measures on
into a coding of the subsets of k. This argument appears in [14], and is also
stated explicitly in [3].
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In this paper, we will introduce the descriptions through different consider-
ations and simply assume the partition properties where needed.

§3. Partition properties and types. We first recall the Erdds-Rado partition
notation.

DEFINITION 3.1. We write k — (k)* to mean:: for every partition P: k* —
{0, 1} of the increasing function from A to « into two pieces, there is a homo-
geneous set H C « of size . Thatis, P | (H)* is constant.

We say & has the weak partition property if &K — (k)* for all 1 < k. We say
& has the strong partition property if £ — (k)*.

A more useful working reformulation of the partition property will be given
next, and introduces the notion of 7ype of a function.

DEerNITION 3.2. A function f: A — On is of uniform cofinality w if there
is a function g: 4 X @ — On which is increasing in the second argument and
such that for all & < 4 we have f () = sup, g(a. n).

We next specify a canonical type (we give a more general definition of types
below). We call this the “correct type” since it is the correct type for partition
relations.

DEerINITION 3.3. We say [ is of the correct type if f is increasing, every-
where discontinuous (i.e., f(a) > sup;_, f(f) for limit &), and of uniform
cofinality w.

We next give the c.u.b. reformulation of the partition property.

DEFINITION 3.4. We say & cub (k)% if for every partition P of the function
f: 4 — k of the correct type, there is a c.u.b. C C xk homogeneous for P.

Fact 3.5. We have the following implications, which show the essential
equivalence of the two partition notions:

) S4B (k)" = Kk — (k)%

Kk — (k)" =k cuh (k)"

Proor. For the first fact, assume s cub (k)" and let P be a partition of the
functions g: 4 — k. In particular, P partitions functions of the correct type,
Let C be c.u.b. and homogeneous for this subpartition. Define 4: K — k by
h(a) = o™ element of C greater than SUps., 1(f). Let H = ran(h). Then H
is homogeneous for P, since any increasing g: 4 — H is of the correct type.

For the second fact, assume x — (k)“* and let P be a partition of the
functions f': 4 — k of the correct type. Let P’ be the partition of increasing
g: A x w — k (with lexicographic ordering on 4 x ) given by P’(g) = P(f)
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where f(a) = sup, g(a.n). Let H be homogeneous for P’ and let C be the
set of limit points of H. C is homogenecous for P. B

A more general notion of type is given in the following definition.

DEerFINITION 3.6. Letg: 4 — On. Wesay f: 4 — Onis of uniform cofinality
g if there is a function

[l {la.f)ia<iAnpf<gla)l — On
which s increasing in the second argument and such that f () =sup; f'(c. §).

If g is the constant p function, then we say f has uniform cofinality p.
Also, if  is a measure on A, we have the natural notion of f being of uniform
cofinality g almost everywhere with respect to u.

If « has the strong partition property, we have the partition property for
functions f : k — k of type g (increasing, discontinuous, of uniform cofinality
g) by an argument similar to that of the above fact.

Given a measure u on  with the strong partition property, we have a natural
measure v on the ultrapower j,(x). Namely. 4 C j,(x) has v measure one
iff there is a c.u.b. C C k such that for all f: k — C of the correct type,
[f1s € A. We can likewise use any other type to define a measure.

§4. Trivial descriptions and the first exemplary problem. In this section we
define a natural family of measures on the w, which we call W', and S7. which
play an important role in the first level of the inductive analysis. Their defi-
nitions, however, are straightforward assuming the weak and strong partition
relations on w; (hence the notation). We consider the problem of computing
the ultrapowers jg» (wm). To do this we introduce the very simplest instance
of descriptions, so simple in fact that they are trivial objects (just integers).
Nevertheless, we show how we can use the trivial descriptions to analyze these
ultrapowers and solve the problem. In the next section, we will consider a sec-
ond problem which will force us to introduce non-trivial descriptions. There
the descriptions will be more complicated combinatorial objects (though still
hereditarily finite sets), though the rest of the apparatus is essentially the same.
The two exemplary problems will in fact be related, which will provide a check
on the computations.

In the actual inductive analysis, the starting point is to show the weak
partition relation on w;, which is shown directly. Using the trivial descriptions
one next analyzes the measures on w; and thereby establishes the strong
partition relation on w; (in Theorem 2.36 and Corollary 4.16 of [3] these
arguments are given). Again, here we will assume the strong partition relations
on the 5;,”1, and in particular on w; = d1.

From the weak partition relation on w; we get immediately that sets of the
form C” form a base for a measure on (w;)" (use the c.u.b. version of the
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weak partition property with exponent n). We denote this measure W/". It is
the n-fold product of the normal measure W} on w;.

A trivial description will “describe” how to generate an equivalence class of
a function with respect to the measure W/".

DEFINITION 4.1. A trivial description is an integer d € w — {0}. The set D
of trivial descriptions is ordered by the usual ordering on w. The lowering
operator L is defined on all d € D except the minimal description d = 1. We
define £(d) =d — 1.

Let D, be those trivial descriptions d < n. We next define the “inter-
pretation” function and some related notation. The interpretation function
interprets the description, that is, it uses the description to generate an equiv-
alence class with respect to W}

(a1
Let
()

DEFINITION 4.2 (Interpretation Function). If f: n — w; (ie.,
....0p)), and d € D,, define h(f:d) = f(d) = ay. Ford
(Wipid) =1f — (f:d)lwr. If g: 01 — o). let also (g: f:d) =
and (g: W/:d) = [f — (g: f:d)lw;.

So. (W{":d) represents an ordinal less than j:(w1) (= @w,11 as shown
below), and does (g: W";d) which can be viewed as a “lift” of the ordinal
(Wi d).

The main tool we need to work with the trivial descriptions is the Kunen
tree. Since the argument is short, we give the construction. First some fairly
standard notation. For x € w®, let <,= {(n,m): x((n,m)) = 1} be the
binary relation coded by x. Let LO = {x: <, isa linear order}, and let
WO = {x: <, isawellorder}. LO is TI{ (i.e.. closed). and WO is IT;.

Let S be the Shoenfield tree on @ x w; with WO = p[S]. We can take S to
be the tree defined by: (s, &) € S iff s doesn’t violate being in LO and

f =
€ D,,
g(f(d)).

Vi,j < |S‘ (S(<l,]>) =1l-q < Olj).
With minor modifications we can, if desired, assume S is homogeneous. i.e.,
s determines the order-type of @. Also, we can require that oy > «y,..., ;1.

THEOREM 4.3 (Kunen). There is a tree T on w x w; with the following prop-
erty. For any f: o, — w there is an x € w® such that T\ is wellfounded and
Sor all infinite ordinals o < wy we have f(a) < |Ty | .

Proor. If f: w; — wy, play the game where I plays out x, II plays out y,
and II wins the run iff

x € WO — (y e WOA|y| > f(x])).

IT has a winning strategy ¢ by boundedness. This suggests the following
definition.
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Let V' be the tree on w X ® X W] X ® X w given by:

(s.t.@,u,v) €V <> 3o, x.y,z extending s. t,u,v [6(x) =y A(t.&) € S
AV y((z(i). (i + 1)) = 1]

For f and o as above, V, is wellfounded and for any infinite o, |V, [ o] >
f (o). Finally, we can identify V" with a tree on w x w| by weaving the last four
coordinates into a single coordinate (which keeps the previous inequality). -

We now analyze functions from (w1)" to w; using the trivial descriptions
and the Kunen tree. We let V* denote “for almost all” with respect to the
measure W] (the value of n will be clear from the context). Likewise, we
write V), to denote “for almost all ordinals with respect to the measure u.”

For C C wy. let N¢(B) be the least element of C greater than f3.

An easy partition argument shows the following. If f: ()" — w; is
such that f(&) < o4 for W' almost all &, then there is a cu.b. C C w
such that V*&@ f(&) < Nc(a;_1) [to see this, partition the n + 1 tuples
(ag.....qi_1. B, ai,....a,_1) according to whether f (&) < . On the ho-
mogeneous side the stated property holds, and a c.u.b. C C w; homogeneous
for the partition works.]

Translating the above fact into the language of trivial descriptions we im-
mediately get the following result, which we could call the “main theorem”
for trivial descriptions.

THEOREM 4.4. If o < (W[ d). then there is a g : w1 — w; such that
o < (g: Wy £(d).

Using the Kunen tree, fix x € ® such that g(f) < |T | B| for almost all
. We then have:

(g: W L(d) < (B—|Tx [ B
< (W L(d))"

W L(d))

The last inequality follows since we can map (W"; L(d)) onto (f — [Ty |
Bl: Wi L(d)) as follows: if [g]w» < (W[':L(d)). map [g] to [f — [T |
(f:£(d))(g(f))]], where | Ty | a(p)| denotes the rank of f in the tree T | a.

So. we get that (W/":d) < (W/:L(d))". As an immediate corollary we
have the following upper bound.

COROLLARY 4.5. jn(@1) < wyy1.

To get the lower bound we use the following general result of Martin (see
Theorem 7.1 of [5] or Theorem 4.17 of [3] for a proof).

THEOREM 4.6 (Martin). Assume x — (k)*. Then for any measure u on k.
Ju(k) is a cardinal.
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Also. if it is easy to see that if m < n then jym(wi) < jws(wr). In fact,
Jwn (@) embeds into (Wt d), where d = m + 1. So we have the exact
computation of the ultrapower:

COROLLARY 4.7. jn (1) = Wpy1.

This computation can be interpreted as giving a computation of the projec-
tive ordinal 83. Briefly. this is because the Shoenfield tree for a X} set is weakly
homogeneous with measures of the form W/'. The homogeneous tree con-
struction then gives that every Hé, and hence also every Z; set is A-Suslin where
A = sup, jwr(w1) = o, from the above computation. So, ol = 23 < Woil.
Since cof (w,) > w. clearly. we must have /3 > w,,. and thus 6} = W, 1.

Types of functions on @;. Before turning to the first exemplary problem, we
mention the analysis of types of functions f: (w()" — wy.
Fix n, and a permutation z of {1,2,,...,n} beginning with n. Say,

n=niyn....i,).

Let <, be the ordering on (w;)" given by:

(ala""/an) <z (ﬂlw--aﬁn) = (anraiza-'-aain) <lex (ﬂnvﬁi29""ﬂi,1)‘

We say f: (w1)" — o is ordered by = if on a measure one set f is
order-preserving from <, to w;. Let n, denote the particular permutation
ny, = (n,1,2,...,n — 1). In this case we let <, abbreviate <, .

Fact 4.8. If on every measure one set f depends on all its arguments, then
for some 7, f is ordered by 7.

In this case, the type of f is determined by n and the possible uniform
cofinalities. We have the following possibilities:
e There is a measure one set on which f is continuous (i.e., f | C" is
continuous).
e f has uniform cofinality o (i.e., f is of the correct type).
e f(ay,...,a,) has uniform cofinality «;.
We omit the easy proof, but instead, as an example, show that the possible
uniform cofinalities mentioned in the lase case are all distinct.

ExaMPLE 4.9. Show that the uniform cofinalities g (&) = a; and g(&) = «;
are distinct for i # j.
PrOOF. Suppose f1: {(&@, f): B < a;} — w; induces [ as in the definition
of uniform cofinality. and likewise f>: {(&. f): f < a;} — w) alsoinduces f.
Consider the partition P where we partition tuples
o< <o <fi<a << <fp<a < <ay

according to whether /(& 1) < f2(&, B). Neither side can be homoge-
neous, a contradiction. -
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Lastly, we introduce the measures S} mentioned earlier. In the full anal-
ysis, we introduce a canonical family of measures for each regular cardinal
below R, .

Recall 7, is the permutation n,, = (n,1,2,....n — 1).

DEFINITION 4.10. S{ is the measure on w,;; induced by functions f :
(w1)" — w; ordered by 7, and of the correct type, and the measure W],
Thatis, 4 C w,1 has ST measure one if there is a c.u.b. C C c; such that for
all f: (w1)" — C ordered by 7, and of the correct type we have [ f Iwy € A.

It is easy to see that S| is the w-cofinal normal measure on w;.

The family of measures ST plays a distinguished role in that their ultrapow-
ers dominate those for the other measures on w,. More precisely. for any
measure x4 on @, there is an n and a c.u.b. C C é‘; such that for all « € C
with cof (o) = w;,

Jula) < jsp(a).

This fact is proved by embedding arguments [5]. Rather than give the full
proof, we give an example.

ExaMPpLE 4.11. We show this for 4 = v x v, where v is the measure corre-
sponding to 7 = (3,2, 1).

PrOOF. We take n = 3. We consider the auxiliary measure M = W] x
wl x S3.

Given f: <3— ) of the correct type and given 1 < 72 < w; and /3
representing (171, 72. [13]) € w1 x w1 x w3, we define g1. g2 (w1)? — w) by:

gilar, a2, 03) = (i, h3(ar, ). as3).

Leta € C, theset of ordinals < 6; closed under ultrapowers by measures on
®,, (one can compute directly for the specific measures involved here that «,,.
and hence 6; are fixed points. The argument is similar to the computation
in the first exemplary problem to follow. The analysis of measures on @,
actually shows this true for any measure on ,, ).

Define z: j,(a) — Js:(c) as follows.

Given an equivalence class [F],. for F: dom(u) — a. let n([F],) = [Glss.
where:

G([f1w:) = [(n.m2.[h3]) = F([g1]. [g2])]m

and g1 = g(f.#n1. h3) is the g function defined above using /', #;, and &3, and
likewise for g, (using ).
The following observations complete the proof.
(1) Forany fixed f of the correct type, fixed 571, 772, h3 withn; < 2 < h3(y, B)
forall y < f and all @) < a; < a3 in a c.u.b. set we have that g; is well-
defined and of order 7.
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Also, g1(&) < g2(f) iff a3 < s (this gives the order-type of the
product measure u).
(2) For any fixed £, [g;] only depends on 71, #2. [A3].
(3) If [f1] = [f2]. then M almost all %, 7, [h3] we have that [g}] = [g?].
where g/ uses f and likewise for g?7.
(4) If u(A4) = 1, then

VY L. hs ([g1].[g2]) € 4.
(5) V* f AG1.G2) V*ni.ma. h3 (g1 < G1 A g2 < Ga).
(1)-(4) give that = is well-defined, (5) and o € C give that n([F]) <
Js:(a). n
We introduce one more bit of notation.

DEFINITION 4.12. If f: (w)" — w; is order-preserving with respect to <,,.
then we define the ¢ invariant of f by:

f([)(al,...,ag) = sup{f(al,...,ag_l,[)’e,...,ﬁ,,_l,ag)},

where the supremum ranges over all /? such that the arguments to f are
increasing.

A notational convention. We introduce a useful notational convention for
dealing with iterated ultrapowers. We use it in a relatively minor way in the
first exemplary problem, but in a more serious way for the second problem.

Suppose 8 € On, uy. ..., i, are measures, and P C On. We write

Vi Yy o PO, o))

to abbreviate the following:

If we fix a; — 0(a;) representing 0 in the ultrapower by w1, then for u;
almost all o it is the case that:

If we fix o +— 0(a. o) representing 0o ) with respect to u,, then for u,
almost all oy it is the case that:

If we fix o, — 0(a,....q,) representing O(cy. . ... a,_1) with respect to
Iy, then for u, almost all o, we have P(0(a.....cn)).

The first exemplary problem. We now consider the first of the two problems
we will use to illustrate the theory of descriptions. The first problem, however,
requires only the trivial descriptions.

First exemplary problem. Compute the ultrapower jsy (w,). We show the
answer is w; where:
n—1 n—1

k=1+2 4+ 4
1 m
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To solve this problem, we describe explicitly the cardinals structure below
Jsy (w,). Although the argument only uses the trivial descriptions, we will
cast it notationally as a special instance of the non-trivial descriptions that we
will use for the second problem. We call this special set of descriptions S. The
definition follows.

DEerINITION 4.13. For m,n > 1, let S,,,, be the set of tuples of the form
d = (dm,dl,dz, e ,dg) ord = (dm,dl,dz, .. .,d[)s,

where the d; are trivial descriptionsin D,_; (i.e.., 1 < d; <n—1),£ < m, and
d <d, < - <dy <d,. Here the s is a formal symbol (which stands for
“Sup”).

We writed = (d,,.d\. d>. . ... dg)(” to denote that s may or may not appear.
Itiseasy to see that there are 2 ”Il + -+ ";1 manyd € S,,, (thefactor
of 2 since the symbol s may or may not appear).

We extend our notational conventions for trivial descriptions to the set S.
Givend € S, ,, we associate an ordinal (d; S{”) to d defined as follows.

DEFINITION 4.14. Let d € Sy, Then (d;S7") is the ordinal represented
with respect to the measure S{" by the function [f ]y — (d: f) < w,, where
for f: (w1)™ — w; of the correct type, (d; /) < w, is the ordinal represented
with respect to W' ! by the function (e. ..., a,_1) — (d: f)(&). Finally,

(d: f)(@) = ft+ Dag. . ....a4.a4,)
if s does not appear in d. If s appears in d, let

(d: f)@) =+ (. ag. ... .04 a4)
= sup f(£+1)(ay.aq.....0 aqg,).
p<ay,

To finish the computation of the first exemplary problem, we prove the
following.

THEOREM 4.15. The (d; S7") for d € S, are precisely the cardinals below
jSlm (wn)

The descriptions in S,,,, are ordered as follows. Set

(d.dy.....d)" < (d..dj.....d)Y

iff one of the following holds:

(1) There is a least place of disagreement in the description sequences, say
d,‘ 7é di/’ and d,‘ < di/‘

(2) d is an initial segment of d’,and s appears in d.

(3) d’ is an initial segment of d. and s does not appear in d’.
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We define a lowering operator on L, as we did for the trivial descrip-
tions. Let £(d i, ..., .dy)"") be the largest sequence which is less than
(dm. dy..... d[) . We describe the £ operation explicitly:

o If ¢ =m — 1 then ,C(dm,dl ..... dg) (dm dl....,dg)s.

e If £ = m — 1 then ﬁ(dm,d1 ..... de) (d i, ..., (dg)) if ,C(d[) =
dy — 1is defined and > d,_; (if £ > 1). Otherwise, L(d,,.d;.....d;)* =
(dm: dla cee :dl—l)s

o Ifl <m—1, thenﬁ(dm dl ..... dg) (dm dl ..... dg,dg+1)Wheredg+1 =
L(d,) = d, — 1 provided d,, — 1 > d, (if £ > 1). Otherwise set
E(dm,dl, ey dg) = (dm,dl, e ,dg)s.

EXAMPLE 4.16. m = 3, n = 5 (i.e., we are considering Js: (ws))

Beginning with the maximal description (4) in S35 we successively apply
the lowering operator to generate the following sequence (we stop when we
reach the minimal sequence (1)* in Ss5).

d=(4) L(d) = (4.3) L£3(d) = (4.3)*
L3(d)=(42)  L4d)=(4.2.3) L5(d)=(42.3)
Lo(d) = (4.2)°  Li(d)=(41)  Ld)=(4.13)

Lod)= (4130 £%d)=412) £'"(d)=(4.1.2)
L2(d) =410  LB(d)=(4) L*(d) = (3)
LB(d)=(3.2) L%d)=(3.2 LV(d)=(.1)
L¥(d)=(3.1.2) LP(d)=(3.1.2 £*d)=(3.1)
£2(d) = (3) L£2(d) = (2 £2(d) = (2.1)
LYd) = (2.1 £2(d)=(2)° L£2(d) = (1)
£¥7(d) = (1)

So, granting the theorem, we have j $3 (ws) = w9 as the cardinals below
Js: (ews) correspond to the descriptions listed (in the same order).

To prove the theorem, we need to show both upper and lower bounds. The
upper bound follows from the following lemma.

LemMA 4.17. For d € Sy, non-minimal, (d:S{") < (L(d): SI")*. If d is
L-minimal, then (d; S") < w.

ProOF. We consider the case d = (4, 1) in the above example. So, £(d) =
(4,1.3). Let 0 < (d; S7"). Then,

Vi L10(L11) < (d: f).
Thus,
Vsp[/1Vn16 0(/)(@) < (d: f)(@) = f(2)(a1. aa)
= sup f(a. fi.q).

f<as
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So,
Vsplf1Vymd 3 < au 0(f)(@) < fleu. f.ou).

A partition argument shows that for almost all f thereisa g: w; —
such that

Vsnlf] V:V]HO? 0(f)(@) < f(ar.g(a3). o).
Thus, we have:

Vsplf13g: o1 — 01 ¥, 6 0(1)(@) < f(on. g(e3). o).

We now partition the functions f: <3— w; of the correct type according
to whether:

Vipa1@ 0(/)(@) < [lar,as + 1. o).

On the homogeneous side of the partition, the stated property holds. For if
C were c.u.b. and homogeneous for the contrary side, fix f: <3— C of the
correct type and such that for some g: w; — w;, which we now fix, we have:

V}]md 0(f)(@) < f (. glas), o).

Let D C w; be a c.u.b. set closed under g. Let £: w; — w; be the
continuous enumeration of D. Define f’: <3— w; by f/(B1. 5. B3) =

F(B1).£(B>).£(B3)). Clearly f is also of the correct type, L Tw = U Twy.
and f’ hasrange in C. So, by the homogeneity of C for contrary side we have
(note that 0(f) = 0([f] W]s) only depends on the equivalence class of f):

V}}n—15 0(f)(@) =0(f")(@) > f'(a1.03+ 1. ay).

However, the definition of / and ¢ give that f/(ay, a3+ 1, a4) > f (a1, g(3),
oy) almost everywhere, a contradiction.

So, let C be c.u.b. and homogeneous for the stated side of the partition. Fix
x € w® such that |T; | a| > N¢(a) almost everywhere (recall N¢(f) is the
least element of C greater than ). It follows that there a 0/ < (L£(d); S{")
such that

Vsulf] V*Wln—lCV 0(f)(@) = flau. [Ty [ az(0'(f)(@))]. o).
where | T, | a(f)| denotes the rank of 8 in Ty | a.
The map ¢’ — ¢ defined by
Vspl /1Ym0 0(/)(@) = flan. [T T a3(6"(f)(@))]. ).
defines a map from (£(d); S}") onto 0, s0 0 < (L(d): S7")*. 4
The lower bound follows from the following lemma.

Lemma 4.18. (d:S]") > W|q+1. where |d| denotes the rank of d in the L
ordering.
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PRrROOF. Let k be the rank of d in the £-order. Thus there are k elements of
Spnbelowd,sayd) < --- < d.
We define an embedding 7 from wy.1 = jyx (w)) into (d. S).

For g: (w)* — w;, define n([glyy) = 0 where:
sy Vi@ 0()(@) = g((di: £)(@). ... (de: £)(@)).

That this works follows from the following observations.

(1) For fixed g, 0(f) depends only on [f]wn. since if [f1] = [f>] then
almost all & will be in a c.u.b. C such that /| | C"~ ! = f, | C"~ L.

(2) If (g1l = [g2]ywy. and say g1 | Ck = g, | C*, then S7" almost all [f]
are represented by f: <3— C of the correct type. Thus, V;lm f V;Vl,,_ld‘

we have:
g((di: @), ... (di: £)(@)) = g2((dr: )(). ... (di: )(&)).

Thus, 8 depends only on [g]Wlk.

(3) For any fixed g, almost all f have range in a c.u.b. set closed under g(1).
Thus,

0(f)(@) = g((di: /)(@).....(di: [)(&)) < (d: f)().

So. n([g]) < (d: ST").
(1) and (2) show = is well-defined, and (3) shows that 7= embeds j wh (1)
into (d: S}"). 4

85. Non-trivial descriptions and the second exemplary problem. To motivate
non-trivial descriptions, we consider the following problem.

Second exemplary problem. Compute jgm © jgm © -0 jgm (n).

In the first exemplary problem we computed a single ultrapower jg» (wy).
Now we compute the iterated ultrapower ;g (e Ggm (@) ).

On the one hand, our previous formula computes this value. We simply iter-
ate the previous formula. To be specific, we consider the following particular
example.

EXAMPLE 5.1. ]512 ojslz(a)3) = jslz(ah) = (W43.

We wish, however, to analyze the iterated ultrapower directly. This leads to
the general (next level) notion of description.
Set-Up: We are given a finite sequence of measures S7"..... S/ and an

integer n — 1 (which corresponds to the measure WI”_1 which we use since
jWIrz—l (a)1> = C(),,).
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We will define for each such sequence of measures and n» — 1 a set of
descriptions

Slightly more generally (which we need for the actual inductive analysis),
we allow a finite sequence of measures K. . . ., K; each of the form S}" or W/".
So, we define the set of descriptions D,_1(K. ..., K;).

Such a d will give an ordinal (d; K1, .... K,) as follows.

(d:Ki,....K,) is represented w.r.t. K| by the function [/;] — (d:h: K>,
....K;). Here h;: <,,,— w; is of the correct type if Ky = S{"'. and i : m; —
wy if Ky = W™,

(d:h;: K>, ....K,)is represented w.r.t. K, by the function [hy] — (d: hy. k.
K;, ....K,).

We continue in this manner and finally, (d; 1. ..., h;) < w, is represented
with respect Wl”*1 by the function

(al,...,an_l) — (d;hl,...,hl)(o'[) < wi.

It remains to define D,_;(K) and the interpretation (d: hi. .. .. h)(&).

Main Point: We now allow compositions of the /’s. The description will
now tell us how to compose these functions. Only composition one way will
be allowed. For example /(1) o h,(1) will be allowed, but not 45(1) o & (1).
We need this to get a well-defined ordinal value for the interpretation.

We define the set of descriptions D,_1(K) and their interpretation (d:
hi.....h) (&) simultaneously through the following inductive definition.
Along the way we also define a “numerical value” k (d) which will have value
in{l,2,...,t} U{oo}.

DEFINITION 5.2 (Definition of D = D, (K1, .... K,)).

D is defined through the following cases.
(1) Weallowd =-;for1 <i<n-—1.Setk(d) = oo.
Interpretation: (d:4)(&) = a;.
(2) If Ky = W™, weallowd = (k:i) for 1 <i < my. Setk(d)=k.
Interpretation: (d:/7)(&) = hy(i).
(3) If Ky = S7" weallow d = (kidy,. di.....dp)"
where k(dy),....k(dy).k(d,) > kand d| < --- < d; < d,, (defined

below).
Interpretation:

(d: (@) = B (€ + 1) (di: (@), ... (de: D)(@). (do: 1) ().

The descriptions from cases (1) and (2) are called basic descriptions. The
descriptions from (3) are called non-basic descriptions. The non-basic descrip-
tions are built up from other descriptions, having a larger value of k(d).

The descriptions are ordered as follows.
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DEFINITION 5.3 (Definition of Ordering). We define d < d’ iff

—.

Vhy . b V@ (d ) (@) < (d':h)(&).

We can describe the < relation directly. It is also generated by a lowering
operator L as before. We give a direct definition of L.

We define for k € {1,....1} U {oc} and d € D with k(d) > k a partial
lowering Ly (d). We will take L(d) = L1(d).

DEFINITION 5.4 (Definition of £;). We define £, through the following
cases.

(1) k = co. In this case, d = -;. We define £;(d) =i —1ifi > 1 and
otherwise d is £; minimal.

In the remaining cases, 1 < k < t.

(2) Kp = w". If k(d) = k., thend = (ki) for some 1 < i < m. We
set Li(d) = i — 1 unless i = 1 in which case d is L;-minimal. If
k(d) > k, then L;(d) = Li41(d) unless d in £;,; minimal in which
case L (d) = (k. m).

(3) Ky = S{"andk(d) > k. If d is L;,1-minimal then d is also £;-minimal.
Otherwise set L (d) = (k: Lip1(d)).

(4) Ky = S and k(d) = k. So, d = (kidp.d.....dp)".

(a) £ = m — 1 and s does not appear. L;(d) = (k:d,,.di.....dp)".

(b) £ =m — 1 and s does appears. L;(d) = (k:d,.d\.....Li1(dp))
if Ly 1(dy) is defined and > d,_; (if £ > 1). Otherwise L;(d) =
(k dm, dl, e dgfl)s.

Ifm =1(o#f =0)orif £ = 1and L;;(dp) is not defined, set
ACk(d) = dm-

(c) £ < m — 1 and s does not appear. L;(d) = (k:d,.di.....d,.
Liii(dy)) if Lii1(dy) is defined and > d, (if £ > 1). Otherwise,
,Ck(d) = (k;dm,dl, . ,dg)s.

(d) £ < m — 1 and s appears. Li(d) = (kid,.di. ..., Li1(d))*
if £i.1(dy) is defined and > d,_; (if £ > 1). Otherwise, L;(d) =
(k:dy.di,...,de—1)*if€>1and =d, forf = 1.

Cramv 5.5. The (d:S7",....S") ford € D,_(S{"....S/™) correspond to
the cardinals below

jS;nl o jS;nZ o-:--0 jS;”’ (a)n)

Returning to our example 520 Jj 52 (w3), we illustrate the above definition by

listing all the descriptions in D>(S7, S7) in decreasing order as generated by
the £ operation. These, we will see, generates the cardinals below j 52052 (w3).
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ExAMPLE 5.6. Descriptions corresponding to j 520 Js2 (w3).

d=(1:(2:)) L(d) = (1:(2:2): (2:2.41))
L£2(d) = (1:(2:2): (2:2.1))° L£3(d) = (1:(2:2): (2:2.1)%)
L4d) = (1:(2:2): (25 2. 1)%)* L£3(d) = (1:(2:2): )

L£8(d) = (1:(2:2):2)* L7(d) = (1:(2:2): (2:1))
L3(d) = (1:(2:2): (2:49))* L£o(d) = (1:(2:2): 1)
L£d) = (1:(2:2): 1) (d) = (2: )
L£2(d) = (1:(2:2.1)) LB3(d) = (1:(2:2.1): (2,2, 1)%)
L) = (1;(2:2.1): (2, 2. 1)%)* L8(d) = (1:(2:2.+1):2)
LY(d) = (1:(2:2.41):2)* L7(d) = (1:(2:2.+1): (2:1))
L8(d) = (1:(2:2.1): (2:1))° £Y(d) = (1:(2:2.1):1)
LP(d) = (1:(2:2,+1):1)* L2(d) =(2:2.41)
L£2(d) = (1:(2:2.1)%) L3(d) = (1:(2:2.1)%.2)
L2(d) = (1;(2:2.1)%.2)° L£5(d) = (1;(2:2.1)*.(2:41))
L£2(d) = (1;(2:2,1)%. (2:41))* L7(d) = (1:(2:2.1)%. 1)
LB(d) = (1;(2:2.1)%1)* L2(d) = (2:2.1)°
£(d) = (1: ) £3%(d) = (1;.(2:1))
L£32(d) = (11, (2:4))* L£3(d) = (1:2, 1)
L£3*(d) = (1;2, )" L£3(d) =
L£3%(d) = (1:(2: 1)) L£3(d) = (1:(2:1). 1)
£3(d) = (1:(2:1).1)° £(d) = (2:+)
£9(d) = (1:+) £Yd) =+

So, granting that these are the cardinals below the iterated ultrapower, we

again see that jg: o js:(03) = w4

REmMARK 5.7. The iterated ultrapower is not the same as the ultrapower by
the product measure in the AD context. For example, j 520 Js2 (w3) = wy3 but

a computation similar to that above shows that j 52x5? (@3) = w1y.

We must again show upper-bound and lower-bound results. The proof
of the lower bound result is exactly as before (using now the non-trivial
descriptions), so we omit it. The upper-bound follows from the following

lemma, in which we use the following notation.

For g: w; — w; define 0 = (g:d; K;.. ... K,) by:
Vhi, .. Va0 f1]. ... [fD(@) =g((d: f1..... f)(d)).
LemMa 5.8. If 0 < (d; K;.. .., K,), then there is a g: w; — w; such that
0<(g:L(d):Ky,.... K,).

A Kunen tree argument, as in the case of trivial descriptions from the

previous section, then shows that (d: K) < (£(d);: K)™.
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We illustrate the proof of the lemma by considering the following case from
our example:

d=L"%=)=(1:(2:2.1).2)
L£(d) =L7(=) = (1:(2:2.1). (2:1)).
In using our notational convention, we will write 0 (%1, .. ., ,) to abbreviate

O([M].....[h]). We will also write Vglmi hi to abbreviate Vg [A;].
Suppose 0 < (d: S?.S?). Then,
Vsl Vsohy Vipaan. an 0(hy. hy)(&) < (d: . 1) (&)
= sup i (B ha(ar, a2))

p<as
So,
s Vs Vypoon. 003f < ap O[] [m])(&) < I (B ha(en. e2))
Hence,
Vfglzhl Vzlzhz dg: w1 — w VT/VIZOZI»OKZ 0(hy, hy)(@) < i(g(ar), ha(ay. az))

For any /1 and ordinal 0 (h;) such that V,[h,] 3g - - - (previous line), con-
1
sider the partition:
P(h1): We partition pairs (4, g) where h: <,— wy is of the correct type,
g: w; — w is of the correct type, and

h(D)(y) <g(y) < (0.7 +1)
for all y according to whether:

Viaai O(hy. 1) (@) < hi(g(u). ha(ar. az))

An easy argument (as in the proof for trivial descriptions in the previous
section) shows that on the homogeneous side the stated property must hold. A
homogeneous set C for the partition (which depends on /1) gives the witnesses
for the following:

V;lghl decub. C Q w1 v;lth V’;Vlzoq, [6%)
0(hy. 1) (&) < hi(Ne(ha(1) (). hy(eu. )
where again N¢(f) denotes the least element of C greater than . Next

consider the partition (here N;, denotes the next element in the range of 4,):

P: We partition #;.g: <,— w; of the correct type with /(. az) <
g(a1, ap) < N, (a1, ay) according to whether:

Valhal Vo an 0(h) (ho)(&) < g(ha(1)(an). ha(en. @2))
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On the homogeneous side the stated property holds, by an argument similar
that used for the proof in the previous section for trivial descriptions. Fixing
C C w; homogeneous we get:

Vsaht Vol Vim0, a2 0. ho)(@) < Ne (ha(1)(en). ha(an. 2)
= (Ne: £(d): . hy)(a)

and we are done.

§6. The inductive analysis. We have used trivial descriptions to solve the
first exemplary problem, and non-trivial descriptions to solve the second.
We now indicate briefly how these same descriptions are used in the actual
inductive analysis to analyze the cardinal structure between 65 and 8. We
omit most of the proofs in this section, since they are similar to those of the
exemplary problems already given.

Analysis between 6} and 6.. Recall that for a sequence of measures K. . . ..
K,. with each K; = W™ or S{". and each n, we have a set D,(K) of
descriptions defined.

For the next level of the analysis, we extend this set of descriptions of the
previous section (the level 2 descriptions in the inductive analysis) in a rather
trivial way (to get the level 3 descriptions). Namely, we consider objects of
the form (d), where d is a description as before, and also (d)* (this is the
symbol s applied to the entire description, and is not to be confused with the
occurrences of the symbol s inside 4 itself). As before, we write () to
mean s may or may not appear. The extra set of parentheses only serves to
distinguish the same d when considered as a level 2 or a level 3 description.
In practice, there will be no confusion, and so we often drop the parentheses
and just write d or d*. We call this slightly extended set of objects D), (K ).

Assume inductively the weak partition relation on é ; (i.e., we have analyzed
the measures on A3 and have as a byproduct the weak partition relation on & é)
We extend our canonical family of measures one level higher.

DEFINITION 6.1. W} is the measure on 6; induced by the weak partition
relation on ¢ ; functions f: w1 — 0 % of the correct type, and the measure
ST on wy41.

The measures W} on o} dominate all of the measures on 4} in the following
sense.

Fact 6.2. For any measure u on 5;, there is an m such that jﬂ(éé) <
Jwy(83).

REMARK 6.3. We note that this sense of domination is different from that
considered before for the measures S{". In the inductive analysis, the first type
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of domination is called the local embedding theorem, and the above sense is
called the global embedding theorem (local refers to pointwise behavior below
s 41 While global refers to the behavior at o) 1)

The homogeneous tree construction shows that A5 < supﬂ(éé), where u
ranges over the measures on 83, and so As < sup,, j wi (0 .

We define an ordinal ((d)®): Wi Ky.....K,) < jW3n(6§) for (d)) e
D;(IZ ). We define this in the usual iterated way, where for f: w,,; — 5;,
hi,....h, (here hj: <,— w;) we have:

((d)§f§h1,~~~,ht) :f<(d;h1,...,h,)).

If the symbol s appears, we define:

((d)*s fihy. ... h) =sup{f(B): B< f((d:hr.....}H))}.
These ordinals are well-defined provided (d)) satisfies the following.

DEFINITION 6.4. (d) € D!(K,.....K,) satisfies condition D if V*Ii (d:h) is
almost everywhere of the correct type. (d)* satisfies condition D if V*i (d: /)
is the supremum of ordinals represented by functions of the correct type.

We extend the £ operation to this slightly expanded set of descriptions as
follows. We set £/((d)) = (d)*. and £'((d)*) = (£(d)). Let £((d)™)) be the
least iterate of £’ satisfying condition D (if one doesn’t exist, we declare d %)
minimal with respect to £).

The following theorem gives the cardinal structure between 64 and d} in
terms of the descriptions.

THEOREM 6.5. The successor cardinals below As are precisely the ordinals of
the form ((d)):; W}, Ky, ....K,) for some d € D,(K) with (d)") satisfying
condition D.

The cardinal corresponding to ((d)®): w3t K) is given by the rank of this
tuple in the ordering generated by the following relation:

(@) Wi Ky, .. K) < (L((d)D): Wi Ky, . Ky Ko).

More precisely. the rank gives the number of cardinals above d3 (so rank
0 corresponds to 63). Also. ranks are computed in the slightly non-standard
manner by |x| = (sup{|y|: y < x}) + 1 (so all ranks above 0 are successor
ordinals).

Note that aside from applying the lowering operator to the description,
we lengthen the sequence of measures. This is the main difference between
the computation of the second exemplary problem and that of the cardinal
structure below 42

The upper bound for the cardinal corresponding to (d*); w3t K) follows
from the following theorem.
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For g: 5; - 5;, define (g:d; WI'.K,.....K;) by:

el 1V e (gids fo ) = g (F9(d . k).
The next theorem is our “main theorem” for non-trivial descriptions.
THEOREM 6.6. If 0 < (d; W;’,If), then there is a g: (Sé — 6% such that
0<(g:£(d): Wi:K).
The lower bound follows by embedding arguments roughly similar to those

of the previous sections for the exemplary problems.
We illustrate the above results with an example.

EXAMPLE 6.7. Consider ((d); W$: S, S?) where (this is from an example
considered previously, and here dy; = (1;(2;-2)) denotes the maximal de-
scription in D1 (5%, S7)):

d=L%1;(2:)) = £L2%(dy) = (1:(2:2.1)%. (2:1))°
We compute the cardinal corresponding to (d) as follows:

(((@): W3 S2. 51| = sup | (£24(dar))": W3, ST ST Ks)| +1
3
= sup | ((L*(du)): W3. ST, ST. K)|+w+1
I3
= sup|((L?(du)): W3. ST, 7. K)|+o+w+1
g
= sup 1((£*(dyy)): W2. 83,82 K)|+o+o+o+1
g
= sup| (L (du)): W3. S}, S7. K) |+ 0 +o+o+o+1
R
= sgp|((£33(dM)); w2 8% 82 K)|+o+o®+o+o+o+1
g
= sup (((L£3(dar)): W SE. 8. K) |+ o+o+o® +o+o+o+1
g
= sup 1((£3(dyr)): W2, 8283 K) |+ 0 +o+o+0® +o+o+o+1
R
= sup (L3 (dyr)): W2.S2. 8. K)|[+o+0” +o+o+o®+o+o+o+1
g
= sup (£ (dy)): W3. S35 K) |+ - 240° +o+0+0° +o+o+o+]1
g
= sup 1((£0(dyr)): W2, 8282 K) |+ - 3+0° +o+o+0® +o+o+o+1
R
= sup (L4 (dyy)): W2, 8282 K) |+ - d+0° +o+0+0° +o+o+o+1
I3

=w’-24+w-3+1
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That s, ((d); W.S%.57) = Npo210-341-

More on the Cardinal structure. The three normal measure on é correspond
to the three regular cardinals below 6;, namely w, w;, w;. These regular
cardinals are of the form j, (6;) for u one of these normal measures.

A description computation as above computes these to be:

Juo(03) = 0y = Ry,

j,uwl (6,%) = N(U'2+la
Joy (03) = Rgpo g1
Also, jwy (03) = R,0n 1. and 50 As = R o0, and 65 = R0 + 1.
As the nest example shows, we can easily read off the cofinality from the
description.

EXAMPLE 6.8. We compute the cofinality of ((d); W$; S7. S?) = Neyw 240341
(from the previous example) where d = £20(1:(2; 1)) = (1:(2; 2. 1)*. (2:1))*.

From the main theorem, ordinals of the form (g:(d)*; W2, S%.S?) for
g: 03 — dyarecofinalin ((d); W2, S?, S?). Now, in evaluating (g: (d)*: f. hy.
hy) we are evaluating g at f*((d: /1. h2)) = Supg_ (g, 4y f (B). This has the
same cofinality as (d; /i, hy). From the form of d it is easy to see that (d; /1. h»)
has uniform cofinality (ai, o) — oy, and so (d; k1. h») has cofinality ;.

Thus, (g: (d)*; W}, S}, S?) depends only on (g1, - This gives a cofinal em-
bedding from j,,, (83) into ((d): W, S7, S7). Tt follows that cof (Ryo.210.311)
=Ny, 041

Using the “linear” theory (described in the next section), we can efficiently
compute the cofinalities of all the cardinals. For example, below Jé we have:

THEOREM 6.9. Suppose 6; < Noy1 < 6;. Let o = P + - + P, where
w® > fy > - > P, be the normal form for a. Then:

o If B, = 0. then cof (k) = 6} = Ryppa.

o If B, > 0, and is a successor ordinal, then cof (k) = R, .041.

o If B, > 0 and is a limit ordinal, then cof (k) = Nyo41.

Moving past 6;, in general we have 6;,1“ =R, 2,_1)11 Where »(0) = 1 and
wn+1) =w®",

There are 2"+ —1 many regular cardinals below 85, +1- Theregular cardinals
between 83, , and 3, 41 correspond to the ultrapowers of 0 én +1 by thenormal

measures on d5, +1. which correspond to the regular cardinals below o 41
There is a canonical family of measures associated to each regular cardinal.
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Below the projective hierarchy, the families are denoted:

m 1.m m L.m 2.m 3m
WSk wg sk §2m g3m
WS SIT WL

Wi | is defined using the weak partition relation on 5,1, functions
S+ dom(S3,) = 03

of the correct type and the measure th”il. Here £ = 2" — 1.

Szl}an is defined as S!" was defined using instead 83, ;.

Sf;ﬂ] for £ > 1 s defined using the strong partition relation on 4, ;. func-
tions F: &, = 5,1 of the correct type and the measure x4 on d, +1- Here
u is the measure induced by the weak partition relation on 6;,1 +1- functions
f: dom(v) — 63, and the measure v, where v is the m™ measure in the
£ — 1% family.

General descriptions. The general level descriptions are defined inductively,
and have indices associated to them.

Trivial descriptions are level-1 descriptions. They have empty index. These
analyze the measure on #] and compute d3.

Level-2 descriptions are those of the form d = (k:d,,.d. .. .,dg)(“> we
defined previously. If d € Dn(lf ). we associate the index W' to d ie.,
(d = d™"). These analyze the measure on As.

The level-3 descriptions are those of the form (d) or (d)* for d a level-2
description. These analyze the measures on 3 and compute 85. They also
have index W/".

As we noted before, there is not much difference between the level-2 and
level-3 descriptions.

Level-4 and 5 descriptions analyze the measures on As and 6% respec-
tively. They are defined relative to a sequence of measures K where K; €
w.....8;™ for level-4, and (W', K) for level-5.

They have indices which are in turn sequences of measures of the form

(W st . S1™)
(we can use W™ in place of a S7" in this sequence).
A basic description at level-4 for such an index is a level-3 description in

DWW, Si™, ... S,

We omit further details, and refer the reader to [4] for the complete defini-
tions and analysis.
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§7. Linear analysis. We now present an alternate way to describe the cardi-
nal structure without using descriptions or iterated ultrapowers. This results
in a more elementary presentation of the cardinal structure, however the de-
scription analysis is still needed to show it works. The proofs for the cardinals
below o ; can be found in [6]. Also, [7] gives more details for the more general
case below the projective ordinals.

Also, we need this analysis to show that all descriptions actually represent
cardinals (though we do not need it to get the lower bounds for the projective
ordinals).

DerInITION 7.1. Let 2, be the free associative left-distributive algebra on
a generators {Vg} s<o using the operations @, ®. LetA = | ,.

«

We assign an ordinal height o(v) to every term in 2 inductively as follows.

DEFINITION 7.2.

o(vp) =0,

0(vq) =ht(2Ay) = sup{o(?) +1: 1 € Ay},
o(s@t) =o(s) +olr),
o(s@t) =o(s)-olt).

So. o(vg) = 0, o(vi) = 1, 0(va) = @, o(v3) = ©®, o(va) = 0", 0(v,) =

" 0(vy) = 0. Fora > . o(vy) = 0"

We assign to each generator v, an order type ot(v,) and a measure x(vq)
on this order-type.

This will generate an assignment of an order-type and a collection of mea-
sures (a “germ”) to each general term as in the following example.

@

ExampLE 7.3. Consider the term
t=(((vi®va®vi) @vs) @v2) ® ((v3 B va D Vi) @vy).

We can represent this as a tree as follows:
[ ]
Vo V1
V4 V3 V2 Vi

/ 1\

Vi V2 Vi
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Suppose we know:

ot(vy) = 1, u(vy) = principal measure
ot(vz) = wy ulvy) = Wi
ot(vi) =ws  u(va) =8|
ot(vs) =3 u(va) =S¢
Thenot(t) = (wy+ w1+ 1) w3 - w1+ (wr+w;+1)- 1 = w30 +wy +wy.
We identify ot(s) with the ordering on tuples (i, . .... i, o) where
(ip.....ix) corresponds to a terminal node in the tree, and for (i, .... i)

a node in the tree, ay < ot(v). Here v = v is the variable corresponding to
this node. We let (1) be the collection of measures u(v’).

We set ot(v,,,—1)) = Ot #(Vey(20—1)) = w-cofinal normal measure on
05,1 For example, ot(v,,) = 3, 0t(v e ) = d4.

TO Vi, py(2n—1)+a (Where o < @(2n + 1)) we associate the measure defined
by the strong partition relation on 83, +1. functions F': ¢ ! — 6} of the correct
type, and the following measure v on 5;” +1- Let f be the term in the algebra
with o(¢) = «. v is the measure induced by the weak partition relation on
o5, 1. functions f: ot(r) — o5, +1 of the correct type, and the measures
(germ) u(2).

REMARK 7.4. The measure v is a measure on tuples (.. O .) where i =
(ig.....ix)is a terminal node in the tree corresponding to . We identify these
tuples of ordinals below 4, +1 with ordinals less than ¢ I 41 by ordering by the
largest ordinal of the tuple first, then the next largest, and so forth; i.e., we use
reverse lexicographic order. It turns out, however, that the ordering we use for
this identification doesn’t matter in the sense that we get the same ultrapower
in Theorem 7.6 below (the only restriction is that we must order by the largest
57 first).

EXAMPLE 7.5. u(Vey1) = w-cofinal normal measure on 8. u(ve,42) is mea-
sure on N, 3. (vy.2) is the w-cofinal normal measure on N0 1.

This assignment describes the cardinal structure as follows.

THEOREM 7.6. Let t € A with ot(t) < &b,1. Then j,(03,.)
R, (2n—1)+o(r)+1 Where v = v(t) is the measure defined above.

ExaMmPLE 7.7. Consider the term considered above:
t=(((vi®va®vi) @vs) @v2) ® ((v3 B va D Vi) @vy).
Then j, () (03) = X

0 o+ +o+2°

88. A collapsing result. As an application of the cardinal structure theory
under AD, we present the following theorem on the collapse of cardinals be-
tween L(R) and V. This result only uses the structural theory below R, , that
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is, below the supremum of the first @; many Suslin cardinals. As we mentioned
before, this theory is essentially identical to that below the projective ordinals,
which we have outlined in the previous sections. In fact, we only need this
theory in a general way, namely to show that for @ < w; that ¢ é < R,,. The
other determinacy arguments used are of a more general nature. We will only
sketch the proof here, as a detailed proof will be given elsewhere.

In addition to the determinacy theory, the proof also uses two other essen-
tial ingredients, Shelah’s pcf theory (a ZFC theory), and Woodin’s covering
theorem (Theorem 8.2). The idea of the proof is compare the cardinal struc-
ture in L(R) below X,,, given by the AD theory with the structure in ¥ given
by the pcf theory. Woodin’s theorem provides the connection between the two
models. The next theorem is our collapsing result.

THEOREM 8.1. Assume the non-stationary ideal on ) is wy-saturated and
there are  + 1 Woodin cardinals in V. Then there is a k < (R,,)*®) such that
K is regular in L(R) but k is not a cardinal in V.

We next state Woodin’s covering theorem (see Corollary 3.48 of [21] for a
proof).

THEOREM 8.2 (Woodin). Assume the same hypotheses as the previous theo-
rem. If A C ). < OF®) and |A| = ., then there is a B € L(R), |B| = w; with
A CB.

A special case of this (which we also use) is the fact that every c.u.b. C C w;
containsac.u.b. C; C C with C; € L(R) (see Theorems 3.16 and 3.17 of [21]).

From Shelah’s pcf theory we need the following (see Lemma 6.3 of [2]).

THEOREM 8.3 (ZFC). Let A be a set of regular cardinals with |A| < inf(4)
and with cof (sup(A4)) > w. Then there is a cu.b. C C sup(A) such that
max pef (CT) = (sup(4))™, where CT = {k*: k € C}.

We also need a certain partition property which we now formulate. Let
K = {Ka }a<, be an increasing, discontinuous sequence of regular cardinals.

Let § = {04 }a<, be a p-sequence of ordinals with 0, < k,. We consider
block functions f from ,_ 0, to sup,., k. By this we mean a function
which maps the ordinals in the copy of 0, to K, — supg_, £p. Here we are
regarding ,_, 0, as an ordering with domain the disjoint union of copies of
the ordinals 6,,. B

We say & — (&)? if for any partition P of the block functions f into two
pieces, there is a blockwise c.u.b. homogeneous set H = {H}a<, for P (for
functions blockwise of the correct type).

Let R C R, be the set of cardinals of the form 6, 41 for limit .

For k € R. there is pointclass Xy closed under 3%, A, V,, and scale(Z)
such that if IT; = V*"X,, then: IT; is closed under V*”, countable unions and
intersections, and we have scale(IT; ). and &) L1 =o(ITy).
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THEOREM 8.4 (AD + DC). Let K = {Kqa a<w, C R. Then for all 6 < w we
have & — (g)?.

From Corollary 5.12 of [1] and the inductive analysis of the 8., for o < w;
we actually get a much stronger result, namely the polarized strong partition
property for the sequence. We do not need this stronger result here. The proof
of Theorem 8.4 is similar to that of Theorem 5.10 of [1], but easier since we
are only using codes for countable ordinals and only using a fixed exponent
0 < w (also, we can uniformly find universal sets for the IT; classes which
simplifies the argument of [1]).

In fact, Theorem 8.4 holds for any w; sequence of pointclasses resem-
bling 1.

As a consequence of the partition property we have the following.

THEOREM 8.5 (AD + DC). Let u be any measure on wy. Let £ = {kq ta<w, C
R. Then Ko/ u is regular.

PrOOF. Let 6 =  k,/u. Suppose m: . — J is cofinal, where 1 < §.
Consider the partition of pairs of block functions given by P([f].. [g].) = 1
iff there is an element of ran(z) between [ /], and [g],,. The homogeneous side
must be the 1 side. Let S be block homogeneous for P. For [f], < J. define
[f1by f'(a) = w-(f(a)+1)" element of S. Then 4 = {[f"], : [f]. <} has
order-type 6 and between any two elements of 4 is an element of ran(z).

PrOOF OF THEOREM 8.1 (SKETCH). From the pcf theory, Theorem 8.3, let
C C X, be a cub. subset of the limit Suslin cardinals such that max
pef(C*T) = RN, 1. Without loss of generality (by the remark after Theo-
rem 8.2) we may assume C € L(R).

Let 4 = W} be the normal measure on w; (in L(R)), and let ¢ (in V') be
an ultrafilter on w; extending u.

Let f: w; — C* be increasing, f € L(R), and f(a) > (6})* almost
everywhere. Thus, by Theorem 8.5, 2 = [f], is regular in L(R). Assume 1
is also regular in V', towards a contradiction. We also assume all elements of
C*t C R areregularin V.

Also, A > p = Ry, 41. In V, cof( f(a)/U) = p, from the definition of
C. In V we define a cofinal map n: p — 4 as follows. In V', fix a scale
{fa}a<p [Recall a scale means the sequence of functions is ¢/ increasing and
U dominating, that is, if g €  f(«a). then for some o we have g <y fa.
Actually, we only need ¢/ unboundedness here.]

For a < p, let n(a) = ([g],)*™®), where g € L(R) represents the u least
equivalence class such that g > f, almost everywhere w.r.t. 4. Such a
function exists by Woodin’s theorem, and the definition is well-defined.

To show 7 is cofinal, let f < A. Let [go], = . Pick a such that f, > go.
By definition 7(a) = [g], where g € L(R) and g >y f. S0. 8 >u fa >u L0
Since g. go € L(R). we have g >, go. Hence. n(a) = [g], > [g0]x = f- 4
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THREE LECTURES ON AUTOMATIC STRUCTURES

BAKHADYR KHOUSSAINOV AND MIA MINNES

Preface. This paper grew out of three tutorial lectures on automatic struc-
tures given at the Logic Colloquium 2007 in Wroctaw (Poland). The paper will
follow the outline of the tutorial lectures, supplementing some material along
the way. We discuss variants of automatic structures related to several models
of computation: word automata, tree automata, Biichi automata, and Rabin
automata. Word automata process finite strings, tree automata process finite
labeled trees, Biichi automata process infinite strings, and Rabin automata
process infinite binary labeled trees. Finite automata are the most commonly
known in the general computer science community. An automaton of this
type reads finite input strings from left to right, making state transitions along
the way. Depending on its last state after processing a given string, the au-
tomaton either accepts or rejects the input string. Automatic structures are
mathematical objects which can be represented by (word, tree, Biichi, or Ra-
bin) automata. The study of properties of automatic structures is a relatively
new and very active area of research.

We begin with some motivation and history for studying automatic struc-
tures. We introduce definitions of automatic structures, present examples,
and discuss decidability and definability theorems. Next, we concentrate on
finding natural isomorphism invariants for classes of automatic structures.
These classes include well-founded partial orders, Boolean algebras, linear
orders, trees, and finitely generated groups. Finally, we address the issue of
complexity for automatic structures. In order to measure complexity of auto-
matic structures we involve topology (via the Borel hierarchy), model theory
(Scott ranks), computability theory (X!-completeness). and computational
complexity (the class P).

This paper consists of three sections based on the tutorial lectures. The
first lecture provides motivating questions and historical context, formal def-
initions of the different types of automata involved, examples of automatic
structures, and decidability and definability results about automatic struc-
tures. The second lecture begins by introducing tree and Rabin automatic
structures. We then outline techniques for proving nonautomaticity of sets
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and structures and study the algorithmic and structural properties of auto-
matic trees, Boolean algebras, and finitely generated groups. The final lecture
presents a framework for reducing certain questions about computable struc-
tures to questions about automatic structures. These reductions have been
used to show that, in some cases, the sharp bound on complexity of automatic
structures is as high as the bounds for computable structures. We conclude by
looking at Borel structures from descriptive set theory and connecting them
to Biichi and Rabin automatic structures.

§1. Basics.

1.1. Motivating questions. The study of structures has played a central role
in the development of logic. In the course of this study, several themes have
been pursued. We will see how questions related to each of these themes is
addressed in the particular case of automatic structures.

The isomorphism problem. One of the major tasks in the study of structures
is concerned with the classification of isomorphism types. The isomorphism
problem asks: “given two structures, are they isomorphic?” Ideally, we would
like to define invariants which are simpler than their associated structures
and yet describe the structures up to isomorphism. An example of such an
invariant is the dimension of vector spaces. For algebraically closed fields,
such an invariant is the characteristic of a field along with its transendence
degree. Despite this, there are well-studied classes of structures (such as
abelian groups, Boolean algebras, linearly ordered sets, algebras, and graphs)
for which it is impossible to give simple isomorphism invariants. The absence
of these invariants means that the isomorphism problem can’t be reduced to
checking the equality of a simpler object. Thus, in general, the isomorphism
problem is highly undecidable.

The elementary equivalence problem. Since there is no general solution
to the isomorphism problem, we may approximate it in various ways. One
natural approximation comes from logic in the form of elementary equivalence.
While elementary equivalence may be defined with respect to any logic, we
refer to elementary equivalence with respect to either the first-order logic or
the monadic second-order (MSO) logic. There are several good examples
of positive results in this setting: elementarily equivalent (in the first-order
logic) Boolean algebras can be characterized via Ershov-Tarski invariants
[16, 57]; elementarily equivalent abelian groups (in the first-order logic) can be
characterized via Shmelev invariants [55]. Moreover, there is a body of work
devoted to understanding when elementary equivalence (or any of its weaker
versions) imply isomorphism. An example here is Pop’s conjecture: if two
finitely generated fields are elementarily equivalent then they are isomorphic.
See [53] for a solution of this problem.

The model checking problem. Instead of looking at the full theory of a
structure (as in the elementary equivalence problem), the model checking
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problem asks whether a particular sentence is satisfied by the structure. This
question is of particular interest in the computer science community. The
problem asks, for a given sentence ¢ and a given structure, whether the
structure satisfies ¢. For example, the sentence ¢ can be the axiomatization
of groups or can state that a graph is connected (in which case a stronger logic
is used than the first-order logic).

Deciding the theories of structures. This is a traditional topic in logic that
seeks algorithms to decide the full first-order theory (or MSO theory) of a
given structure. Clearly, the problem can be thought of as a uniform version of
the model checking problem. Often, to prove that a structure has a decidable
first-order theory, one translates formulas into an equivalent form that has a
small number of alternations of quantifiers (or no quantifiers at all), and then
shows that the resulting simpler formulas are easy to decide. This approach is
intimately related to the next theme in our list.

Characterization of definable relations. Here, we would like to understand
properties of definable relations in a given structure. A classical example is real
closed fields, where a relation is definable in the first-order logic if and only
if it is a Boolean combination of polynomial equations and inequations [56].
Usually, but not always, a good understanding of definable relations yields a
quantifier elimination procedure and shows that the theory of the structure is
decidable.

It is apparent that all of the above problems are interrelated. We will discuss
these problems and their refinements with respect to classes of automatic
structures.

1.2. Background. The theory of automatic structures can be motivated
from the standpoint of computable structures. The theory of computable
structures has a rich history going back to van der Waerden who informally
introduced the concept of an explicitly given field in the 1930s. This concept
was formalized by Frolich and Shepherdson [20], and later extended by Rabin
[47] in the 1950s. In the 1960s, Mal’cev initiated a systematic study of the
theory (see, for example [40]). Later, computability theoretic techniques were
introduced in order to study the effective content of algebraic and model
theoretic results and constructions. See [17, 18] for the current state and
historical background of the area.

A computable structure is one whose domain and basic relations are all
computable by Turing machines. As a point of comparison with finite au-
tomata, we note that the Turing machine represents unbounded resources and
unbounded read-passes over the data. The themes outlined in Subsection 1.1
have been recast with computability considerations in mind and have given
rise to the development of the theory of computable structures. For exam-
ple, one may ask whether a given structure is computable. This is clearly a
question about the isomorphism type of the structures since it asks whether
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the isomorphism type of the structure contains a computable structure. So,
the study of the computable isomorphism types of structures is a refinement
of the isomorphism problem for structures. Another major theme is devoted
to understanding the complexity of natural problems like the isomorphism
problem and the model checking problem. In this case, complexity is often
measured in terms of Turing degrees. We again refer the reader to [17, 18] and
the survey paper [23].

In the 1980s, as part of their feasible mathematics program, Nerode and
Remmel [43] suggested the study of polynomial-time structures. A structure
is said to be polynomial-time if its domain and relations can be recognized by
Turing machines that run in polynomial time. An important yet simple result
(Cenzer and Remmel, [12]) is that every computable purely relational structure
is computably isomorphic to a polynomial-time structure. While this result is
positive, it implies that solving questions about the class of polynomial-time
structures is as hard as solving them for the class of computable structures. For
instance, the problem of classifying the isomorphism types of polynomial-time
structures is as hard as that of classifying the isomorphism types of computable
structures.

Since polynomial-time structures and computable structures yielded sim-
ilar complexity results, greater restrictions on models of computations were
imposed. In 1995, Khoussainov and Nerode suggested bringing in models
of computations that have less computational power than polynomial-time
Turing machines. The hope was that if these weaker machines were used to
represent the domain and basic relations, then perhaps isomorphism invari-
ants could be more easily understood. Specifically, they suggested the use of
finite state machines (automata) as the basic computation model. Indeed, the
project has been successful as we discuss below.

The idea of using automata to study structures goes back to the work of
Biichi. Biichi [10, 11] used automata to prove the decidability of a theory
called S1S (monadic second-order theory of the natural numbers with one
successor). Rabin [48] then used automata to prove that the monadic second-
order theory of two successor functions, S2S, is also decidable. In the realm of
logic, these results have been used to prove decidability of first-order or MSO
theories. Biichi knew that automata and Presburger arithmetic (the first-order
theory of the natural numbers with addition) are closely connected. He used
automata to give a simple (non quantifier elimination) proof of the decidabil-
ity of Presburger arithmetic. Capturing this notion, Hodgson [27] defined
automaton decidable theories in 1982. While he coined the definition of auto-
matic structures, throughout the 1980s his work remained largely unnoticed.
In 1995, Khoussainov and Nerode [31] rediscovered the concept of automatic
structure and initiated the systematic study of the area.

Thurston observed that many finitely generated groups associated with 3-
manifolds are finitely presented groups with the additional property that finite
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automata recognize equality of words and the graphs of the operations of left
multiplication by a generator; these are the Thurston automatic groups. These
groups yield rapid algorithms [15] for computing topological and algebraic
properties of interest in geometric group theory (such as the word problem). In
this development, a group is regarded as a unary algebra including one unary
operation for each generator, the operation being left multiplication of a word
by that generator. Among these groups are Coxeter groups, braid groups,
Euclidean groups, and others. The literature is extensive, and we do not discuss
it here. We emphasize that Thurston automatic groups differ from automatic
groups in our sense; in particular, the vocabulary of the associated structures
is starkly different. Thurston automatic groups are represented as structures
whose relations are unary operations (corresponding to left multiplication by
each generator). On the other hand, an automatic group in our sense deals
with the group operation itself (a binary relation) and hence must satisfy
the constraint that the graph of this operation be recognizable by a finite
automaton. The Thurston requirement for automaticity applies only to finitely
generated groups but includes a wider class of finitely generated groups than
what we call automatic groups. Unlike our definition., Thurston’s includes
groups whose binary operation of multiplication is not recognizable by a finite
automaton.

In the computer science community, an interest in automatic structures
comes from problems related to model checking. Model checking is moti-
vated by the quest to prove correctness of computer programs. This subject
allows infinite state automata as well as finite state automata. Consult [2, 1, 9]
for current topics of interest. Examples of infinite state automata include
concurrency protocols involving arbitrary number of processes, programs
manipulating some infinite sets of data (such as the integers or reals), push-
down automata, counter automata, timed automata, Petri-nets, and rewriting
systems. Given such an automaton and a specification (formula) in a formal
system, the model checking problem asks us to compute all the states of the
system that satisfy the specification. Since the state space is infinite, the process
of checking the specification may not terminate. For instance, the standard
fixed point computations very often do not terminate in finite time. Special-
ized methods are needed to cover even the problems encountered in practice.
Abstraction methods try to represent the behavior of the system in finite form.
Model checking then reduces to checking a finite representation of states that
satisfy the specification. Automatic structures arise naturally in infinite state
model checking since both the state space and the transitions of infinite state
systems are usually recognizable by finite automata. In 2000, Blumensath
and Gridel [8] studied definability problems for automatic structures and the
computational complexity of model checking for automatic structures.

There has been a series of PhD theses in the area of automatic structures
(e.g. Rubin [51], Blumensath [7], Barany [3]. Minnes [41], and Liu [39]).
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A recently published paper of Khoussainov and Nerode [32] discusses open
questions in the study of automatic structures. There are also survey papers
on some of the areas in the subject by Nies [44] and Rubin [52]. This avenue
of research remains fruitful and active.

1.3. Automata recognizable languages and relations. The central models of
computation in the development of the theory of automatic structures are
all finite state machines. These include finite automata, Biichi automata,
tree automata, and Rabin automata. The main distinguishing feature of the
different kinds of automata is the kind of input they read.

DEFINITION 1. A Biichi automaton M is a tuple (S.1,A, F), where S is a
finite set of states, 1 is the initial state, A C S x X x S (with X a finite alphabet)
is the transition table, and F C S is the set of accepting states.

A Biichi automaton can be presented as a finite directed graph with labelled
edges. The vertices of the graph are the states of the automaton (with desig-
nated initial state and accepting states). An edge labeled with ¢ connects a
state ¢ to a state ¢’ if and only if the triple (g.0.¢’) is in A. The inputs of a
Biichi automaton are infinite strings over the alphabet X. Let « = gp0; ... be
such an infinite string. The string labels an infinite path through the graph in
a natural way. Such a path is called a run of the automaton on «. Formally,
a run is an infinite sequence ¢y, ¢, . . . , of states such that ¢ is the initial state
and (g;.0;.q9i+1) € Afor alli € w. The run is accepting if some accepting
state appears in the run infinitely often. Note that the automaton may have
more than one run on a single input «. We say that the Biichi automaton M
accepts a string « if M has an accepting run on «. Thus, acceptance is an
existential condition.

DEerINITION 2. The set of all infinite words accepted by a Biichi automaton
M is called the language of M. A collection of infinite words is called a Biichi
recognizable language if it is the language of some Biichi automaton.

ExampLE 1. The following two languages over £ = {0, 1} are Biichi recog-
nizable:

— {a | « has finitely many s},

— {a | a has infinitely many 1s and infinitely many Os}.

There are efficient algorithms to decide questions about Biichi recogniz-
able languages. A good reference on basic algorithms for Biichi automata is
Thomas’ survey paper [59]. A central building block in these algorithms is the
linear-time decidability of the emptiness problem for Biichi automata. The
emptiness problem asks for an algorithm that, given a Biichi automaton, de-
cides if the automaton accepts at least one string. An equally important result
in the development of the theory of Biichi automata says that Biichi recogniz-
able languages are closed under union, intersection, and complementation.
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THEOREM 1 (Biichi [10]). 1. There is an algorithm that, given a Biichi au-
tomaton, decides (in linear time in the size of the automaton) if there is
some string accepted by the automaton.

2. The collection of all Biichi recognizable languages is closed under the
operations of union, intersection, and complementation.

ProOF. The first part of the theorem is easy: the Biichi automaton accepts
an infinite string if and only if there is a path from the initial state to an accept-
ing state which then loops back to the accepting state. Thus, the emptiness
algorithm executes a breadth-first search for such a “lasso” . Closure under
union and intersection follows from a standard product construction. It is
considerably more difficult to prove closure under complementation. See [59]
for a discussion of the issues related to the complementation problem for
Biichi automata. -

Theorem 1 is true effectively: given two automata we can construct an
automaton that recognizes all the strings accepted by either of the automata
(the union automaton), we can also construct an automaton that recognizes all
the strings accepted by both automata (the intersection automaton). Likewise,
there is an algorithm that given an automaton builds a new automaton (called
the complement automaton) that accepts all the strings rejected by the original
automaton. We emphasize that complementation constructions have deep
significance in modern automata theory and its applications.

Since we will be interested in using automata to represent structures, we need
to define what it means for a relation to be recognized by an automaton. Until
now, we have discussed Biichi automata recognizable sets of infinite strings.
It is easy to generalize this notion to relations on £”. Basically, to process
a tuple of infinite strings, we read each string in parallel. More formally, we
define the convolution of infinite strings «., ..., q; € X? as the infinite string
c(oy.....oq) € ZF “ whose value at position i is the tuple (o (i). . . .. ax ().
The convolution of a k-ary relation R, denoted by ¢(R), is the set of infinite
strings over XX which are the convolutions of tuples of R. We say that the
relation R is Biichi recognizable if and only if the set ¢ (R) is Biichi recognizable.

We will now describe some operations which preserve recognizability (prov-
ing that recognizability is preserved is similar to Theorem 1). Let A be a
language of infinite strings over £ and R be a relation of arity k on £*. The
cylindrification operation on a relation R (with respect to 4) produces the new
relation

cyl(R) = {ajy,....ax.a):{ay,...,ar) € Randa € 4 .
The projection, or 3, operation (with respect to 4) is defined by

Ix;R= {(ai,....ai—1,ai+1,...,a;):

Jda € A({ay, ..., ai—1.a.a;41,....,ar) € R) .
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The universal projection, or V, operation (with respect to 4) is defined as
VX;iR= ({ay,....ai—1,Qi11,....a) "
Va € A({ay,....a;—1,a,a;41,....a;) €ER) .

In all these operations (cyl, 3,V), if R and 4 are both Biichi recognizable then
the resulting relations are also Biichi recognizable. The instantiation operation
is defined by

I(R,C): <x1,...,xk_1> : <X1,...,xk_1,C> €R .

If R is Biichi automatic then I (R, ¢) is Biichi automatic if and only if ¢ is an
ultimately periodic infinite string. (An ultimately periodic word is one of the
form uv® = wvvv--- where u and v are finite strings.) The rearrangement
operations permute the coordinates of a relation. If 7 : k — k isa permutation
on the set of k elements and R is a k-ary Biichi automatic relation, then

R = <xn<1),...,xn(k>> 2{x1,....xx) ER

is Biichi automatic. The linkage operation identifies the last coordinates of
some relation with the first coordinates of another. Given the relations R (of
arity m;) and S (of arity m,) and index i < m;, the linkage of R and S on i is
the relation of arity m;, + i — 1 defined by

L(R™, S™;: ) =
(ar, ... amyri—1) s {ar,....am) € R&{aj,....am+1i—1) €S .

For example, L(R?,S*:2) = {(a1, ay. a3. a4, as) : (a1, az.a3) € R & {ay. a3,
ag,as) € S}. If Rand S are Biichi recognizable relations then so is L(R, S; ).

The closure of Biichi recognizable relations under Boolean operations (The-
orem 1 on page 138) connects Biichi recognizability and propositional logic.
The 3 and V operations bring us to the realm of first-order logic. We now
connect automata with the monadic second-order (MSO) logic of the succes-
sor structure (w; S). The MSO logic is built on top of the first-order logic
as follows. There is one nonlogical membership symbol €, and there are set
variables X, Y, ... that range over subsets of w. Formulas are defined induc-
tively in a standard way via the Boolean connectives and quantifiers over set
variables as well as over individual variables.

ExamPLE 2. In MSO of (w;S). the following relations and properties are
expressible: the subset relation X C Y, the natural order <, finiteness of sets,
and whether a set is a singleton. For example,

Single(X) =3x x e X &Vy(y e X < x=1y).

The definability of singletons allows us to transform any MSO formula into
an equivalent MSO formula a// of whose variables are set variables. We can
also interpret addition on natural numbers as follows. Associate with every
finite set X the binary string ¢ (X') that has 1 at position i if and only if i € X.
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We use the rules of binary addition to express the statement that X, Y, Z are
finite sets and 6 (X ) 4+, 6(Y) = ¢(Z) in the MSO logic of (w; S).

There is a natural correspondence between k-ary relations on P(w) (the
power set of the natural numbers) and k-ary relations on {0, 1}*. For ex-
ample, consider the case of k = 2. Any binary relation R on P(w) is a
collection of pairs (X, Y) of subsets. Identify X and Y with their charac-
teristic functions ay and ay, each of which is an infinite string over {0, 1}.
Recall that the convolution of (ay, ay) is an infinite string over {0, 1}? such
that c(ay.ay)(i) = (ax(i),ay(i)). The convolution of R is the language
¢(R) = {c(ax.a,) : (X, Y) € R}. With this correspondence between rela-
tions on P(w) and relations on {0, 1}¢, Biichi proved a general characteriza-
tion theorem that links the MSO definable relations of the successor structure
(w: S) and Biichi automata.

TureorEM 2 (Biichi [10]). A relation R C P(w)* is definable in MSO logic if
and only if R is Biichi recognizable. Given an M SO definable relation R, there is

an algorithm which builds a Biichi automaton recognizing R. In particular, the
MSO theory of (w; S), denoted as S18S, is decidable.

We illustrate the theorem on a simple example: if R is a MSO definable
relation, we check if 3XVY R(X, Y) is true in (w;S). Theorem 2 says that
R is definable in MSO logic if and only if ¢(R) is Biichi recognizable. Using
Theorem 2, we build an automaton recognizing R. This is done inductively
based on the complexity of the formula defining R. We then construct an
automaton for the set of infinite strings {X : VY R(X, Y)}. We use Theorem
1 from page 138 again to check if the set {X : VY R(X,Y)} is empty. If
it is empty, the sentence is false; otherwise, it is true. Blchi’s theorem is
a quintessential example of how understanding the definable relations in a
structure helps us decide the theory of the structure (see Subsection 1.1).

We briefly turn our attention to word automata. The underlying graph
definition of a word automaton is identical to that of a Biichi automaton. As
mentioned earlier, the difference between these two models of computation
lies in that word automata process finite strings rather than infinite strings.
Let M = (S.1, A, F) be a word automaton over the finite alphabet X, and let u
be a finite string over X. Then u labels a path in the underlying directed graph
of M, starting from the initial state. This path is called a run of M on input
u. If the last state in the run is accepting then the run is an accepting run.
The automaton M accepts a string if there is some accepting run of M on
the string. The collection of all finite strings accepted by a word automaton
is called a regular (or, equivalently, a FA recognizable) language. As in the
setting of Biichi automata, we have the following theorem:

THeOREM 3 (Kleene [36]). 1. There is an algorithm that, given a word au-
tomaton, decides (in linear time in the size of the automaton) if some string
is accepted by the automaton.
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2. The collection of all regular languages is closed under the operations of
union, intersection, and complementation.

ExamPLE 3. The following sets of strings are regular languages.

— {w101 : w € {0, 1}* has no subword of the form 101}
— {w : w € {0, 1}* is a binary representation of some positive integer with
the least significant bit first}.

ExampPLE 4. Regular languages can be naturally embedded into Biichi rec-
ognizable sets. That is, W is regular if and only if W O is Biichi recognizable
(where < is a new symbol not in the alphabet X).

Previously, we defined Biichi recognizable relations. We would like an
analogous notion for word automata. To define regular relations, we need
to define the convolution of finite strings. Let x1,...,x; € X*. If x1,...,x;
are all of the same length, the i-th element of the convolution ¢(xy, ..., x;) is
the tuple (x;(i)....,x,(i)) (as in the infinite string case). Otherwise, assume
without loss of generality that x,, is the longest string among xi, ..., x;. For
each m # n, append a new symbol < to the end of x,, as many times as
necessary to make the padded version of x,, have the same length as x,,. Then
c(x1.....xg) is the convolution of the padded strings. If R is a k-ary relation
on X*, R is called regular if its convolution ¢ (R) is a regular language.

As before, we can develop a calculus of regular relations. Given a regular
relation R and regular set 4, the cylindrification ¢(R), projection 3x; R, and
universal projection Vx; R are all recognizable by finite automaton. Likewise,
given a regular relation R and any finite string ¢, the instantiation I (R, ¢) is a
regular relation. Similarly, the rearrangement and linkage operations preserve
regularity of relations.

1.4. Biichi and word automatic structures. The main focus of this tutorial is
the study of structures defined by automata. We now give a formal definition
of this concept and provide several examples of such structures. Recall that
a structure A is a tuple (4; R;. ..., R,,) where 4 is a nonempty set called the
domain and Ry, ..., R,, are basic (or atomic) relations on A.

DEFINITION 3. A structure is word automatic if its domain and basic relations
are regular. A structure is Biichi automatic if its domain and basic relations
are Biichi recognizable.

Often, we refer to word automatic structures and Biichi automatic structures
simply as automatic structures. The type of automaticity will be clear from
the context. We present some examples of word automatic structures. We
begin with structures whose domains are {1}* (automatic structures over the
one letter alphabet {1} are called unary automatic structures; they have been
studied in [7, 51, 29]).
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ExaMPLE 5. The structure ({1}*;: <, S), where 1" < 1" <= m < n and
S(1") = 1"*!, is word automatic.

EXAMPLE 6. The structure ({1}*; mod |, mod ,,..., mod ,), where n
is a fixed positive integer, is word automatic. The word automata recognizing
the modular relations contain cycles of appropriate lengths.

Next, we move to structures with a binary alphabet {0, 1}. It is not too hard
to see that any automatic structure over a finite alphabet is isomorphic to an
automatic structure over a binary alphabet [51]. Clearly, any word automatic
structure has a countable domain.

ExampLE 7. The structure ({0, 1}*;V, A, =) is word automatic because bit-
wise operations on binary strings can be recognized by finite automata.

+, is binary addition if the binary strings are interpreted as the least signifi-
cant bit first base-2 expansion of natural numbers. The usual algorithm for
adding binary numbers involves a single carry bit, and therefore a small word
automaton can recognize the relation +;.

ExamPLE 8. Presburger arithmetic, the structure ({0. 1}* - 1; 45, <), where

ExaMmPLE 9. Instead of Presburger arithmetic, we may consider the structure
({0,1}* - 1;4,.]2). This is arithmetic with weak divisibility: w |, v if w
represents a power of 2 which divides the number represented by v. Since we
encode natural numbers by their binary representation, weak divisibility is a
regular relation.

ExampLE 10. If we take binary strings at face value rather than as represen-
tations of natural numbers, we arrive at a different automatic structure:

{0, 1}* j,So, Sl,EqL s

where =< is the prefix relation, Sy and S| denote the functions which append a
0 or 1 to the binary string (respectively), and EqL is the equal length relation.
It is easy to show that this structure is automatic. We will see later that this
structure has a central role in the study of automatic structures.

ExampLE 11. A useful example of a word automatic structure is the config-
uration space of a Turing machine. The configuration space is a graph whose
nodes are the configurations of the machine (the state, the contents of the
tape, and the position of the read/write head). An edge exists between two
nodes if there is a one-step transition of the machine which moves it between
the configurations represented by these nodes.

ExamPpLE 12. Any word automatic structure is Biichi automatic, but the
converse is not true. In the next subsection, we will see examples of Biichi au-
tomatic structures which have uncountable domains. These structures cannot
be word automatic.



THREE LECTURES ON AUTOMATIC STRUCTURES 143

We mention a theorem which has some of the flavour of the downward
Lowenheim-Skolem theorem. The classical theorem states that any infinite
structure over a countable language has a countable elementary substructure.
Recall that an elementary substructure is one which has the same first-order
theory as the original structure in the language expanded by naming all the
elements of the substructure. For Biichi automatic structures, the analogue of
a countable substructure is the substructure consisting of ultimately periodic
words. The following theorem shows that this substructure is elementarily
equivalent to the original structure (however, it is computable and not neces-
sarily automatic).

THEOREM 4 (Hjorth, Khoussainov, Montalban, and Nies [26]). Let A be a
Biichi automatic structure and consider the substructure A" whose domain is

A" = « € A: aisultimately periodic .

Then A’ is a computable elementary substructure of A. Moreover, there is an
algorithm which from a first-order formula ¢(a. x) with parameters a from A’
produces a Biichi automaton which accepts exactly those tuples X of ultimately
periodic words which make the formula true in the structure.

Theorem 4 has also been independently proved by Kaiser, Rubin, and
Barany in [4].

1.5. Presentations and operations on automatic structures. The isomorphism
type of a structure is the class of all structures isomorphic to it. We single out
those isomorphism types that contain automatic structures.

DEFINITION 4. A structure A is called (word or Biichi) automata presentable
if it is isomorphic to some (word or Biichi) automatic structure B. In this
case, BB is called an automatic presentation of A.

We sometimes abuse terminology and call automata presentable structures
automatic. Let B = (DB; RB,..., R®) be an automatic presentation of A.
Since B is automatic, the sets DB, RE, ..., R? are all recognized by automata,
say by M, My, ..., M;. Often the automatic presentation of A is identified
with the finite sequence M, My,..., M, of automata. From this standpoint,
automata presentable structures have finite presentations.

Examples of automata presentable structures arise as specific mathematical
objects of independent interest, or as the result of closing under automata pre-
sentability preserving relations. For example, if a class of structures is defined
inductively and we know that the base structures have automata presentations
and that each of the closure operations on the class preserve automaticity,
then we may conclude that each member of the class is automata presentable.
To aid in this strategy, we present some automaticity preserving operations
on structures. The automaton constructions are often slight modifications of
those used to show that recognizable sets form a Boolean algebra. We will
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also make use of the following relations on strings over a finite alphabet X.
The lexicographic ordering x <;, y for x,y € X* holds if and only if x is
a prefix of y or x = wOu and y = wlwv for some w, u, v € £*. The length-
lexicographic ordering is given by x <y, y ifand only if |x| < |y| or |x| = |y
and |x| <j |y|- Both <, and <y, are automatic linear orders for any finite
alphabet X.

ProposITION 1. If A and B are (word or Biichi) automatic structures then so
is their Cartesian product A x B. If A and B are (word or Biichi) automatic
structures then so is their disjoint union A + B.

ProrosITION 2. If Ais word automatic and E is a regular equivalence relation,
then the quotient A/ E is word automatic.

ProofF. To represent the structure .4/ E, consider the set
Rep= x€A|Vy(y<pex x&yecAd—(x.y)¢E) .

where <y, 1s the length-lexicographic linear order. Since Rep is first-order
definable in (A, E). it is regular and constitutes the domain of the quotient
structure. Restricting the basic relations of A to the set Rep yields regular
relations. Hence, the quotient structure is automatic. -

A straightforward analysis of countable Biichi recognizable languages shows
that a countable structure has a word automatic presentation if and only if it
has Biichi automatic presentation. It is natural to ask whether Proposition 2
can be extended to countable Biichi automatic structures. This has recently
been answered positively in [4] by a delicate analysis of Biichi recognizable
equivalence relations with countably many equivalence classes.

THEOREM 5 (Barany, Kaiser, and Rubin [4]). For a Biichi automatic struc-
ture A and a Biichi recognizable equivalence relation E with countably many
equivalence classes, the quotient structure A/ E is Biichi automatic.

A long-standing open question had asked whether Biichi automatic struc-
tures behave as nicely as word automatic structures with respect to Biichi
recognizable equivalence relations. In other words, whether the countability
assumption can be removed from the theorem above. A counterexample in
[26] recently settled this question. We will outline a proof of the following
theorem in the last lecture.

THEOREM 6 (Hjorth, Khoussainov, Montalban, and Nies [26]). The class of
Biichi automatic structures is not closed under the quotient operation with respect
to Biichi recognizable equivalence relations.

We remark that in some recent papers, the closure of the Biichi automatic
structures under quotients with respect to Biichi recognizable equivalence
relations and isomorphism is studied. By Theorem 6, this closure is a larger
class than the class of Biichi automatic structures. For example, Kuske and
Lohrey show that structures in this large class have decidable theories with
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respect to first-order logic extended by generalized counting quantifiers [38].
In this survey, we focus on the truly Biichi automatic structures. We now give
some natural examples of automata presentable structures. Note that many of
the automatic structures that we mentioned earlier arise as the presentations
of the following automata presentable structures.

ExampLE 13. The natural numbers under addition and order have a word
automata presentation. The automatic presentation here is the word structure
({0. 1} - 11 42. <).

ExampLE 14. The real numbers under addition have a Biichi automata pre-
sentation. The presentation is ({0, 1}* - {x} - {0, 1}¢: +,).

ExampLE 15. All finitely generated abelian groups are word automata pre-
sentable. Recall that a group G is finitely generated if there is a finite set S
such that G is the smallest group containing S; a group G is called abelian if
the group operation is commutative @ - b = b - a. Since every such group is
isomorphic to a finite direct sum of (Z; +) and (Z,; +) [50], and since each of
these has an automatic presentation, any finitely generated abelian group has
an automatic presentation.

Recall that a Boolean algebra is a structure (D;V, A, -, 0, 1) which satisfies
axioms relating the join (V), meet (A), and complement (—) operations and
the constants 0 and 1. An archetypal Boolean algebra is B3,,, the collection of
all finite and co-finite subsets of w. In this case, the Boolean operations are
the Boolean set operations: V =U, A =N, == €.

ExXAMPLE 16. B, is word automata presentable. There is an automatic
presentation of B, with domain {0,1}* U {2,3}* where words in {0, 1}*
represent finite sets and words in {2, 3}* represent cofinite sets.

ExampPLE 17. The Boolean algebra of all subsets of w is Biichi automata
presentable. A presentation using infinite strings treats each infinite string
as the characteristic function of a subset of w. The union, intersection,
and complementation operations act bitwise on the infinite strings and are
recognizable by Biichi automata.

ExampLE 18. The linear order of the rational numbers (Q; <) has a word
automata presentation: ({0, 1}* - 1; <), where u <j,, v is the lexicographic
ordering.

1.6. Decidability results for automatic structures. Theorem 2 on page 140
uses automata to prove the decidability of the MSO theory of the successor
structure (w;S). We now explore other decidability consequences of algo-
rithms for automata. The foundational theorem of Khoussainov and Nerode
[31] uses the closure of regular relations (respectively, Biichi recognizable re-
lations) under Boolean and projection operations to prove the decidability of
the first-order theory of any automatic structure.
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TraeoREM 7 (Khoussainov, Nerode [31]; Blumensath, Gridel [8]). There is
an algorithm that, given a (word or Biichi) automatic structure A and a first-
order formula o(x1,...,x,), produces an automaton recognizing those tuples
(ai. ..., an) that make the formula true in A.

Proor. We go by induction on the complexity of the formula, using the fact
that automata recognizable relations are closed under the Boolean operations
and the projection operations as explained in Subsection 1.3. -

The Khoussainov and Nerode decidability theorem can be applied to indi-
vidual formulas to yield Corollary 1, or uniformly to yield Corollary 2.

COROLLARY 1. Let A be a word automatic structure and ¢ (X) be a first-order
formula in the language of A. There is a linear-time algorithm that, givena € A,
checks if p(a) holds in A.

Proor. Let M, be an automaton for ¢. Given &, the algorithm runs
through the state space of M, and checks if M,, accepts the tuple. This can
be done in linear time in the size of the tuple. -

CorOLLARY 2 (Hodgson [27]). The first-order theory of any automatic struc-
ture is decidable.

The connection between automatic structures and first-order formulas goes
in the reverse direction as well. That is, first-order definability can produce
new automatic structures. We say that a structure B = (B:;R;....R,) is
first-order definable in a structure A if there are first-order formulas ¢p and
©1, ...,y (with parameters from A) which define B, Ry, ..., R, (respectively)
in the structure .A. Khoussainov and Nerode’s theorem immediately gives the
following result about first-order definable structures.

COROLLARY 3. If Ais (word or Biichi) automatic and B is first-order definable
in A, then B is also (word or Biichi) automatic.

In fact, automatic structures can yield algorithms for properties expressed
in logics stronger than first-order. We denote by 3°° the “there are countably
infinitely many” quantifer, and by 3" the “there are m many mod n” quan-
tifiers. Then (FO + 3% + 3") is the first-order logic extended with these
quantifiers. The following theorem from [35] generalizes the Khoussainov
and Nerode theorem to this extended logic. We note that Blumensath ob-
served the 3°° case first, in [7].

TueoreM 8 (Khoussainov, Rubin, and Stephan [34]). There is an algorithm
that, given a word automatic structure A and a (FO + 3% + 3"™) formula
go(xl, o2 Xp) With parameters from A, produces an automaton recognizing
those tuples {ay., ..., a,) that make the formula true in A.

COROLLARY 4. The (FO +3° 4 3"")-theory of any word automatic structure
is decidable.
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The next corollary demonstrates how the extended logic can be used in a
straightforward way.

COROLLARY 5. If L is a word automatic partially ordered set, the set of all
pairs {x, y) such that the interval [x, y] has an even number of elements is regular.

Another interesting application is an automata theoretic version of Konig’s
lemma. Recall that the classical version of Konig’s Lemma says that every
infinite finitely branching tree contains an infinite path. In Lecture 2, we
discuss Konig’s lemma in greater detail.

COROLLARY 6. Let T = (T; <) be a word automatic infinite finitely branching
tree. There exists an infinite regular path in T .

Proor. We assume that the order < is such that the root of the tree is
the least element. We use the auxiliary automatic relations <y, (the length
lexicographic order) to give a (FO + 3°°) definition of an infinite path of 7.
Note that the immediate successor relation S is FO definable from the partial
order.

P= x:3%°p(x<y) &V <x)\V(z#£z €¢SY)) z < x= 2z <gpox 2’

In words, P is the left-most infinite path in the tree. The first clause of the
definition restricts our attention to those nodes of the tree which have infinitely
many descendants. Since 7 is finitely branching, these nodes are exactly those
which lie on infinite paths. Itiseasy to see that the above definition guarantees
that P is closed downward, linearly ordered, and infinite. Moreover, it is
regular by Theorem 7 on page 146. -

Recently, Kuske and Lohrey generalized the decidability theorem for (FO +
3% + 37M) to Biichi automatic structures [38].

1.7. Definability in automatic structures. Throughout computer science and
logic, there are classifications of problems or sets into hierarchies. Some
examples include time complexity, relative computability, and proof-theoretic
strength. In each case, there is a notion of reducibility between members in
the hierarchy. One often searches for a complete, or typical, member at each
level of the hierarchy. More precisely, an element of the hierarchy is called
complete for a particular level if it is in that level, and if all other elements of
the level are reducible to it. We may view automatic structures as a complexity
class. In that context, we would like to find complete structures. For this
question to be well-defined, we must specify a notion of reducibility. In light
of the results of the previous section, it seems natural to consider logical
definability of structures as the notion of reducibility. For Biichi automatic
structures, Theorem 2 (Biichi’s theorem) on page 140 immediately gives a
complete structure with respect to MSO definability.

COROLLARY 7. A structure is Biichi automatic if and only if it is definable in
the MSO logic of the successor structure (w; S).
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For word automatic structures, it turns out that first-order definability suf-
fices. Blumensath and Gréadel identify the following complete structure [8].
(Each of the basic relations in the following structure is defined in Subsec-
tion 1.3.)

THEOREM 9 (Blumensath and Gridel [8]). A4 structure is word automatic if
and only if it is first-order definable in the word structure ({0 1}*: <, S0, S1. EqL).

Proor. One direction is clear because automatic structures are closed under
first-order definability. For the converse, suppose that A4 is an automatic
structure. We will show that it is definable in ({0, 1}*; <, So. S1. EqL).

It suffices to show that every regular relation on {0,1}* is definable in
the word structure. By changing the alphabet, we assume that L is a set
recognized by the word automaton M = (S,1,A, F). Assume S = {1,....n}
with 1 = 1 (the initial state). We define a formula ¢, in the language of
({0, 1}*; =, Sy, S1, EqL) which will hold of the string u if and only if u is
accepted by M. We use the following auxiliary definable relations in our
definition of 4.

— Length order, |p| < |x/, is defined by 3y(y < x & EqL(y, p))):

— The digit test relation (asserting that the digit of x at position |p| is 0) is
defined by 3y3z(z =y < x & EqL(y. p) & So(z.y))):

— The distinct digits relation states that the digits of x; and x; at position
|p| are distinct.

The following paragraph describing a run of M on input u can now be trans-
lated into a single first-order formula ¢ 4 with free variable # and parameters
corresponding to A. “There are strings xi, ..., x, each of length |u| + 1. For
each p. if |p| < |u| + 1, there is exactly one x; with digit 1 at position |p|
(the strings xi....,x, describe which states we’re in at a given position in
the run). If x; has digit 1 at position |p|, and & is the digit of u at posi-
tion |p|. and A(i.o) = j then x; has digit 1 at positions |p| + 1. The digit
in the first position of x; is 1. There is some x; such that j € F and for
which the digit in the last position is 1.” Therefore, L is first-order definable
in ({0 1}*: <, S0, S1. EqL). Since the domain and each of the relations of an
automatic structure are regular, they are also first-order definable. —

If we use weak monadic second-order, WMSO, logic (where set quantifi-
cation is only over finite sets) instead of first-order definability as our notion
of reducibility, we arrive at a more natural complete structure for word au-
tomatic structures. Blumensath and Gridel [8] show that, in this case, the
successor structure is complete. This result has nice symmetry with the Biichi
case, where a structure is Biichi automatic if and only if it is MSO definable
in (w:S).

COROLLARY 8. A structure is word automatic if and only if it is WMSO
definable in the successor structure (w; S).
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Proof. By Theorem 9, it suffices to give a WMSO definition of the structure
({0,1}*: %.S0. S1. EqL) in (w: S). To do so, interpret each v € {0, 1}* by the
set Rep(v) = {i : v(i) = 1}U{|v|+1}. Then Rep(v) is a finite set and for each
nonempty finite set X there is a string v such that Rep(v) = X. Moreover,
under this representation, each of Sy, S, <, EqL is a definable predicate. -

We refer the reader to [8, 51, 52] for issues related to definability in automatic
structures.

§2. Characterization results.

2.1. Automata on trees and tree automatic structures. The two flavours of
automata we have presented so far operate on linear inputs: finite and infinite
strings. We now take a slight detour and consider labelled trees as inputs for
automata. Our archetypal tree is the two successor structure,

T = ({0 1}*;S0,S1).

The root of this binary tree is the empty string, denoted as 4. Paths in 7 are
defined by infinite strings in {0, 1}®. Let X be a finite alphabet. A X-labelled
tree (7, v) associates a mapping v : 7 — X to the binary tree. The set of all
Y-labelled trees is denoted by Tree(X).

A Rabin automaton M is specified by M = (S,1,A, F). where S and 1
are the finite set of states and the initial state, the transition relation is A C
S x X x (S x S), and the accepting condition is given by F C P(S). An
input to a Rabin automaton is a labelled tree (7. v). A run of M on (7. v) is
amapping r : 7 — S which respects the transition relation in that

r(A) =1, Vx €T r(x),v(x),r(So(x)).r(S1(x)) €A .
The run r is accepting if for every path # in 7, the set
Inf(n) = s €S :s appears on 7 infinitely many times

is an element of F. The language of a Rabin automaton M, denoted as L(M),
is the set of all Z-labelled trees (7, v) accepted by M.

ExampLE 19. Here are a few examples of Rabin automata recognizable sets
of {0, 1}-labelled trees.
— {(7,v) : v(x) = 1 for only finitely many x € 7'}
— {(7,v) : each path has infinitely many nodes labelled 1}
— {(7,v) : Vx € T(v(x) = 1 = the subtree rooted at x is labelled by 0s
only)}
-~ {(T.v) : Ix e T(v(x) =1)}.

As you may recall from Subsection 1.3, fundamental facts about Biichi
automata gave us algorithms for checking emptiness and for constructing
new automata from old ones. Rabin’s breakthrough theorems in [48] yield
analogous results for Rabin automata.
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THEOREM 10 (Rabin [48]). 1. There is an algorithm that, given a Rabin
automaton M, decides if L(M) is empty.

2. The class of all Rabin recognizable tree languages is effectively closed under
the operations of union, intersection, and complementation.

In the setting of sequential automata, Theorem 2 on page 2 connected
automata and logic. In particular, the logic used was MSO, where we allow
quantification both over elements of the domain and over subsets of the
domain. Properties of sets such as being a path or being open or clopen
(in the natural topology on the paths through the tree) are all definable in
MSO of the binary tree. Rabin’s theorem [48] connects MSO definability and
automaton recognizability. Note that, as in the Biichi case, convolutions can
be used to define Rabin recognizability of relations on trees.

TuroreM 11 (Rabin [48]). A4 relation R C (Tree(X))* is definable in the
MSO logic of the two successor structure if and only if R is recognizable by
a Rabin automaton. In particular, the MSO theory of T, denoted as S2S, is
decidable.

This theorem has led to numerous applications in logic and theoretical
computer science. Many of these applications involve proving the decidability
of a particular theory by reducing it to the MSO theory of the binary tree.

Rabin automata have natural counterparts which work on finite binary
trees. A finite binary tree X is a finite. prefix-closed, and rooted subset of
T. Let L(X) denote the set of leaves (terminal nodes) of a finite binary
tree X. A finite 2-tree is a pair (X,v) where X is a finite binary tree and
v: X\ L(X) — Xis amapping which labels nonleaf nodes in X with elements
of the alphabet. A (top-down) tree automaton is M = (S.1.A, F) where
S, 1, F are as in the word automatic case, and A C § x £ x (S x S) is the
transition relation. A run of M on a finite -tree (X.v)isamapr: X — S
which satisfies (1) = 7and (r(x).v(x),7(So(x)).r(S1(x))) € A. The run
is accepting if each leaf node x € L(x) is associated to an accepting state
r(x) € F. The language of a tree automaton is the set of finite X-trees it
accepts. As before, tree automata have pleasant algorithmic properties (see
the discussions in [14, 58, 48]).

THEOREM 12 (Doner [14]; Thatcher and Wright [58]; Rabin [48]).

1. There is an algorithm that, given a tree automaton M., decides if L(M) is
empty.

2. The class of all tree automata recognizable languages is effectively closed
under the operations of union, intersection, and complementation.

Automata which work on trees can be used to define tree automatic struc-
tures. In this context, domain elements of structures are represented as trees
rather than strings.



THREE LECTURES ON AUTOMATIC STRUCTURES 151

DEFINITION 5. A structure is tree automatic if its domain and basic relations
are recognizable by tree automata. A structure is Rabin automatic if its domain
and basic relations are recognizable by Rabin automata.

Every tree automatic structure is Rabin automatic (we can pad finite trees
into infinite ones). Since strings embed into trees, it is easy to see that every
word automatic structure is tree automatic and that every Biichi automatic
structure is Rabin automatic. However, this inclusion is strict. For example,
the natural numbers under multiplication (w; x ) is a tree automatic structure
but (as we will see in the next subsection) it is not word automatic. Simi-
larly, the countable atomless Boolean algebra is tree automatic but not word
automatic [33]. In Lecture 3, we will discuss a recent result which separates
Biichi and Rabin structures. Although there is a strict separation between the
classes of sequential-input and branching-input automatic structures, their
behaviour in terms of definability is very similar.

THEOREM 13 (Rabin [48]). A structure is Rabin automatic if and only if it is
MSO definable in the binary tree T .

THEOREM 14 (Rabin [48]). A structure is tree automatic if and only if it is
WMSO definable in the binary tree T .

Similarly, there is a theorem in the spirit of Lowenheim-Skolem for Rabin
automatic structures akin to Theorem 4 (page 143) for Biichi automatic struc-
tures. Recall that a X-labelled tree is called regular if it has only finitely many
isomorphic subtrees.

THeEOREM 15 (Hjorth, Khoussainov, Montalban and Nies [26]). Let A be a
Rabin automatic structure and consider the substructure A" whose domain is

A'= a € A:aisaregular tree .

Then A’ is a computable elementary substructure of A. Moreover, there is an
algorithm that from a first-order formula ¢(a,x) with parameters a from A’
produces a Rabin automaton which accepts exactly those regular tree tuples X
which make the formula true in the structure.

2.2. Proving nonautomaticity. Thus far, our toolbox contains several ways
to prove that a given structure is automatic (explicitly exhibiting the automata,
using extended first-order definitions, and using interpretations in the com-
plete automatic structures). However, the only proof we’ve seen so far of
nonautomaticity is restricted to word automata and uses cardinality consid-
erations (cf. Subsections 1.3, 1.5). We could also use general properties of
automatic structures to prove that a given structure is not automatic; for
example, if a structure has undecidable first-order theory then it is not auto-
matic by Corollary 2 on page 146. We will now see a more careful approach
to proving nonautomaticity.
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In finite automata theory, the Pumping Lemma is a basic tool for showing
nonregularity. Recall that the lemma says that if a set L is regular then there
is some n so that for every w € L with |w| > n, there are strings x, u, v
with |u| > 0 such that w = xuv and for all m, xu™v € L. The constant
n is the number of states of the automaton recognizing L. The following
Constant Growth Lemma uses the Pumping Lemma to arrive at an analogue
for automatic structures [31].

Lemma 1 (Khoussainov and Nerode [31]). If f : D" — D is a function whose
graph is a regular relation, there is a constant C (which is the number of states
of the automaton recognizing the graph of f) such that for all x1, ....x, €D

X, +C.

f(x1...,x,) <max |xil,...,

PrOOF. Suppose for a contradiction that | f (xj,....x,)| — max{|xi|,....
|x4|} > C. Therefore, the convolution of the tuple (x1, ..., x,, f(x1....,x,))
contains more than C ¢’s appended to each x;. In particular, some state in
the automaton is visited more than once after all the x;’s have been read. As
in the Pumping Lemma, we can use this to obtain infinitely many tuples of
the form (xi.....x,,y) withy # f(x1....Xx,) accepted by the automaton, or
it must be the case that the automaton accepts strings which do not represent
convolutions of tuples. Both of these cases contradict our assumption that
the language of the automaton is the graph of the function f. -

The Constant Growth Lemma can be applied in the settings of automatic
monoids and automatic structures in general to give conditions on automatic-
ity [33]. Recall that a monoid is a structure (M ; -) whose binary operation - is
associative.

Lemma 2 (Khoussainov, Nies, Rubin, and Stephan [33]). If (M) is an au-
tomatic monoid, there is a constant C (the number of states in the automaton
recognizing -) such that for every n and every si,...,s, € M

veeos|Sal + C - Tlog(n)].

ProOF. Let C be the number of the states in the automaton recognizing the
graph of the monoid multiplication. We proceed by induction on #. In the base
case, the inequality is trivial: |s;| < |s1|. For n > 1, write n = u + v such that
u = |5]. Notethatu <nandv <n. Letx; = s1-----s,and xp = Sy 1+ -~ 5,.
By the induction hypothesis, |x;| < max{|si|,....]|s,|} + C - [log(u)] and
|x2| < max{|sys1].....|sn|} + C - [log(v)]. Applying Lemma 1,

Sis2ee s <max |sil s

sy -o--- snl = |x1 - x| < max{|xi|.|x2|} + C
< max{|s1],....|s,|} + C max{[log(u)]. [log(v)]} + C
< max{|s1|,....|s,|} + C[log(n)]. =

Let A = (A4; Fy, F\. .. .. F,) be an automatic structure. Let X ={xy, x3....}
be a subset of 4. The generations of X are the elements of 4 which can
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be obtained from X by repeated applications of the functions of .A. More
precisely,

Gi(X) = {x1} and Gu1(X) =G,(X)U Fi(a):a e G,(X) U {xXns1}

The Constant Growth Lemma dictates the rate at which generations of X
grow and yields the following theorem.

THEOREM 16 (Khoussainov and Nerode [31]; Blumensath [7]). Suppose X C
A and there is a constant Cy so that in the length lexicographic listing of X
(X1 <tex X2 <fex -++) we have |x,| < Cy-n forall n > 1. Then there is a
constant C such that |y| < C - n forall y € G,(X). In particular,

G,(X) Cx=Cn

if1Z] > 1, and |G,(X)| < C -nif|E] = 1.
Just as the Pumping Lemma allows immediate identification of certain

nonregular sets, the above theorem lets us determine that certain structures
are not automatic.

COROLLARY 9. The free semigroup ({0,1}*;-) is not word automatic. Simi-
larly, the free group F (n) with n > 1 generators is not word automatic.

Proor. We give the proof for the free semigroup with two generators.
Consider X = {0.1}. By induction, we see that for each n, {0,1}<*" C
G,11({0.1}). Therefore. |G,;1(X)| > 2> ~! — 1 and hence can’t be bounded
by 2¢" for any constant C. =

Similarly, one can prove the following.

COROLLARY 10. For any bijection f : w X w — w, the structure (w; f) is
not word automatic.

The proofs of the next two corollaries require a little more work but employ
growth arguments as above.

COROLLARY 11. The natural numbers under multiplication (w; x) is not word
automatic.

COROLLARY 12. The structure (w:<,{n!: n € w}). where the added unary
predicate picks out the factorials, is not word automatic.

We now switch our focus to subclasses of (word) automatic structures. For
some of these classes, structure theorems have been proved which lead to good
decision methods for questions like the isomorphism problem. Such structure
theorems must classify both the members of a class and the nonmembers.
Hence, techniques for proving nonautomaticity become very useful. In other
cases, as we will see in the next lecture, complexity results give evidence that
no nice structure theorems exist. The classes we consider below are partial
orders, linear orders, trees, Boolean algebras, and finitely generated groups.
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2.3. Word automatic partial orders. The structure (A4: <) is a partially or-
dered set if the binary relation < is reflexive Vx(x < x), anti-symmetric
VaxVy(x < y & y < x — x = y), and transitive VxVyVz(x < y & y < z —
x < z). A partially ordered set (4; <) is word automatic if and only if 4 and
< are both recognized by word automata. For the rest of this section, we deal
only with word automatic partial orders and for brevity, we simply call them
automatic.

ExampPLE 20. We have already seen some examples of automatic partial
orders: the full binary tree under prefix order ({0, 1}*;<): the finite and
co-finite subsets of w under subset inclusion; the linear order of the rational
numbers.

Recall that a linear order is one where < is also total: for any x, y in the
domain, either x < y or y < x.

ExaMPLE 21. Small ordinals (such as w” for » finite) [31] are automatic
partial orders. In fact, Delhommé showed that automatic ordinals are exactly
all those ordinals below w® [13]. We will see the proof of this fact later in this
subsection.

ExampLE 22. The following example was one of the first examples of a
nontrivial automatic linear order [51]. Given an automatic linear order L and
a polynomial f (x) with positive integer coefficients, consider the linear order

Zreo(L + f(x))

where we have a copy of L, followed by a finite linear order of length f(0),
followed by another copy of L, followed by a finite linear order of length £ (1),
etc. This linear order is automatic. In fact, the linear order obtained by the
same procedure where the function f is an exponential f(x) = a®**¢ with
a.b, c € o is also automatic.

The last example involves the addition of linear orders. The sum of orders
Ly and L, is the linear order in which we lay down the order L; and then we
place all of L,. Since L; + L, is first-order definable from the disjoint union
of Ly and L,, Proposition 1 on page 144 and Corollary 3 on page 146 imply
that the sum operation preserves automaticity. Another basic operation on
linear orders also preserves automaticity: the product linear order L, - L, is
one where a copy of L; is associated with each element of L,; each of the
copies of L is ordered as in L, while the order of the copies is determined
by L,. The order L, - L, is first-order definable from the Cartesian product
union of L; and L,, and hence is automatic if L, and L, are automatic.

We use several approaches to study the class of automatic partial orders.
First, we restrict to well-founded partial orders and consider their ordinal
heights. We will see that automatic partial orders are exactly those partial
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orders with relatively low ordinal heights. This observation parallels Del-
hommé’s previously mentioned result that automatic ordinals are exactly those
below w® [13]. Next, we study automatic linear orders. We present results
about the Cantor-Bendixson ranks of automatic linear orders, and see the
implications of these results for decidability questions. In particular, we see
that the isomorphism problem for automatic ordinals is decidable. Finally, we
consider partial orders as trees and consider the branching complexity of au-
tomatic partial order trees. We present several automatic versions of Konig’s
famous lemma about infinite trees.

We now introduce well-founded partial orders and ordinal heights. A
binary relation R is called well-founded if there is no infinite chain of elements
X0. X1, X2, ... such that (x;,1,x;) € R for all i. For example, (Z*;S) is a
well-founded relation but (Z7;S) is not well-founded (we use Z+ and Z~
to denote the positive and negative natural numbers). Given a well-founded
structure A = (A4: R) with domain A and binary relation R, a ranking function
for A is an ordinal-valued function f on 4 such that f(y) < f(x) whenever
(y,x) € R. We define ord (f) as the least ordinal larger than or equal to all
values of f. It is not hard to see that A = (A4; R) is well-founded if and only
if A has a ranking function.

Given a well-founded structure A, its ordinal height (denoted r(A)) is the
least ordinal o which is ord(g) for some ranking function g for A. An
equivalent definition of the ordinal height uses an assignment of rank to each
element in the domain of A. If x is an R-minimal element of 4, set r4(x) = 0.
For any other element in 4, put r4(z) = sup{r(y) +1: (y.z) € R}. Then,
we define r(A) = sup{ra(x) : x € 4}. The following property of ordinal
heights is useful when we work with substructures of well-founded relations.

LEMMA 3. Given a well-founded structure A = (A; R), ifr(A) = acand f < o
then there is x € A such that r o(x) = p.

The ordinal height can be used to measure the depth of a structure. In our
exploration of automatic structures, we study the ordinal heights attained by
automatic well-founded relations. As a point of departure, recall that any
automatic structure is also a computable structure (see Subsection 1.2). We
therefore begin by considering the ordinal heights of computable structures.
An ordinal is called computable if it is the order-type of some computable
well-ordering of the natural numbers.

Lemma 4. Each computable ordinal is the ordinal height of some computable
well-founded relation. Conversely, the ordinal height of each computable well-
founded relation is a computable ordinal.

Since any automatic structure is a computable structure, Lemma 4 gives us
an upper bound on the ordinal heights of automatic well-founded relations.
‘We now ask whether this upper bound is sharp. We will consider this question
both in the setting of all automatic well-founded relations (in Lecture 3), and
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in the setting of automatic well-founded partial orders (now). The following
theorem characterizes automatic well-founded partial orders in terms of their
ordinal heights.

THEOREM 17 (Khoussainov and Minnes [30]). A4n ordinal o is the ordinal
height of an automatic well-founded partial order if and only if o < ®®.

One direction of the proof of the characterization theorem is easy: each
ordinal below w® is automatic (Example 21 on page 154) and is an automatic
well-founded total order. Moreover, the ordinal height of an ordinal is itself.

For the converse, we will use a property of the natural sum of ordinals. The
natural sum of a and f8, denoted e +’ f3. is defined recursively as a +' 0 = a,
0+’ B = f,and a +' B is the least ordinal strictly greater than y +' f§ for all
7 < a and strictly greater than « + y for all y < S8 (see, for example [19]; note
that the natural sum of ordinals is commutative whereas the usual sum is not).
An equivalent definition of the natural sum uses the Cantor normal form of
ordinals. Recall that any ordinal can be written in this normal form as

a=oPn +oPn+ -+ oPony.
where fi > o> > B and k.ni.....n € N. We define
(0Pray+ -+ oPa) + (0Pb + -+ 0Pby) =
o (ay +by) + -+ + 0P (ar + by).

The following lemma gives subadditivity of ordinal heights of substructures
with respect to the natural sum of ordinals.

LeEMMA 5. Suppose A = (A4:;<) is a well-founded partial order and Ay, A,
form a partition of A (AU A> = A, a disjoint union). Let A| = (41:<1). Ay =
(A1 <3) be obtained by restricting < to Ay, As. Thenr(A) <r(Ay) +' r(Ay).

ProoF. For each x € A, consider the sets 4, = {z € 4] : z < x} and
Ary ={z € Ay : z < x}. Thestructures A, ,, A, . are substructures of A;, A,
respectively. Define a ranking function of A by f(x) = r(Ajx) + r(Axy).
The range of f is contained in r(A;) +' r(Az). Therefore, r(A) < r(A;) +/
V(Az). =

We now outline the proof of the nontrivial direction of the characterization
theorem of automatic well-founded partial orders. Note that this proof follows
Delhommé’s proof that ordinals larger than w® are not automatic [13]. We
assume for a contradiction that there is an automatic well-founded partial
order A = (A4;<) such that r(A4) = o > w®. Let My = (S4.14. A4, Fa).
M< = (S<.i<. A<, F<) be the word automata which recognize 4 and <
(respectively). For each u € A, the set of predecessors of u. denoted by u |,
can be partitioned into finitely many disjoint pieces as

ul={xed:|x|<|ul&x<u} U X
vEX*:|v|=|u|
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where X! = {vw € 4 : vw < u} (extensions of v which are predecessors of
u). Since (A) > w®, Lemma 3 guarantees that for each n, there is an element
u, € A with r4(u) = w". Moreover, Lemma 5 implies that if a structure
has ordinal height ", any finite partition of the structure contains a set of
ordinal height @”. In particular, for each u, there is v, such that |u,| = |v,|
and r(X!) = r(u,) |= @". We now use the automata M ,, M< to define
an equivalence relation of finite index on pairs (u,v): (u,v) ~ (u’.v’) if and
only if Ay(14.v) = Ag(14.v") and Ac(i<. V) = A<(i<. Z: ). Suppose that
(u,v) ~ (u'.v'). Then the map f : X — X defined as f(vw) = v'w
is an order-isomorphism. Hence, r(X*) = r(le’,/). Also, there are at most
|S4| x |S<| ~equivalence classes. Therefore, the sequence {(u,.v,)} contains
some m,n (m # n) such that (u,,.v,) ~ (4, v,). But, 0 = r(u,) =
r(Xym) = r(Xg) = r(u,) = »". This is a contradiction with m # n. Thus,
there is no automatic well-founded partial order whose ordinal height is greater
than or equal to w®.

The above characterization theorem applies to automatic well-founded par-
tial orders. We now examine a different class of automatic partial orders:
linear orders. We seek a similar characterization theorem for automatic linear
orders based on an alternate measure of complexity. Let (L; <) be a linear
order. Then x, y € L are called =p-equivalent if there are only finitely many
elements between them. We can use =p equivalence to measure how far a
linear order is from “nice” linear orders like (w; <) or (Q; <). To do so, given
a linear order, we take its quotient with respect to the =5 equivalence classes
as many times as needed to reach a fixed-point. The first ordinal at which
the fixed-point is reached is called the Cantor-Bendixson rank of the linear
order, denoted CB(L; <). Observe that CB(Q;<) = 0 and CB(w: <) = 1.
Moreover, the fixed-point reached after iteratively taking quotients of any
linear order will either be isomorphic to the rational numbers (perhaps with
endpoints) or the linear order with a single element. A useful lemma tells us
that automaticity is preserved as we take quotients by =p.

LemMA 6. If £ = (L: <) is an automatic linear order then so is the quotient
linear order L] =p.

ProoOF. By Proposition 2 from page 144, it suffices to show that =p is
definable in the extended logic (FO + 3°°) of (L; <). The definition is

X=py <= 3%z x<z&z<y VvV y<z&z<x 4

Theorem 17 showed that well-founded automatic partial orders have rela-
tively low ordinal heights. In this vein, it is reasonable to expect a low bound
on the Cantor-Bendixson rank of automatic linear orders as well. The follow-
ing characterization theorem does just that. This characterization theorem
and its implications for linear orders and ordinals are discussed in [34, 35].
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THEOREM 18 (Khoussainov, Rubin, and Stephan [34]). An ordinal « is the
Cantor-Bendixson rank of an automatic linear order if and only if it is finite.

The proof of Theorem 18 has many common features with the proof of
Theorem 17. One direction is easy: for n < w, w" is automatic and CB(w") =
n. The hard direction relies on understanding the Cantor-Bendixson ranks
of suborders of a given linear order. In particular, we make use of suborders
determined by intervals of a linear order: sets of the form {z : x < z < y}
for some x and y.

LEMMA 7. For any linear order L and ordinal o, if CB(L) = o and f < «
then there is an interval [x, y] of £ with CB([x, y]) = p.

To prove that any linear order with infinite Cantor-Bendixson rank is not
automatic, we go by contradiction. We suppose that such a linear order exists,
and use the associated automata to define an equivalence relation on intervals
which has only finitely many equivalence classes. Moreover, intervals in the
same equivalence class have the same Cantor-Bendixson rank. However, since
we assume that the linear order has infinite Cantor-Bendixson rank, Lemma
7 allows us to pick out intervals with every finite Cantor-Bendixson rank.
Therefore, two such intervals must be in the same equivalence class. But this
contradicts our choice of intervals with distinct Cantor-Bendixson ranks.

Theorem 18 has been productive for decidability results. In particular,
it yields algorithms for computing the Cantor-Bendixson rank of a given
automatic linear order, and for studying scattered linear orders and ordinals.
A linear order is called dense if for each x and y with x < y, there is some z
such that x < z < y. The linear orders with zero elements or one element are
trivially dense. For countable linear orders, there are exactly four isomorphism
types of nontrivial dense linear orders (the rational numbers restricted to
(0, 1), the rational numbers restricted to [0, 1), the rational numbers restricted
to (0, 1]. the rational numbers restricted to [0, 1]). Note that being dense is
a first-order definable property. so Corollary 2 on page 146 tells us we can
decide if a given automatic structure is a dense linear order. A linear order is
called scattered if it contains no nontrivial dense suborder. A linear order is
an ordinal if it is well-founded.

COROLLARY 13. There is an algorithm which, given an automatic linear order
L, computes the Cantor-Bendixson rank of L.

Proor. Check if £ is dense. If it is, output CB(L) = 0. Otherwise,
Lemma 6 from page 157 tells us that the quotient £/ = is automatic. We
iterate checking if the quotient is dense and, if it is not, constructing the next
quotient and incrementing the counter. Each of these steps is effective because
denseness is a first-order question. Moreover, this procedure eventually stops
by Theorem 18 and we can count how many iterations are required. Once we
reach a dense quotient structure, we output this number. .
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The following two corollaries about automatic scattered linear orders use
trivial modifications of the above algorithm.

COROLLARY 14. [t is decidable if a given automatic linear order is scattered.

COROLLARY 15. Given an automatic linear order L that is not scattered, there
is an algorithm which computes an automatic dense suborder of L.

We now apply Theorem 18 to the subclass of linear orders which are well-
founded, the ordinals. We will see that we can effectively check if a given
automatic linear order is an ordinal; and given two automatic ordinals, we can
check if they are isomorphic. The isomorphism question is one of the central
motivating questions in the study of automatic structures (see Subsection 1.1).
The class of automatic ordinals was one of the first contexts in which a positive
answer to this question was found.

COROLLARY 16. If L is an automatic linear order, there is an algorithm which
checks if L is an ordinal.

Proor. To check if a given automatic linear order £ is an ordinal, we need to
check if it has an infinite descending sequence. Note that infinite descending
sequences can occur either within an =p equivalence class or across such
classes. We begin by checking whether £ isnotdense and V(x € L)3®y(x =f
y & y < x). If this condition holds, we form the quotient £/ = and check
the condition again for the quotient linear order. We iterate until the condition
fails, which must occur after finitely many iterations because CB(L) is finite. If
the resulting linear order has exactly one element, output that £ is an ordinal,
and otherwise output that it is not. If £ is an ordinal then the = equivalence
classes are all finite or isomorphic to w and all quotient linear orders of £ are
also ordinals. Therefore, the algorithm will stop exactly when the quotient is
dense, in which case it will have exactly one element. If £ is not an ordinal,
then either there will be a stage of the algorithm at which there is an infinite
descending chain within a single = equivalence class or the final dense linear
order will contain an infinite descending chain. In either case, the algorithm
will recognize that £ is not an ordinal. -

COROLLARY 17. The Cantor normal form of a given automatic ordinal is
computable.

Proor. Given an automatic ordinal £, we use first-order definitions of
maximal elements and the set of limit ordinals in £ to iteratively determine
the coefficients in the Cantor normal form. The set of limit ordinals play a
role because if « = w"a,, + --- + wa,. then the Cantor normal form of the
set of limit ordinals strictly below o is @”'a,, + - - + w'ay + a;. 4

Since two ordinals are isomorphic if and only if they have the same Cantor
normal form, the following corollary is immediate.

COROLLARY 18. The isomorphism problem for automatic ordinals is decidable.
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We do not know whether the isomorphism problem for automatic linear
orders is decidable.

2.4. Word automatic trees. We now focus our interest on partial orders
which form trees. We begin with the following definition of trees.

DEFINITION 6. A (partial order) treeis A = (A; <) where < is a partial order
such that 4 has a <-least element and the set x | (the <-predecessors of x) is
linearly ordered and finite for all x € 4.

For any regular language L. if L is prefix-closed then the structure (L; <)
where =< is the prefix relation is a (word) automatic tree. The two most famous
such examples are the full binary tree ({0, 1}*; <) and the countably branching
tree <“ =2 ({0,1}* - 1; <). In the following, for a given tree 7 = (T; <) we
denote by 7, the subtree of 7 which is rooted at node x; that is, 7, is the tree
{yeT:x<yh<).

There is a natural connection between trees and topological spaces: given
a tree 7 = (T:<), define an associated topological space whose elements
are infinite paths of 7 and whose basic open sets are collections of infinite
paths defined by {P : x € P} for each x € T. Then the topological Cantor-
Bendixson rank transfers to trees in a straightforward way. As in the case
of linear orders, we can compute this rank via an iterative search for a fixed-
point. The derivative is defined to be d (7). the subtree of 7 containing all
nodes x € T such that x belongs to two distinct infinite paths of 7. The
derivative can be carried along the ordinals by letting d**'(7T) = d(d*(T))
and, for limit ordinals y. d”(7) = Ng<,d?(T). The first ordinal o for which
d®(T) = d**'(7) is called the Cantor-Bendixson rank of 7 and is denoted
by CB(7T). The proof of the following lemma gives some intuition about
Cantor-Bendixson ranks and is left to the reader.

LemmA 8. If a tree has only countably many paths, its Cantor-Bendixson rank
is 0 or a successor ordinal.

As in our discussion of linear orders, it is natural to look for low bounds on
the complexity of automatic trees. In particular, the Cantor-Bendixson ranks
of trees and linear orders are intimately connected. A linear order can be
associated with each automatic finitely branching tree. The Kleene-Brouwer
ordering of the tree 7 = (T; <) is given by x <gp, y if and only if x = y
or y < x or there are u,v,w € T such that v, w are immediate successors
of u and v <jy w and v < x and w < y. Note that the definition of the
Kleene-Brouwer order uses the length-lexicographic ordering inherited by 7'
as a subset of X* for some finite alphabet . It is not hard to see that the
Kleene-Brouwer order is a linear order. For example, the Kleene-Brouwer
order associated to the tree which has exactly two infinite paths (0* U 1*; <) is
isomorphic to Z~ + Z~. If 7 is an automatic tree then the relation <gp, is



THREE LECTURES ON AUTOMATIC STRUCTURES 161

first-order definable in it. Hence, the results in Subsection 2.3 imply that the
Kleene-Brouwer ordering of an automatic finitely branching tree is automatic.

LemMa 9 (Khoussainov, Rubin, and Stephan [34]). If T is an automatic
finitely branching tree with countably many paths then CB(T) = CB(KB7).

Proor. The outline of the proofis as follows; for details, see [34]. We claim
that if 7 is an automatic finitely branching tree with countably many paths
then KBy is scattered. Given any infinite path of 7, the linear order KB can
be expressed as a countable sum of linear orders which are either trivial or KBg
for S a subtree of 7. By induction, we will show that CB(7) = CB(KB7).
If CB(T) = 0 then it is empty so KBt is also empty and CB(KBr) = 0.
For the inductive step, we suppose that CB(7) = S + 1 and notice that the
subtree of 7 whose domainis X = {x € T : CB(7,) = B + 1} has a finite
and nonzero number of infinite paths. Each of these paths give rise to a sum
expression of KBr.. where CB(KB7z.) = f+ 1. Then KB7 is the sum of these
finitely many linear orders KBz, and so KB7 = f + 1 as well. -

The lemma above allows us to transfer the bound on Cantor-Bendixson
ranks of automatic linear orders to a bound on the Cantor-Bendixson ranks
of automatic finitely branching trees with countably many paths.

THEOREM 19 (Khoussainov, Rubin, and Stephan [34]). If 7T is an automatic
finitely branching tree with countably many paths then CB(T) is finite.

ProOOF. Suppose 7 is as above. Then KBy is also automatic. By Theo-
rem 18, CB(KB7) is finite. Lemma 9 then gives that CB(7T) is finite. =

We will improve Theorem 19 by weakening its hypotheses. Our goal is to
show that the Cantor-Bendixson rank of each automatic partial order tree is
finite.

TueorEM 20 (Khoussainov, Rubin, and Stephan [34]). If T is an automatic
finitely branching tree then CB(T) is finite.

ProoF. We consider two kinds of nodes on 7: those which lie on at most
countably many infinite paths, and those which lie on uncountably many
infinite paths. For each x which lies on at most countably many infinite
paths consider 7. the subtree of 7 rooted at x. Note that KBz, is an
interval of KBy for each x. By Lemma 9 and Theorem 18, CB(7,) =
CB(KB1.) < CB(KBT) = n for some n. Therefore, d"(7) contains only
nodes which lie on uncountably many infinite paths. In particular, this implies
that d"*1(7) = d"(T) so CB(T) = n. .

Finally, we remove the requirement that the tree is finitely branching.

THEOREM 21 (Khoussainov, Rubin, and Stephan [34]). If'T is an automatic
tree then CB(T) is finite.

PRrOOF. Given an automatic tree 7 = (7'; <), we consider a finitely branch-
ing tree which is first-order definable in 7" and whose Cantor-Bendixson rank
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is no less than that of 7. The tree 7’ has domain T and partial order <’
defined by

x<'y &= x<yVIIw xeSW) &w e SW) &x <por w&w < y ,

where S is the immediate successor function with respect to <. To picture
7', note that each node has at most two immediate successors: its <;,,-least
successor from 7', and its <y, -least sibling in 7. We can define a continuous
and injective map from the infinite paths of 7 to the infinite paths of 7".
Analysing the derivatives of 7 and 7" via this map leads to the conclusion
that CB(7T) < CB(T'). Applying Theorem 20 to 7', CB(T) is finite. 4

COROLLARY 19. An ordinal o is the Cantor-Bendixson rank of an automatic
(partial order) tree if and only if it is finite.

One of the most fundamental tools available for the study of finitely branch-
ing trees is Konig’s lemma: every finitely branching infinite tree has an infinite
path. It is natural to wonder whether such a result holds in the context
of automatic structures. There are several ways one can translate results
from mathematics to include feasibility constraints. For example, we can ask
whether every automatic finitely branching infinite tree has a regular infinite
path. A stronger result would be to find a regular relation which picks out the
infinite regular paths through automatic trees. We will now develop several
automatic versions of Konig’s lemma in this spirit. As a starting point, recall
Corollary 6 from page 147: every infinite automatic finitely branching tree
has a regular infinite path. A surprising feature of the landscape of automatic
structures is that a version of Konig’s lemma holds even when we remove the
finitely branching assumption.

THEOREM 22 (Khoussainov, Rubin, and Stephan [34]). If an infinite auto-
matic tree has an infinite path, it has a regular infinite path.

Proor. The first-order definition of an infinite path in Corollary 6 relied on
a definition of the set of nodes which lie on any infinite path. However, in the
context of trees which may have nodes with infinite degree, such a definition is
harder to find. To show that this set of nodes is regular, we define an auxiliary
Biichi recognizable set which tracks nodes on infinite paths. Our desired
regular set is then achieved via applications of the projection operation and
decoding of the Biichi automaton. For more details, see [34]. -

A full automatic version of Konig’s lemma would produce a regular relation
which codes all infinite paths through a given automatic tree. The following
theorem from [34] does just this.

THeEOREM 23 (Khoussainov, Rubin, and Stephan [34]). Given an automatic
tree T there is a regular relation R(x, y. z) satisfying the following properties:

— 3y3z R(x.y.z) <= 7T, has at most countably many infinite paths :
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— foreach y € X* and for each x such that T, has at most countably many
infinite paths. the set Ry, = {z : R(x.,y.z)} is either empty or is an
infinite path through T,; and

— for each x such that T, has at most countably many infinite paths, if o is
an infinite path through Ty then there is a y € X* such that R, , = a.

In this section and in the preceding one, we gave tight bounds on the
ranks and heights of automatic well-founded partial orders, trees, ordinals,
and partial order trees. Such bounds indicate that the level of complexity of
the structures in these classes is relatively low. However, it does not give us
concrete information on the members of these classes. In the next section, we
present classification theorems for various collections of automatic structures.

2.5. Word automatic Boolean algebras. We now use the results about nonau-
tomaticity from Subsection 2.2 to give a classification of word automatic
Boolean algebras. An atom of a Boolean algebra is a minimal non-0 ele-
ment. As we saw in Subsection 1.5, the Boolean algebra of finite and co-finite
subsets of w, B,, has a word automata presentation. For each n > 1, we
define B! to be the n-fold Cartesian product of 5,. Since finite Cartesian
products preserve automaticity, B/, is automatic. The main theorem of this
section says that each automatic Boolean algebra must be isomorphic to B! for
some 7.

THEOREM 24 (Khoussainov, Nies, Rubin, and Stephan [33]). 4 Boolean al-
gebra is word automatic if and only if it is isomorphic to B, for some n > 1.

The discussion above shows that any Boolean algebra isomorphic to 57, is
word automatic. We now prove the converse. Let B be an automatic Boolean
algebra. Assume for a contradiction that B is not isomorphic to any B},. We
will construct a set of elements of B which will contradict the Growth Lemma
for Monoids (Lemma 2 on page 152). To do so, we recall some terminology
for elements of Boolean algebras. We say that a,b € B are F-equivalent,
a =y b. if the element (a Ab) V (@ Ab) is a union of finitely many atoms of B.
Note that B/ = is itself a Boolean algebra. Moreover, B/ =f is automatic
because the equivalence relation =f is (FO 4 3°°) definable in B (Proposition
2 on page 144). Moreover, since B is not isomorphic to BY, for any n, B/ =f
is infinite. We call x € B infinite if there are infinitely many elements y € B
such that y A x = y (i.e. y < x in the partial order induced by the Boolean
algebra). We say that x splits yin Bif x Ay # 0and x Ay # 0. We call
X € B large if the =f equivalence class of x is not a finite union of atoms of
the quotient algebra. The following lemma collects properties of infinite and
large elements of a Boolean algebra.

Lemma 10. If y is large then there is x that splits y such that y N x is large
and y N\ X is infinite. If y is infinite then there is x that splits y such that either
X Ay is infinite or X A y is infinite.
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We use Lemma 10 to inductively define a sequence of trees {7, } whose nodes
are binary strings. To each node ¢ of the tree 7, we associate an element b,
of the Boolean algebra. We denote the set of elements of B associated to the
leaves of the tree 7, by X,. At each step of the induction, we verify that the
following properties hold:

There is a leaf ¢ € 7, such that b, is large in B.

— There are n leaves gy, . ..., € 7, such that b, is infinite.
— The tree 7, has as least “ ”“) many leaves.

If ¢ and 7 are distinct leaves of 7,. by Nb; = 0.

The base tree is Ty = {4} (where A is the empty binary string) and b; = 1.
Given 7,, we define 7, | as the extension of 7, obtained by doing the following
for each leaf ¢ € 7,,. If b, is large. let a € B be the length lexicographically
first element that splits b, such that both b, A a and b, A a are infinite and
one of them is large. Such an a exists by Lemma 10. Add ¢0 and o1 to
Tn41 (as leaves) and let b,g = b, A a and b,y = b, A a. If b, is one of the n
leaves from 7, for which b, is infinite but is not large, let ¢ € B be the length
lexicographically first element of B that splits b, such that one of b, A a and
b, N a is infinite. Again, this a exists by Lemma 10. Add ¢0 and o1 to 7,
and let b,0 = b, A a and b,; = b, A a. For any leaf ¢ € 7, that does not fall
into either of these cases, let ¢ € 7, also be a leaf.

The first induction hypothesis holds for 7, because any leaf in 7, asso-
ciated to a large element in B is extended by at least one node associated
to a large element in B. Likewise, the second hypothesis is preserved be-
cause each of the » nodes associated to infinite elements are extended by a
node associated to an infinite element, plus the node associated to a large
element is extended by a node associated to an infinite element. The third
hypothesis holds because at least n + 1 leaves of 7, are replaced by two leaves
each, so if 7, has at least “ ”2+ D leaves then 7T,+1 has at least M many
leaves. Finally, the last hypothesis is preserved because if ¢ € 7, is a leaf,
tAbgANa)=(tAb;)Na=0Aa=0.

Each clause in the inductive definition can be formalized in (FO + 3%).
Hence, for all n, 7, is word automatic. In particular, the functions f, 7 :
X, — X, which map fo(b,) = bso and f(b,) = b, have regular graphs.
Therefore, the Constant Growth Lemma (Lemma 1 on page 152) implies that
there are constants Cy, C; such that

|bso| < |bs| + Co and |bs1| < |bs| + Ci.

In particular, there is a constant C, such that for all x € X,,, [x| < C, - n
In other words. X, C . Lemma 2 then gives that the Boolean algebra
generated by X, is also a subset of 22" and therefore has at most 20"
elements. On the other hand, since there are at least "("H) many leaves in 7,
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and distinct leaves yield disjoint elements of X),, the Boolean algebra generated
by X, has size at least 2*+" . This is a contradiction, and proves Theorem 24.
The classification of Boolean algebras in Theorem 24 gives rise to an algo-

rithm solving the isomorphism problem for automatic Boolean algebras.

COROLLARY 20. [t is decidable whether two automatic Boolean algebras are
isomorphic.

Proor. By Theorem 24, two automatic Boolean algebras are isomorphic if
and only if they are isomorphic to B” for the same n. Given an automata
presentation of a Boolean algebra, it satisfies the first-order expressible prop-
erty “there are n disjoint elements each with infinitely many atoms below, and
for each m > n there aren’t m disjoint elements each with infinitely many
atoms below them” if and only if it is isomorphic to B/,. To decide if two
automatic Boolean algebras B, B, are isomorphic, search for n; and n, such
that B; = B! and B, = B> and then reply “yes” if and only if n; = n,. -

We have seen explicit descriptions for which ordinals and which Boolean
algebras have automata presentations. We have also seen theorems which
give conditions on invariants (ordinal height, Cantor-Bendixson rank) of
structures with automatic presentations. In the following subsection, we will
continue to accumulate results of both kinds.

2.6. Word automatic finitely generated groups. We now turn to finitely gen-
erated groups which have automata presentations. As in the previous subsec-
tions, we consider only word automata presentations. Recall that a groupis a
structure (G; -, - e¢) where the group operation is associative and the inverse
behaves as expected with respect to the identity. In Subsection 1.5, we saw that
finitely generated abelian (commutative) groups have automata presentations.
In Subsection 2.2, we saw that the free group F (n) with n > 1 is not automatic.
These two examples represent extreme behaviours with respect to automata.
We now work towards finding the exact boundary between automaticity and
nonautomaticity for groups.

Recall that a subgroup is a subset of a group which is itself a group; the
index of a subgroup is the number of left cosets of the subgroup. A good
introduction to basic group theory is [50].

DEFINITION 7. A group is virtually abelian if it has an abelian subgroup of
finite index. Similarly, for any property X of groups, we say that a group is
virtually X if it has a subgroup of finite index which has property X.

DEFINITION 8. A group is torsion-free if the only element of finite order (the
least number of times it must be multiplied by itself to yield the identity) is the
identity. A subgroup N of G is normal if for alla € G, aN = Na.

The following basic fact from group theory will play a key part in our
analysis of automata presentable finitely generated groups. It says that the
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abelian subgroup of a virtually abelian finitely generated group can be assumed
to have a special form.

Fact 25. Every virtually abelian finitely generated group has a torsion-free
normal abelian subgroup of finite index.

We are now ready to prove that each member of a large class of finitely
generated groups has an automata presentation. This lemma significantly
extends Example 15 which dealt with abelian finitely generated groups.

Lemma 11. Any virtually abelian finitely generated group is automatic.
PrOOF. Let G be a virtually abelian finitely generated group. By Fact 25, let

N = (x1,...,x;) be an abelian torsion-free normal subgroup of finite index
of G. Thus, there are a;.....a, € G such that G = U]_,a;N. Since N is
normal, forany j = 1,...,n there are 4, ..., h € N such that
xia; = ajh = ajx:m.l(j) . xl’(”k.l(j), xeay = ajhy = aijn]‘k(j) . xll:?k.k(j)_
Moreover, there are functions f : {1,....n}> — {l,....n},h: {1.....n}> —
N.andmy : {1.....n}> = N (1 < £ < k) such that

aa; = agphlij) = agg "7t

For each g € G thereis h € N andi € 1,....n so that g = a;h =
a;xi"---x". Therefore, we can express the product of two elements of
the group as

qr+m (. j)+E5_; pern1 ()

P1
xl ...

a;x! Pk, q

. . L— .
Cr X a;xy X = Ay

qr+m (i) +Z5_ peri ()
. xk

Expressing group multiplication in this way is well-suited to automata opera-
tions and leads to an automata presentation of G. -

In fact, [46] contains the following theorem which shows that the class of
virtually abelian finitely generated groups coincides exactly with the class of
automata presentable finitely generated groups.

THEOREM 26 (Oliver and Thomas [46]). A finitely generated group is auto-
matic if and only if the group is virtually abelian.

To prove Theorem 26, it remains to prove only one direction of the classi-
fication. We will use several definitions and facts from group theory to prove
this direction (cf. [22, 49, 45]).

DEFINITION 9. The commutator of a group G is the set
[G.Gl= [g.hl=g 'h'gh:g.heG .

The powers of a group are defined inductively as G = G and G**! = [G.. Gi].
The group G is solvable if there is some n such that G” = {e}. The maps yy
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are defined inductively by

10(G) =G, p41(G) = [7(Gy). Gl.
The group G is nilpotent if y,(G) = {e} for some n.

Fact 27. If G is nilpotent then G is solvable.

The following theorems of group theory relate algorithmic and growth
properties of a group to the group theoretic notions defined above. These
theorems are instrumental in proving Theorem 26 since we understand the
algorithmic and growth properties of groups with automata presentations.
Note that a finitely generated group is said to have polynomial growth if the size
of the n™" generation (G,) of the set of generators of the group is polynomial in
n (recall the definition of the generations of a structure from Subsection 2.2).

THEOREM 28 (Gromov [22]). If a finitely generated group has polynomial
growth then it is virtually nilpotent.

THEOREM 29 (Romanovskii [49]; Noskov [45]). A virtually solvable group has
a decidable first-order theory if and only if it is virtually abelian.

PrOOF OF THEOREM 26. Let G be an automatic finitely generated group.
Suppose G = (ay.....ay). By the generation lemma for monoids (Lemma 2
onpage 152). foreachn. G,({ai.....a;}) C Z€°¢" Therefore. |G,({a;.....
a;})| < n¢, and so G has polynomial growth. By Gromov’s theorem, G is
virtually nilpotent, hence Fact 27 implies that it is virtually solvable. Since G
is automatic, it has a decidable first-order theory. Hence, Romanovskii and
Noskov’s theorem implies that G is virtually abelian, as required. -

We have just seen a complete description of the finitely generated groups
which have word automata presentations. In the Boolean algebra case, such
a description led to an algorithm for the isomorphism question. However,
whether such an algorithm exists in the current context is still an open question:
is the isomorphism problem for automatic finitely generated groups decidable?

Many other questions can be asked about automata presentations for
groups. For example, we might shift our attention away from finitely generated
groups and ask whether the isomorphism problem for automatic torsion-free
abelian groups is decidable. A question in this vein which has generated inter-
est is whether (Q; +) has a word automata presentation; Tsankov has recently
announced that (Q; 4) is not an automatic structure. More details about the
current state of the art in automata presentable groups may be found in the
survey paper [44].

§3. Complicated structures.

3.1. Scott ranks of word automatic structures. In the previous lecture we
saw positive characterization results and relatively low tight bounds on classes
of automatic structures. In particular, we saw that w is the tight bound on the
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Cantor-Bendixson ranks of automatic partial order trees, and that w® is the
tight bound on the ordinal heights of automatic well-founded relations. We
will now prove results at the opposite end of the spectrum: results that say
that automatic structures can have arbitrarily high complexity in some sense.
This will have complexity theoretic implications on the isomorphism problem
for the class of automatic structures.

We begin by recalling an additional notion of rank for the class of countable
structures. This Scott rank was introduced in [54] in the context of Scott’s
famous isomorphism theorem for countable structures.

DEerNITION 10. Given a countable structure A, for tuples ab e A" we
define the following equivalence relations.

— a =" b if @ and b satisfy the same quantifier free sentences,
— forordinal @ > 0, @ =* b if for all § < a. for each tuple ¢ there is a tuple
d such that @, ¢ = b, d and for each tuple d there is a tuple  such that
a.c=lb.d.
The Scott rank of tuple a is the least § such that forallb € 4", a = b implies
(A.a) = (A.b). The Scott rank of the structure A, denoted SR(A), is the
least ordinal greater than the Scott ranks of all tuples of A.

The Scott rank was extensively studied in the context of computable model
theory. In particular, Nadel [42] and Harrison [24] showed that the tight upper
bound for the Scott rank of computable structures is X + 1. Recall that
is the first uncomputable ordinal; that is, it is the least ordinal which is not
isomorphic to a computable well-ordering of the natural numbers. However,
most common examples of automatic structures have low Scott ranks. The
following theorem from [30] proves that automatic structures have the same
tight upper bound on the Scott rank as computable structures.

THEOREM 30 (Khoussainov and Minnes [30]). For eacha < o X +1, there
is an automatic structure with Scott rank at least oc. Moreover, there is an
automatic structure with Scott rank XK.

Proof. We outline the idea of the proof. The main thrust of the argument is
the transformation of a given computable structure to an automatic structure
which has similar Scott rank. Let C = (C;Ri,....R,,) be a computable
structure. For simplicity in this proof sketch, we assume m = 1 and that
C = =* for some finite X. Let A be a Turing machine computing the relation
R. The configuration space Conf (N) of the machine N is a graph whose
nodes encode configurations of N and where there is an edge between two
nodes if V has an instruction which takes it in one step from the configuration
represented by one node to that of the other (see Example 11 on page 142).
Recall that Con f (N) is an automatic structure. We call a deterministic Turing
machine reversible if its configuration space is well-founded; that is, it consists
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only of finite chains or chains of type w. The following lemma from [5] allows
us to restrict our attention to reversible Turing machines.

LemMA 12 (Bennett [5]). Any deterministic Turing machine may be simu-
lated by a reversible Turing machine.

Without loss of generality, we assume that A/ is a reversible Turing machine
which haltsif and only if its outputis “yes” . We classify the chainsin Con f (N')
into three types: terminating computation chains are finite chains whose base
is a valid initial configuration, nonterminating computation chains are infinite
chains whose base is a valid initial configuration, and unproductive chains are
chains whose base is not a valid initial configuration. We perform the following
smoothing operations to Con f (N) in order to capture the isomorphism type
of C within the new automatic structure. Note that each of these smoothing
steps preserves automaticity. First, we add infinitely many copies of @ chains
and finite chains of every finite size. Also, we connect to each base of a
computation chain a structure which consists of infinitely many chains of
each finite length. Finally, we connect representations of each tuple x in C to
the initial configuration of A/ given X as input. We call the resulting automatic
graph A. The following lemma can be proved using the defining equivalence
relations of Scott rank and reflects the idea that the automatic graph contains
witnesses to many properties of the computable structure.

Lemma 13. SR(C) < SR(A) <2+ SR(C).

At this point, we have a tight connection between Scott ranks of automatic
and computable structures. The following lemmas from [21] and [37] describe
the Scott ranks that are realized by computable structures,

LemMA 14 (Goncharov and Knight [21]). For each computable ordinal o <
oK, there is a computable structure whose Scott rank is above c.

Lemma 15 (Knight and Millar [37]). There is a computable structure with
Scott rank oX.

We apply Lemma 13 to Lemmas 14 and 15 to produce automatic structures
with Scott ranks above every computable ordinal and at wICK . To produce
an automatic structure with Scott rank w® + 1, we apply Lemma 13 to

Harrison’s ordering from [24]. This concludes the proof of Theorem 30. -

CoRrOLLARY 21 (Khoussainov, Rubin, Nies, and Stephan [33]). The isomor-
phism problem for automatic structures is }-complete.

ProoF. In the proof of Theorem 30, the transformation of computable
structures to automatic structures preserves isomorphism types. Hence, the
isomorphism problem for computable structures is reduced to that for au-
tomatic structures. Since the isomorphism problem for computable struc-
tures is X}-complete, the isomorphism problem for automatic structures is
T!-complete as well. 8
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3.2. More high bounds for word automatic structures. The previous sub-
section contained an example where the behaviour of automatic structures
matched that exhibited by the class of computable structures. The techniques
of Theorem 30 can be used to obtain similar results in a couple of other con-
texts. We first revisit the idea of automatic trees, introduced in Subsection 2.4.
In that subsection, we saw that all automatic partial order trees have finite
Cantor-Bendixson rank (Theorem 21 on page 161). Consider now a different
viewpoint of trees.

DEFINITION 11. A successor tree is A = (A4; S) where, if < is the transitive
closure of S, then (4; <g) is a partial order tree.

Observe that the successor tree associated with a given partial order tree is
first-order definable in the partial order tree. Hence, Corollary 3 (page 146)
implies that any automatic partial order tree is an automatic successor tree.
However, the inclusion is strict: the following theorem from [30] shows that
the class of automatic successor trees is far richer than the class of automatic
partial order trees.

TueoREM 31 (Khoussainov and Minnes [30]). For each computable ordinal
a < oK there is an automatic successor tree of Cantor-Bendixson rank o.

The proof of Theorem 31 utilizes the configuration spaces of Turing ma-
chines, as in the proof of Theorem 30. Another setting in which these tools
are useful is that of well-founded relations (see [30]). In Subsection 2.3, we
proved that automatic well-founded partial orders have ordinal heights below
w®. If we relax the requirement that the relation be a partial order, we can
attain much higher ordinal heights.

TueoREM 32 (Khoussainov and Minnes [30]). For each computable ordinal
a < oK there is an automatic well-founded relation whose ordinal height is at
least o.

Theorem 32 answers a question posed by Moshe Vardi in the context of
program termination. Given a program P, we say that the program is termi-
nating if every computation of P from an initial state is finite. If there is a
computation from a state x to y then we say that y is reachable from x. Thus,
the program is terminating if the collection of all states reachable from the
initial state is a well-founded set. Vardi asked whether the ordinal height of
the state space of a terminating program has a low bound. The connection
between well-foundedness and program termination is explored further in [6].

3.3. Borel structures. Most of Lectures 2 and 3 so far dealt exclusively
with word automatic structures. To conclude this lecture, we turn again
to automata on infinite strings (Biichi automata) and infinite trees (Rabin
automata). Recall from Subsection 2.1 that word automatic structures are a
strict subset of tree automatic structures. We would like a similar separation
between Biichi automatic structures and Rabin automatic structures. To arrive
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at such a separation, we recall a complexity hierarchy of sets from descriptive
set theory (a good reference is [28]).

DEerINITION 12. A set is called Borel in a given topology if it is a member of
the smallest class of sets which contains all open sets and closed sets and is
closed under countable unions and countable intersections.

In the context of automatic structures, we have an underlying topology
which depends on the objects being processed by the automata. If the input
objects are infinite binary strings (as in the case of Biichi automata), the basic
open sets of the topology are defined as

[]l= a€{0,1}”:0 <a

for each finite string ¢. Based on this topology, we have the following
definition.

DEFINITION 13. A structure is Borel if its domain and basic relations are
Borel sets.

Fact 33. Every Biichi automatic structure is Borel.

We can use Fact 33 to prove that not all Rabin automatic structures are
recognizable by Biichi automata. [26] contains the following theorem about
Rabin automatic structures.

TueEOREM 34 (Hjorth, Khoussainov, Montalban, and Nies [26]). There is a
Rabin automatic structure that is not Borel and, therefore, is not Biichi automatic.

Proor. Consider the set of labelled trees
V = (7.v) : each path through 7 has finitely many 1s .

It is easy to see that J is Rabin recognizable. However, it is not Borel:
consider the embedding of w<® into 7 which takes n; - - - ny to 1010, .. 1",
The pre-image of V' is the set of trees in w<“ which have no infinite path.
This set is an archetypal example of a nonBorel set, and hence V' is not
Borel. We will now transfer this example to the setting of structures by coding
V' into a Rabin automatic structure. The domain of this structure is the
class of {0, 1}-labelled trees (7, v). The structure has two unary predicates:
S = {(7.v) : there is a unique x for which v(x) = 1}, and V' as above. In
addition, the structure contains two unary functions Sé, S{ which mimic the
operations on 7. Then (D; S. V. S{. S|) is Rabin automatic. But, if it had a
Borel copy then V' would be Borel, and so the structure is not Borel. Thus,
we have a Rabin automatic structure that is not Biichi automatic. -

We conclude these lectures by proving Theorem 6 from Subsection 1.4
(page 144). To do so, we need to exhibit a Biichi automatic structure and a
Biichi recognizable equivalence relation such that their quotient is not Biichi
recognizable. By Fact 33, it suffices to show that the quotient is not Borel. We
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will use the following well-known fact from descriptive set theory (see [25] for
a survey of relevant results in this area). Recall that for X, Y C AN, X =% Y
means that X and Y agree except at finitely many points.

Facr 35. There is no Borel function F : P(N') — {0, 1} such that for all
X.YCN X =Yifandonlyif F(X) = F(Y)

Proor oF THEOREM 6. The structure we will consider is an expansion of
the disjoint union of two familiar structures. Let B = (P(NV): C) and B* =
(P(N)/ =*: <). We will study the disjoint of union of B and B* along with a
unary relation U(x) satisfying U(x) <= x € P(N) and a binary relation
R(x. y) interpreted as the canonical projection of P(N) into P(N)/ =*.

Suppose that By = (By:<y) and B; = (B;;<;) are two disjoint Biichi
automatic presentations of B = (P(N):C). Let U° pick out By and R°
be the bijection from By to B; which acts like the identity on P(A). Then
A= (ByU By: <o U <1, U% RY) is a Biichi recognizable structure. We define
the equivalence relation

X, yeE B &x=y

E(x.y) <
(x. ) X, yEB &x ="y

It is not hard to see that E(x, y) is Biichi recognizable given that By and B
are. Observe that A/E = (P(N) UPWN)/ =*:<, U R).

Assume for a contradiction that A/E has a Biichi automata presentation.
By Fact 33, this implies that A/E has a Borel presentation C = (C; <€,
UC RC). Let ® : A/JE — C be an isomorphism and G : By — C be
the restriction of @ to By. The following lemma tells us that G is a Borel
function.

Lemma 16. If S = (S:<). &' = (S':<') are Biichi structures and E, E’
are Biichi equivalence relations such that S/E.S'/E' = (P(N):C) then if
Y : S/E — S'/E' is an isomorphism, graph(¥) = {(x.y) € S x S’ :
®([x]g) = [y]e} is Borel.

To prove the lemma, it suffices to show that graph(¥) is a countable in-
tersection of Borel sets. Recall that (P(A\); C) can be viewed as a Boolean
algebra whose atoms are singleton sets {n} for n € N. Let {[a,]g : n €
N} be a list of atoms of S/E and let b, € S’ be such that ¥([a,]r) =
[bu]g’- Since W is an isomorphism of Boolean algebras, for any x € S,
yes’

Y([xlg) =g <= Vna, <x < b, <" y.

Because S, 8’ are Biichi structures, the relations a, < x and b, <’ y are Borel
and we have a Borel definition for ¥([x]g) = [v]z/. The lemma is now proved
and we return to the proof of Theorem 6.
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The function G : By — C satisfies the hypotheses of the above lemma and
hence is Borel. We define the map F = R’ o G from By = P(N) to C. Note
that since F is the composition of Borels, it is Borel. Moreover, for any
XYCN

X=Y < R°X)=R%Y) < ®(R" (X)) =R (Y))
— R(G(X))=R'(G(Y)) < F(X)=F(Y).

contradicting Fact 35. -

84. Conclusion. These lectures have surveyed word automatic structures,
Biichi automatic structures, tree automatic structures, and Rabin structures.
Our emphasis has been on the interactions between these structures, various
logics, and algorithmic issues. This area of research is vibrant and growing.
Some current lines of investigation include studying the isomorphism problem
for mathematically meaningful classes of objects (is the isomorphism problem
for word automatic linear orders decidable? for word automatic groups?) and
classifications of Biichi automatic and tree automatic structures.
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PILLAY’S CONJECTURE AND ITS SOLUTION—A SURVEY

YA'ACOV PETERZIL

§1. Introduction. These notes were originally written for a tutorial I gave
in a Modnet Summer meeting which took place in Oxford 2006. I later
gave a similar tutorial in the Wroclaw Logic colloquium 2007. The goal
was to survey recent work in model theory of o-minimal structures, centered
around the solution to a beautiful conjecture of Pillay on definable groups
in o-minimal structures. The conjecture (which is now a theorem in most
interesting cases) suggested a connection between arbitrary definable groups
in o-minimal structures and compact real Lie groups.

All the results discussed here have already appeared in print (mainly [34, 8,
28, 18]). The goal of the notes is to put the results together and to provide
a direct path through the proof of the conjecture, avoiding side-tracks and
generalizations which are not needed for the proof. This is especially true
for the last paper in the list [18] which was often written with an eye towards
generalizations far beyond o-minimality.

The last section of this paper has gone through substantial changes in the
final stages of the writing. Originally, it contained several open questions and
conjectures which arose during the work on Pillay’s Conjecture. However,
most of these questions were recently answered in a paper of Hrushovski
and Pillay, [20], in which the so-called Compact Domination Conjecture has
been solved. In another paper, [27], the assumptions for Pillay’s Conjecture
were weakened from o-minimal expansions of real closed fields to o-minimal
expansions of groups. These recent results are now briefly discussed here. 1
also list some related work which appeared since the original conjecture was
formulated.

The paper is aimed for readers who are familiar with the basic model
theoretic language and with the introductory definitions of o-minimality (for
more on o-minimality, see v. d. Dries’ book. [38]).

§2. A motivating example and the conjecture. Before stating Pillay’s con-
jecture, with all its technical terminology, let’s consider the main motivating
example.
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Consider the group:

a b
—b

G is isomorphic, as a Lie group, to the circle group. Namely,
GT'={zecC:|z|=1}.

with its complex field-multiplication. Both groups, together with their group
operations and the isomorphism between them, are definable in the real field
R = (R, <. +.-.0, 1), so from a model theoretic view-point they are equivalent
to each other.

Consider now a k-saturated real closed field R > R (k large). We write
G (R) for the realization of G in R. Namely, G(R) = SO(2,R).

Because SO(2,R) is a compact group the standard-part mapping, which
sends every element of R of “finite” size to its nearest real element, induces a
group-homomorphism sz : SO(2,R) — SO(2.R), defined by:

G =SO(2.R) = e GL2.R): a*+b* =1

a b st(a) st(b)
St b a st(=b) st(a)
We have
ker(st)=u(l)= {A:|A—-1I|<1/n},
neN

the intersection of countably many definable sets in R.

One says in this case that ker(st) is type-definable. i.c., it can be written as
the intersection of less than x-many definable sets.

A-priori, the map st(g) is just an abstract group homomorphism. The first
observation of Pillay, [34], establishes a connection between definability in
G (R) and the Euclidean topology on G:

Two topologies on G (R)/u(I). We identify G(R)/u(I) with SO(2,R) and
denote by the E-topology its standard Euclidean topology. We also define
another topology on this quotient, called the Logic topology (L-topology),
by: F C SO(2.R) is L-closed iff st='(F) C G(R) is type-definable in the
ordered field structure on R.

Logical compactness, together with the saturation of R relative to the size of
SO(2,R)/u(I)imply (see[34]) that the L-topology is compact and Hausdorf.

FacT 2.1. A set F C SO(2.R) is E-closed if and only if it is L-closed.

Proor. Because both topologies are compact and Hausdorff it is sufficient
to prove only one of the two implications.

Assume that F C SO(2,R) is closed in the Euclidean topology. We will
show that st~ (F) is type-definable.

Because F C SO(2,R) is compact, for every g € SO(2,R)\ F there is
ng € N such that the distance between g and F is > 1/n,.
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Cramm. st~ (F) = p(R) for the type:
p(x) ={x € SO2.R)&I|x —g|>1/n, : g€ SO2.R)\ F}.

Indeed, assume that s¢(h) = g’ € F. Then, for every g € SO(2,R) \ F,
we have |g’ — g| > 1/ng. Because / is infinitesimally close to g’ we have
|h — g| > 1/n,. Hence, h = p(x).

For the opposite inclusion, assume that # ¢ st~!'(F). It follows that
st(h) = g € SO(2.R) \ F, and therefore |h — g| < 1/ng. and h ¢ p(R).

REMARKS. 1. The type p(x) defining st ~!(F) is parameterized by a sub-
set of SO(2.R) hence uses at most 2%0-many formulas. Moreover, the
type is given uniformly, namely there is a fixed formula ¢ (x, y) such that
all formulas in p are of the form ¢(x. b) for varying b’s. As we will see
later on, this plays an important role in the general theory.

2. The quotient group G(R)/u(I) (~ SO(2,R)) is independent of the
structure R. l.e. every coset, even in elementary extensions of R, is
already represented in R. Insuch a case u([) is said to have bounded index
in G. An equivalent condition is that the cardinality of G(R)/u(I) is
smaller than & (recall that R is k-saturated). Note that if H is a definable
subgroup of G of bounded index then the quotient is necessarily finite.

An example of a type-definable subgroup which is not of bounded
index is the infinitesimal subgroup u(0) of (R, <. +). The quotient in
this case is not (R, +) because as we extend R to elementary extensions
one can realize more and more elements which are not infinitesimally
close to each other.

3. The Logic topology on G(R)/u(I) is not the quotient topology with
respect to the topology of the real closed field, because u(I) is open in
this topology (so the quotient topology is discrete).

4. As was pointed out by Zil’ber, one can carry out the above process
starting with any compact Hausdorff topological space X, instead of
SO(2,R), as long as a definable basis for the topology is uniformly
definable. In this case, if we consider an elementary extension X * of X
then 7 : X* — X is defined by: n(x) = the unique y € X such that
every X -definable open set containing y also contains x.

Generalizing the example. Assume now that we move in the opposite direc-
tion. Namely, we start with an arbitrary group G definable in an arbitrary
(sufficiently saturated) o-minimal structure. The goal is to associate to G a
compact real Lie group H and a surjective group-homomorphismz : G — H
whose kernel is type-definable, such that the logic topology agrees with the
Euclidean topology on H. Ideally, H should capture certain properties of G,
such as dimension, the structure of torsion points, cohomological structure
and elementary theory. This is the idea behind Pillay’s Conjecture.
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Before stating the conjecture in full we need to review some topological
concepts in the theory of definable groups in o-minimal structures:

Assume that M = (M, <, ---) is an o-minimal structure. M is an ordered
structure and as such it is a topological space. The cartesian products of M
admit the product topology. Now, if G is a definable group in M whose
universe is a subset of M" then the set G inherits the subspace topology
from M" but this might not be compatible with the group operation on G.
(Consider for example, the interval [0, 1) in R, with addition mod 1. This is
a definable group in the real field but the group operation is not continuous
with respect to the real topology).

A fundamental theorem of Pillay, [33], says: Let (G, -) be definable group
whose underlying set G is a subset of M". Then there exists a topology t on
G with the properties:

(1) For all g € G outside a definable set of small dimension, if {U, : s € S}
is a basis for the open neighborhoods of g in M" then {h - U; : s € S,h € G}
is a basis for 7.

(2) G. together with 7, is a topological group. Namely, the group operation,
and the group-inverse map are continuous with respect to 7.

It is easy to see that any two topologies satisfying (1) and (2) are equal and
hence we sometimes call T the group topology. Actually, Pillay proves a much
stronger result, as he shows that G can be covered by finitely many z-open sets,
each definably homeomorphic to an open subset of M* for some fixed k (the
o-minimal dimension of G'). This implies for example, that just like definable
sets in the o-minimal topology, every definable subset of G has finitely many
definably 7-connected components (a set is called definably t-connected if it
not contained the disjoint union of two non-empty definable T open sets).

It turns out, [38]. that if M expands a real closed field then every definable
group G is definably homeomorphic (with its z-topology) to a definable group
H C M", for some r, such that the topology on H is the subspace topology.
We call such a group H an affinely embedded group.

Definable compactness. If one works in a sufficiently saturated o-minimal
structure M then the underlying topology on M" is very far from being locally
compact. In fact, it is not difficult to see that no infinite definable subset of
M is compact. Also, sequences are quite useless in this setting since the only
converging sequences are those which are eventually constant.

What should be then the correct analogue of compactness? The first attempt
is to restrict oneself to definable covers of open sets. However, this fails as the
following example shows:

Consider the interval [0, 1] in a nonstandard real closed field R, and take
a € R to be a positive infinitesimal. The family

U={(x—a.x+a):xe[0,1]}

is a definable open cover but it has no finite subcover.
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So, instead of using either open covers or converging sequences, we use
“converging” definable curves (see [32]):

DEeFINITION 2.2. A definable group G is definably compact if every definable
continuous f : (a.b) — G has a limit point in G (with respect to the z-
topology). as ¢ tends to either a or b in M.

Examples of definably compact groups. 1. If G C M" is an affinely embed-
ded group then G is definably compact if and only if it is closed and bounded.
In particular, if we work over R, the notions of definable compactness and
compactness are the same for definable groups.

2. Compact real Lie groups are definably compact in any o-minimal struc-
ture in which they are definable.

3. If A is an abelian variety over a real closed field R then A(R) = the set
of R-points of A4, is definably compact.

4. The interval [0, @), in any ordered divisible abelian group, with addition
mod a is definably compact.

As a result of the work on Pillay’s conjecture, and mainly as a result of
the work of Dolich, [10]. one obtains an equivalent definition for definable
compactness, in terms of open covers:

Fact 2.3.[28] G is definably compact if and only if every uniformly definable
open cover of G which is parameterized by a complete type, has a finite sub-cover.

Pillay’s Conjecture. We are now ready to state Pillay’s conjecture in full:

Pillay’s Conjecture PC [34]. Let G be a definable group in a k-saturated
o-minimal structure M (large x). Then:

(1) G hasaminimal (minimum) type-definable normal subgroup of bounded
index, call it G%.

(2) G/G™, equipped with the Logic topology. is isomorphic, as a topological
group, to a compact Real Lie group.

(3) If G is definably compact then

dimz;(G/G™) = dimy(G).

The beauty of this conjecture is that it offers a surprising connection between
the pure lattice of definable sets in definable groups in o-minimal structures and
Real Lie groups. It implies that every definably compact group in an o-minimal
(large) structure has a homomorphism onto a canonical Real Lie group that is
associated to it. The pull-back under this homomorphism of every Euclidean
closed set is type-definable and vice-versa. Such quotients are called in Model
Theory “hyper-imaginaries” (in contrast to standard imaginaries, which are
quotients of definable sets by definable equivalence relations).

Some examples.

(1) Let G be an elementary extension of a compact Lie group H (the group
H can be realized, say, as a real algebraic group). Then, as in the case
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of SO(2.R), the group G% isjust u(e)N G and G/G*® ~ H (where u(e)
is the infinitesimal neighborhood of the identity element ¢ € G, in the
sense of the real closed field in which G is realized). If G is definably
isomorphic in M to such a group we say that G has very good reduction.

In these examples the choice of G% is determined by the infinitesimals
of the associated saturated real closed field R, i.e. by the valuation ring
of R. This is not the case in the next example.

(2) Consider a sufficiently saturated real closed field R, o a positive infini-
tesimal element, and let G = ([0, @), + mod «). In this case the whole
of G is contained in the kernel of the standard part map, so we need to
use an “internal” notion of valuation:

G"= ge[0,a):VneN g<oz/n\/oz—%<g<oz

and G/G™, as a Lie group is again SO(2, R).

(3) G = (R.+) (R areal closed field). In this case G® = G, so G/GY is
trivial.

(4) A non-elementary example: Take 4(R) to be the R-points of an abelian
variety A defined over a real closed field R, dimA4 = n, and let G =
A(R)? be its semi-algebraic connected component. By PC, there exists
a homomorphism from G onto an n-dimensional real torus T”, whose
kernel is type-definable in R, and such that the logic topology agrees
with the Euclidean topology on T”.

The current status of PC. The existence of G%, and the fact that G/G" is
a Lie group was proven in [8] without any restrictions on the structure M.
PC is now proven in full when M expands a real closed field (the last step in
the proof is in [18]). PC was also proved in the case when M is an ordered
vector space over an ordered division ring, [24], [15], and as a result also in
o-minimal expansions of ordered groups, [27] (see Section 11 for these latest
updates).

It is still unknown whether PC holds in arbitrary o-minimal structures. As
we will point out, the only obstacle here is the understanding of torsion points
in definably compact groups in such structures.

83. A sketch of the proof. Because the proof of Pillay’s Conjecture has
several components, coming from different papers, we use this section to
outline its proof. Details will be given in subsequent sections.

Assume that G is a definable group in an o-minimal structure M.

In Section 4 it is explained why G necessarily exists. Moreover. it is
shown that G has no infinite descending chain of type-definable subgroups of
bounded index, and therefore, by Pillay’s original paper, [34]. G/G* with its
Logic topology is isomorphic to a compact real Lie group.
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It is also established there that if G is abelian then G is divisible and
furthermore every type-definable subgroup of G which is torsion-free and of
bounded index must equal G% (later on it will be shown that G% itself is
torsion-free as well). This section is based on the work with Berarducci, Otero
and Pillay, [8].

It is now left to prove that for a definably compact group G, the Lie group
dimension of G/G" equals the o-minimal dimension of G. This is done as
follows:

The abelian case

Step 1: G is torsion-free:

Given a definable X C G. the type-definable set Stab,,(X) C G is defined
to be the collection of all g € G such that the symmetric difference X AgX is
non-generic in G. The results in Section 5, based on the work with Pillay, [28]
and on work of Dolich, [10], show that Stab,, (X ) is actually a subgroup of G.

In Section 6 it is proved that Stab,,(X) is a subgroup of bounded index
and hence contains the minimal such group G%. This section uses the fact
that o-minimal structures have the Non Independence Property. The notion
of measure comes in as well and in particular the fact that every abelian group
is amenable and thus admits a left invariant, finitely additive, real valued
probability measure. The results here are based on the work with Hrushovski
and Pillay, [18]. which itself uses ideas of Keisler, [21].

Given n € N, one uses the fact that there are only finitely many z-torsion
elements for every n (see Strzebonski, [37]) and Definable Choice to obtain a
definable X,, C G with Stabng(Xn) containing no n-torsion points. Because
every Stab(X,) contains G it follows that G is torsion-free.

Step 2: dimz,;.(G/G®) = dim G.

(See Section 7). This is based on the work of Edmundo and Otero, [13].
on the torsion subgroup of a definably compact, definably connected abelian
group, in o-minimal expansions of real closed fields. Their result shows that
if dim(G) = n then its torsion subgroup is identical to that of a real n-
dimensional torus. Because G is divisible and torsion-free (see above), it
follows that the torsion subgroup of G/G® equals to that of G and hence
to that of an n-dimensional torus. This implies that G/G® is itself an n-
dimensional torus, thus completing the proof of PC in the abelian case (in
o-minimal expansions of real closed fields).

The semisimple case

A definable group G is called semisimple if it has no definable infinite
normal abelian subgroup. By the work with Pillay and Starchenko, [29],
every definably connected semisimple group can be written as the almost
direct product of almost definably simple groups. Namely, each component
is a noncommutative definable group which, modulo its finite center, has no
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definable normal subgroup. The word “almost” implies that up to a finite
central subgroup the product of the groups is direct.

In addition, it is shown in [30] that every definably simple group is definably
isomorphic to a semi-algebraic group definable over the real algebraic num-
bers. The fact that PC holds for semisimple groups follows from the work
in [28].

The general case

Given a definably compact, definably connected group G in an o-minimal
structure, it is shown in [31] (joint work with Starchenko) that G/Z(G) is
semisimple. By the above, we already know that PC holds for both Z(G) (the
abelian case) and for G/Z(G) (the semisimple case), thus we already have on
one hand,

dimz.((G/Z(6))/(G/Z(G))”) = dim(G/Z(G))
and
dimp;.(2(G)/Z(G)") = dim(Z(G)).
while on the other hand
dim(G) = dim(G/Z(G)) + dim(Z(G)).
It is thus left to see that
dimp;.(G/G™) = dimp. ((G/Z(G))/(G/Z(G))*) + dimp:e(Z(G)/Z(G)").
and, as is not hard to verify, this reduces to showing:
G¢"nz(G)=2z(G)".

Because Z(G) is abelian and G N Z(G) is type-definable of bounded index
in Z(G), it is sufficient, by the result in [8] mentioned above, to show that
G N Z(G) is torsion-free (see Section 8).

For that purpose, it is needed to understand better the group G* in the
general non-abelian case. Once again, it is needed to develop a theory for
definable generic sets in definably compact groups and to prove, for example,
that the definable sets which are not left generic form an ideal.

The new notion introduced here is the so-called fsg (finitely satisfied gener-
ics) property of a group G, which implies that for every definable X C G the
type-definable Stab,,(X) is a subgroup which is moreover of bounded index
in G. The fact that definably compact abelian groups and definably compact
semi-simple groups have the fsg property is then deduced from the previous
work. This can be shown to imply that G has fsg as well. (See Section 9).

Finally (see Section 10), in order to show that G N Z(G) is torsion-free
one produces, just as in the abelian case, a set X, for every n € N, such that
Stab,g(X,) N Z(G) has no n-torsion points. It follows that G® N Z(G) is
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torsion-free which completes the proof of PC for o-minimal expansions of
real closed fields.
We now give the details of the proof.

§4. The existence of G and some corollaries. The material in this section
is contained in [8].

In [34] Pillay shows, for a group G definable anywhere, that the existence of
G" and the fact that G/G with the group topology is a compact Lie group
are together equivalent to the Descending Chain Condition for type-definable
subgroups of bounded index.

Throughout this section G is a definable group in an arbitrary o-minimal
structure.

THEOREM 4.1. [8]

(1) G satisfies DCC for type-definable subgroups of bounded index. Namely,
there is no infinite descending chain of type-definable subgroups of G of
bounded index.

(2) If G is definably connected then G/G™ is connected.

ABOUT THE PROOF. By [29], every definable group in an o-minimal struc-
ture has a definable normal solvable subgroup H such that G/H is semisim-
ple, namely has no infinite definable normal abelian subgroup. DCC for a
semisimple group follows from its decomposition into an almost direct prod-
uct of definably almost simple groups (see [29]) and the fact that definably
simple groups have very good reduction, [30]. By analyzing each abelian step
which makes up the solvable group H, we are reduced to the abelian case, so
we assume that G is abelian.

An important ingredient of the proof is the notion of a definably connected
type-definable set X'. By that we mean that there are no definable open sets
U,. U, C G such that Uy N X and U, N X are both nonempty and pairwise
disjoint. As is proved in the paper, every type-definable, definably connected
subgroup of G has a type-definable subgroup of bounded index which is
definably connected. This latter subgroup can be written as the directed
intersection of definably connected sets.

Assume now that DCC fails. Then there exists a descending chain of
type-definable subgroups of bounded index H; > --- H, > ---, which we
may assume are all definably connected. Using standard model theoretic
arguments one may assume that all groups are defined over a countable model
M using a countable language. Let H be the minimal type-definable subgroup
of bounded index definable over M (this does exist!). Most of the work now is
towards proving that G/ H , equipped with the Logic topology. is a compact Lie
group. That is done using topological arguments, together with the fact that
G has a finite number of elements of every given finite order (see [37]). Once
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it is established that G/H is Lie group, the sequence H;/H is a descending
chain of closed subgroups, which is impossible.

REMARK. 1. In[35]. Shelah proves the existence of G® (but not DCC!)
for any group with NIP (see precise definition in Section 6) and therefore
in particular for o-minimal structures.

(The following discussion and example were suggested by Pillay):

2. There are two other related notions for a group G (in a sufficiently sat-
urated structure): Consider all definable subgroups of G of finite index.
If the intersection of these groups has bounded index (equivalently, the
intersection does not change when we move to an elementary extension)
then it is called G°. In o-minimal structures and in groups of finite
Morley rank, GV itself is definable and has finite index in G.

Another notion is that of G*: For 4 C M a small subset, let G5 be
the smallest subgroup of G of bounded index which is invariant under
automorphisms fixing 4 point-wise (note that this group always exists).
If G9° does not depend on A then we call this group G°°.

It is not difficult to see that the existence of G° (G™) is equivalent to
the fact that every descending chain of (type-) definable subgroups of G
of finite (bounded) index must have bounded cardinality. Similarly, the
existence of G* is equivalent to the fact that every descending chain
of automorphism-invariant subgroups (over small sets) has bounded
cardinality. It therefore follows that the existence of G*? implies the
existence of G and this in turn implies the existence of G°. In stable
theories they all exist and are equal to each other.

It was shown by Shelah, [36]. that if G is abelian and has NIP (see
definition below) then G° exists. Later on this was generalized by
Gismatullin, [17], to an arbitrary group with NIP. However, it is still
unknown in the NIP context (and even in the o-minimal case), whether
GOO _ GOOO_

ExampLE. Consider the group G = (Z®, -) in the two-sorted structure
(G;N), with a predicate P C Z® x N such that (x,n) € P if and only if
x, = 0.

Note that for every x € Z?, if x,, # 0 then the group {y € Z* : y, =
0} = P(G.n) has index 2 in Z®. Hence, the theory of the structure says
that for every 0 # g € G there exists an n € N such that P(G.n) is a
subgroup of index 2 which avoids g. This is easily seen to imply that the
group G° (and therefore also G and G°°) does not exist in elementary
extensions.

We now return to the o-minimal context. Here are two important corollaries
of Theorem 4.1;

COROLLARY 4.2. Assume that G is abelian. Then:
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(1) G is divisible.
(2) Let H be a type-definable subgroup of bounded index. If H is torsion-free
then H = G.

PrOOF. (1) We need to see that for every . the map g, (x) = x” sends G%
ontoitself. Itiseasy to see that g,(G") has bounded indexin g, (G ). However,
g, has finite kernel, [37]. and therefore dim¢,(G) = dim(G), so 7,(G) has
finite index in G. It now follows that ¢, (G") has bounded index in G, and
because it is contained in G it follows from minimality that ¢,(G%) = G%.

(2) The group H/G™ is a closed subgroup of the compact Lie group G/G",
therefore either H = G% or H/GY has torsion. If H # G then the
latter holds and hence, because G* is divisible, H must have torsion as well.
Contradiction. -

COROLLARY 4.3. If G is torsion-free then G = G.

Notice that up until now we have not even established that in a definably
compact group we have G® # G. Indeed, the main remaining difficulty in
proving PC is the dimension equality:

REMAINING CONJECTURE. If G is definably compact then dimy (G) =
dimLie(G/GOO)-

85. Some theory of generic sets I. Most of the material in this section is
taken from [28].

Here G is definable in an o-minimal structure. However, some of the results
work in any model theoretic setting, or at least when there is a reasonable
notion of rank.

DrerFINITION 5.1, (1) A definable set X C G is called left k-generic if G =
le g X, forsome k € Nand g; € G. X is left generic if it is left k-
generic for some £ € N. The notion of right-generic is similarly defined.
X is generic if it is both left and right generic.
(2) If X C G is definable then X is called large if dim(G \ X) < dim G.

REMARK. Inw-stable connected groups the notions of “generic” and “large”
are the same and both are equivalent to RM (X) = RM(G). In o-minimal
structures generic sets are not necessarily large and dim(X) = dim(G) does
not imply that X is generic:

1. In (R, +) (R an ordered divisible abelian group), a set is generic if and
only if it is of the form (—o0,a) U (b, +00), for a.b € R.

2. In elementary extensions of the circle group T' a definable set is generic
if and only if its length not an infinitesimal. Equivalently, one of its
definably connected components contains at least two torsion elements.
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Recall that for an A-definable set X C M", an element x € X is called
generic in X over A if dim(x/A4) = dim(X ), where dim(x/A) is taken to be the
size of the maximal ac/ -independent subset of the tuple x.

Fact 5.2. If X is large in G and dim(G) = n then X is (both left and right)
n + l-generic.

Proor. Without loss of generality, X is ()-definable.

We show: If g is genericin G and & € G \ (X U gX) then

dim(h/g) < dim(h/0) < n.

Indeed, if the left inequality fails then dim(%/g) = dim(4/0) and hence (by
the addition formula for dimension) we have dim(g/h) = dim(g/0) = n. It
follows that

dim(g~'h/h) = dim(g~'/h) = dim(g/h) = n.

In particular, g~ '/ is generic in G and because X was large we must have
g~ 'h € X and hence i € gX, contradicting the assumption on /.

The inequality dim(//0) < n follows from the fact that 2 € G \ X and X
is large.

It follows from the above dimension inequality that dim(G \ (X U gX)) <
dim(G \ X) < dim(G). We now replace X by X U gX and proceed by
induction. -

Our goal in this section is to discuss the following result:

THEOREM 5.3. [28] Assume that G is a definably compact affinely embedded
group, M expands an ordered group and X C G is a definable set which is not
left-generic. Then G \ X is right generic.

We start with the following:

Factr5.4. (i) If X C G is not left-generic then Cl(X) is not left-generic.

(ii) If X C G is generic then Int(X) is also generic. (Here and below we use
the t-topology of G which was described above, and we take CI(X) and
Int(X) to be the topological closure and interior, respectively, with respect
to that topology).

Proor. (i) We use the following basic fact about a definable set X in o-
minimal structures: For Fr(X) = CI(X) \ X, dim Fr(X) < dim(X).

If CI(X) is left-generic then

k k k
G= gCl(X)= gXU gFr(X).
i=1 i=1 i=1

But dim(Fr(X)) < dim(G), hence dim( f:lg,'Fr(X)) < dim(G), and

therefore the set le g; X is large in G. By Fact 5.2, this last set is generic
and therefore X is generic.



PILLAY’S CONJECTURE 189

(ii) Use the fact that for any X C G, we have dim(X \ Inz(X)) < dim(G),
and proceed as in (i). 4

The connection of generic sets to Pillay’s Conjecture comes through the
following result (Fact 5.5 and Fact 5.6 hold in arbitrary structures):

Fact 5.5. If H C G is a type-definable subgroup then H has bounded index
in G if and only if can be written as the intersection of a directed family of
left generic sets. (A “directed family” of sets here is a family for which the
intersection of any two sets contains another set in the family).

Proor. Notice first that any type-definable group can be written as the
intersection of a directed family of definable sets (by adding to the original
family which defines H any finite intersection of sets in the family).

If H has bounded index and is contained in a definable set X then G can be
covered by boundedly many left translates of X (namely the number of cosets
of H). By compactness, finitely many left translates of X cover G.

Assume now that H = ,_, X; is the intersection of a directed family of left
generic sets and let 4 = {g; : j < A} be a set of elements such that for every
X;, we have G = AX;. It is sufficient to see that every complete type over 4 is
contained in a single coset of H (for then [G: H] < 2!1].)

Indeed. if g,/ realize the same type over A4 then for every i € I there
exists a@; € A such that g, h € a; X;. It follows that for every i € I, we have
g~ 'h € X' X;. However, since H is a subgroup (and the family {X; : i € I}
directed) we can also write H = el Xl._lXi, hence g~ 'h € H. -

Fact 5.6. If X C G is not left-generic then for any small My C M (where
“small” means |My| < k) there exists g € G such that Xg N My = .

ProOOF. By assumption, for every hj,....h € G, k € N, thereisg € G
such that

k
g ¢ hiX.
i=1
or equivalently
k
ht¢ xg=!.
i=1
Clearly then, for every Ay, ...,k € G, k € N, there is g € G such that
k
hl‘ ¢ Xg.
i=1

It follows that if M is any small subset of M then, by the saturation of M,
there is g € G such that My N Xg = (. -

Digression: Dolich’s work. In [10], Dolich examines the notion of forking
and dividing in o-minimal structures. The paper contains many interesting
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and highly nontrivial results about types in o-minimal structures. In [28] we
extract from his work the following:

THEOREM 5.7. Let X(a) € M" be a closed and bounded a-definable set
(a a finite tuple) in a sufficiently saturated o-minimal structure M expanding
an ordered group and let My C M be a small model. Assume that the set
{X(a') : a’ =y, a} has the finite intersection property (namely, the intersection
of every finite sub-family is nonempty).

Then X (a) N My # 0.

The proof of this result is too long to discuss here. We only make few
observations:

1. Consider the simplest case of Theorem 5.7, where X (aja») is the closed
interval [a;,ax] € M, and M, a small submodel of M. If [a;,a;] N My = ()
then a; =y, a (otherwise, by o-minimality, there is an interval J over My,
containing one of the ¢;’s but not the other. It follows that one of the endpoints
of this interval, which must be in M. also belongs to [a;. ay]. Contradiction).
Moreover, because a; ¢ M there exists a} < a; with a} =y, a1 =u, a2.
By homogeneity, there is a{ < a} such that aja) =u, a1a>. We now have
X (ajab) N X (a1az) = 0, so the family

{X(ai,db) : ajal =y, a1ar}

does not have the finite intersection property.

2. Theorem 5.7 is false when X (a) is not closed and bounded. Consider
for example the open interval (0, ) in a nonstandard real closed field, for an
infinitesimal a > 0, and take M to be the real algebraic numbers. The family

{(0,a) : ' =y, a}

has the finite intersection property but (0, o) N My is empty.

3. In the stable case, the analogous theorem to Theorem 5.7 is true for
any definable set because the assumption is equivalent to the forking of X (a)
over M.

4. The description of a definably compact set using a type-definable open
covering (see Fact 2.3) easily follows from Fact 5.7.

End of Digression.

PrOOF OF THEOREM 5.3. Because G is affinely embedded it is closed and
bounded in M*. Assume X C G is not left generic. By Fact 5.4 we may
assume that X is closed. Fix M, such that X is definable over M,. By
Fact 5.6, there exists g € G such that My N Xg = (). By Theorem 5.7, there
are gi..... gy (each realizing the same type as g over Mj) such that

k
Xgi = (Z)

i=1
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By taking complement we get

=~

(G \X)gi =G.
i=1

Hence, G \ X is right-generic. -

REmMARKS. 1. Theorem 5.3 fails without the definable compactness as-
sumption: The set (a, +oo) and its complement are both not generic in
(R, +) (here left and right-generic are the same).

2. The analogue of Theorem 5.3 in the stable setting is true for any definable
subset of the group G.

3. Recently, Eleftheriou has pointed out that the assumption that G is
affinely embedded can be omitted Theorem 5.7 by working in the mani-
fold charts of G.

Here are two easy consequences:
Fact 5.8. Assume that G is definably compact and abelian.

(1) The non-generic sets form an ideal.

(2) Every formula defining a generic set in G belongs to a complete “generic”
type p (over M). Namely, every formula in p defines a generic set
inG.

§6. Some theory of generic sets II: Measure and the NIP. The content of
Sections 6-9 is mostly taken from [18]. The connection between the Non Inde-
pendence Property and measure is due to Keisler [21] and the proof of Lemma 6.4
below is modeled after a proof from Keisler’s paper.

The next notion is due to Shelah. The definition we use is equivalent to the
original one.

DEerFINITION 6.1. A theory T is said to be dependent or to have the Non
Independence Property (NIP) if for every indiscernible sequence (a; : i < w)
over A and ¢(x, y) a formula over A the type {¢(x. b2, ) A (x,brj11) 1 j < w}
is inconsistent. (We take ¢ Ay to mean (¢ A =) V (=d A w))

Stable theories, o-minimal theories, the theory of p-adically closed fields all
have the NIP, while the theory of pseudo-finite fields fails to have it. In fact,
by Shelah’s work any simple unstable theory fails to have NIP.

DErFINITION 6.2. We say that G admits a left invariant Keisler measure if
there exists a real valued finitely additive measure u : Def(G) — R on the
definable subsets of G, such that u(G) = 1 and for every definable X C G
and g € G, we have u(gX) = u(X).

In the rest of this section we make the following assumptions on the group G
(equipped with the definable sets induced by the ambient structure):
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e G has NIP.
o The non left-generic sets form an ideal.
o G admits a left-invariant Keisler measure.

As we will eventually show, every definably compact group in an o-minimal
structure satisfies all of the above. For now, notice that any abelian definably
compact group satisfies the above assumptions. Indeed, o-minimality implies
NIP, and by Fact 5.8 the non-generic sets form an ideal. Because every
abelian group is amenable, it admits a left-invariant real valued finitely additive
probability measure on all subsets.

DEFINITION 6.3. For X, Y C G definable, we write X ~,, Y if XYAY is not
left-generic.

Notice that since we assume that the non left-generics form an ideal =, is
an equivalence relation. The NIP assumption is crucial for the following.

LeEMMA 6.4. The equivalence relation =, is bounded. I.e., there exists a fixed
small model M such that every equivalence class of ~,4 is already represented
by a definable set over M.

PrOOF. Let u denote the finitely additive left-invariant measure on De f (G).
the family of definable subsets of G. Note that if X C G is a definable n-
generic set then we have u(X) > 1/n.

Assume that ~,,, is unbounded. Then there exists a formula ¢(x, y) over
the empty set, with the variable x for elements in G, and unboundedly many
b;’s. such that ¢(G. b;) Ap(G. b;) is generic.

By standard Ramsey-type arguments, there exists a fixed » and an indis-
cernible sequence (a; : i < ) such that for every i # j, the set
#(G.a;)A¢(G.a;) is n-generic.

Consider the family 7 = {Y; = ¢(G.a2;)A¢(G.azj41) : j < w}. By
indiscernibility, there exists a natural number k such that every k sets in F have
empty intersection. However, for every j, u(Y;) > 1/n, and because u(G) =
1 it is impossible that every k sets in F intersect trivially. Contradiction. -

DEFINITION 6.5. For X C G definable, let
Stab,g(X) ={g € G : gX =~y X}.

Under our assumptions, the set Stab,, (X) is a subgroup of G. It is type-
definable because for every n, the set of all g such that » translates of gX A X
do not cover G. is definable. The map g — gX/ ~,, induces an injective map
from G/Stab,,(X) into Def(G)/ =, and therefore we proved:

THEOREM 6.6. For any definable X C G. the subgroup Stab,,(X) has
bounded index in G.

87. The proof of PC in the abelian case. We assume in this section that M
expands a real closed field and that G is definably compact and abelian.



PILLAY’S CONJECTURE 193

Our goal here is to prove:

TueoreM 7.1. If G is definably compact and abelian then dimp;.(G/G") =
dirnM G.

PrOOF. Because G has finite index in G we may assume that G is definably
connected.

The proof is based on two ingredients. The first one is a deep theorem of
Edmundo and Otero on the torsion points in definably connected, definably
compact abelian groups. (Presumably, this was one of the main justifications
to the original conjecture of Pillay). Its proof'is based on Cohomological tools
and uses extensively the triangulation theorem which is true only in o-minimal
expansions of real closed fields:

THEOREM 7.2. [13] Assume that M expands a real closed field and that G is
a definably compact, definably connected abelian group of dimension n. Then

Tor(G) ~ Tor(T").

(where T" is the n-dimensional torus and Tor(G) is the subgroup of torsion
elements in G).

The second ingredient, which we will prove below is:
LemMA 7.3. G is torsion-free.

Let us see how the two results, taken together, imply PC in the abelian case:
Lemma 7.3, together with the divisibility of G% (see Corollary 4.2 (1))
imply that

Tor(G/G™) ~ Tor(G).
If dim(G) = n, it follows from theorem [13], that
Tor(G/G™) ~ Tor(T").

Because G/G™ is a connected (Theorem 4.1) abelian compact Lie group.
it is Lie isomorphic to a direct sum of T's. The number of these T'’s is
determined by, say, the number of 2-torsion points, therefore G/G* ~ (T*)"
and so the real dimension of G/G" is n.

Proor oF LEMMa 7.3. For every n € N, consider the map g, : g — g” from
G onto G. By definable choice, there exists a definable set X C G such that
a,|X is a bijection of X and G (we assume that G is definably connected).

By [13] (or actually by the preceding results in [37]), T, = ker(c,) is finite.
It clearly contains all n-torsion points and, as easily checked, G equals a finite
disjoint union of the gX’s, for g € T,,. Thus X and all the gX’s are generic
and pair-wise disjoint, and therefore T, N Stab,,(X) = {0}. Because this is
true for every n, the group Stab,,(X) is torsion-free.

By Theorem 6.6, Stab,,(X) has bounded index in G, and therefore G% C
Staby,, (X ). It follows that G is torsion-free, ending the proof of Lemma 7.3
and thus PC in the abelian case. -
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§8. Proof of PC for arbitrary definably compact G. We assume in this section
that G is a definably compact group in an o-minimal expansion of a real closed
field.

Here are some preliminary facts about noncommutative definably compact
groups:

As shown in [31], G/Z(G) is semisimple, namely has no infinite definable
abelian normal subgroup If we let N = Z(G)° then the same is true for
G/N. By [29], G/N can be written as an almost direct product of definably
almost simple groups and every definably simple group is definably isomorphic
to a semialgebraic linear group defined over the real algebraic numbers. In
particular, definably simple groups have very good reduction. The proof of PC
for groups with very good reduction is partly contained in the Introduction
(see [28] for more details). It easily follows that PC holds for definably
compact almost simple groups and therefore also for an almost direct product
of such groups. Therefore, PC holds for both N (Theorem 7.1) and for G/N.

We thus have:

dim; ((G/N)/(G/N)™) + dim;. (N/N™).
We also have
dimz;(G/G") = dimz;.(G/G®N) + dim,. (G N/G™).
It is easy to verify that G® N/N = (G/N)®. Hence,
(G/N)/(G/N)® = G/G™N.

In order to show that dimp(G) = dimz;(G/G™) it is therefore sufficient to
prove:

G"N/G® = N/N™.
The group on the left is isomorphic to N/(G” N N), hence in order to prove
PC we are left to prove:
LemMA 8.1. If G is definably compact then N = G® N N.

The fact that N C (G® N N) follows from the fact that the group on
the right has bounded index in N. However, in order to prove the opposite
inclusion (which fails for arbitrary groups, even with NIP) we need to take
one more de’tour, through the general theory of generic sets.

89. Some theory of generic sets III. In this section we make no assumption
on the group G unless otherwise stated.
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DEFINITION 9.1. The theory of G is said to have finitely satisfiable generics'

(in short fsg) if there exists a complete type p over M such that if ¢(x) € p
then:
(i) ¢(G) is left generic.
(ii) There exists a small model My C M such that every left translate of
¢(G) intersects M.

Our goal is to show that every definably compact group in an o-minimal
structure has fsg. This is useful because of the following properties:

Fact 9.2. Assume that T = Th(G) has fsg. Then

(i) There exists a small My C M such that every left generic set and every
right generic set intersect M.

(i) Given X C G definable, X is left-generic if and only if it is right generic.

(iii) The definable non generic sets in G form an ideal.

(iv) G% existsand G = {Stab,,(X): X € Def(G)}.

ProOF. Assume that p and M, witness fsg.

(i) If X isaleft generic set then thereare g1, . ... gr € G such that the formula
x = x is equivalent to the finite disjunction of the formulas x € g; X. Hence,
there is g; such that “x € g; X” is in p. By assumption on p, X N My # 0.
Consider the type p(x~!). Because x — x ! is a ()-definable bijection of G it
easily follows that if ¢(x) € p(x~!) then Y = ¢(G) is right generic and every
right translate of Y intersects M. As above, it follows that every right generic
set intersects M.

(ii) Assume X is not a left generic set. By Fact 5.6, there exists a right
translate of X which does not intersect My. hence by (i), X is not right generic
as well.

(iii) Since p is a complete generic type it must contain the complement of
every nongeneric set.

(iv) For the existence of G, see [18]. Corollary 4.3.

Now fix a small model M, witnessing (i). Given X C G definable, let M,
be a small model containing M, over which X is definable. If g =54, & then
gX N M; = hX N M, and hence (gXAhX) N My = 0. By (i), gXAhX is
nongeneric. Thus, every coset of Stab,,(X) contains all the realizations of
some complete type over M. In particular, in a (still small) model where every
complete type over M is realized, there is a representative for every coset of
Stab,e (X ), so Stab,,(X) has bounded index, and therefore it contains G%.

For the opposite inclusion, since G has bounded index it can be ob-
tained as the intersection of definable generic sets (Fact 5.5). If g belongs to
Stab,s(X) for every such X then it must belong to G% (otherwise, by com-
pactness, there is X containing G% such that gX N X = ), which implies that
g ¢ Stab,e(X). H

IFor simplicity. we slightly modified the definition from [18].
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LemmA 9.3. Assume that N is a definable normal subgroup of G. If N and
G/N have fsg then G has fsg.

PrOOF. See Proposition 4.5 in [18]. -
We return to the o-minimal setting.

Lemma 9.4. If G is definably compact and abelian in an o-minimal structure
then G has fsg.

PRrOOF. Since we do have complete generic types in abelian groups (see
Fact 5.8), it is sufficient to show that there is a small M, such that every
generic set intersects M.

Let M, be a small model such that every =,,-class in Def(G) has a
representative definable over M (recall, Lemma 6.4, that R 1s bounded
because G has NIP).

Given X C G generic, there exists X7 C X such that X is still generic and
CI(X7) C X. Indeed, the following argument for that fact was suggested by
the UIUC Logic seminar (it assumes that M expands an ordered group but
this is unnecessary, as the argument in [18] shows):

i=1
By Fact 5.4, Int(X) is also generic. For every ¢ > 0 let
Xe={geX: :dgF(X)) >e}

(the notion of d(g. Fr(X)), the distance of g from the frontier of X, assumes
the presence of an underlying group). We have,

X = XEé.
>0
It is now sufficient to take ¢ realizing the complete type p(x) of the infinitesi-
mals right of zero. So,

k
G = gi X,
eEpi=1

We obtained a definable open covering of G parameterized by a complete
type. By the equivalent definition to definable compactness, Fact 2.3, there
is a finite subcover, which easily implies that some X* is generic. If we let
X; = X? then CI(X;) C X. We may therefore assume that X is closed.

Let Y C G be a set definable over M such that Y AX is nongeneric (the
existence of Y follows from our assumption on My). Because X is generic so
is Y. Again, by Fact 5.4, we may assume that Y is closed, so both X and Y
are definably compact. We will show that (¥ N X) N My # () and in particular
X N My # (. Notice that both X and Y are definably compact.
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By Theorem 5.7, if X N Y N My = () then there are finitely many M-
conjugates of X N Y whose intersection is empty. Because Y is M-definable
there are X7, ..., X} all My-conjugates of X such that

k
Xiﬂ Y:®
i=1

Since Y is generic this implies that for some X; we must have Y\ X; generic.
Contradiction to YA X being non-generic. -

LemMa 9.5. If H is definably compact and semisimple in an o-minimal struc-
ture then H has fsg.

The proof of this lemma is based on the almost-decomposition into defin-
ably almost simple groups. The definably simple case is handled in [28] using
measure theoretic arguments based on [7] and [1].

Using Lemmas 9.4, 9.5, and 9.3, we can conclude:

THEOREM 9.6. Every definably compact group in an o-minimal structure has
/58

The above theorem, together with Fact 9.2, implies that the set of left
(hence also right) generics in G form an ideal, and that for any definable set
X, Stab,s(X) is a type-definable group of bounded index. Finally (and this
is the main fact which forced us to take this de‘tour through the notion of

“fsg”). the group G is the intersection of all stabilizers of definable subsets
of G.

§10. Completing the proof of PC. We can now return to the missing in-
gredient in the proof of PC, namely the proof of Lemma 8.1. We need to
show that G N N = N, where N is a definably connected normal central
subgroup. By Corollary 4.2, it is sufficient to prove that G N N is torsion-free.

Givenn € N, let T, = Tor,(N) and X C N be a definable set such that
g — g" gives a bijection of X and N. By Definable Choice, there is D C G
which intersects every coset of N exactly once. It is now easy to verify that G
is the finite disjoint union of the translates of DX by the elements of 7},. In
particular, DX is generic and

T, N Stab,,(DX) = {e}.

Because this is true for every n, we have Stab,,(DX) N Tor(G) # 0.
By the fsg property, G® C Stab,,(DX), therefore G® N Tor(N) = {e}.
We thus proved that G N N = N, completing the proof of PC (see the
argument preceding Lemma 8.1). -

10.1. Defining measure on G. As a result of the work on Pillay’s Conjecture,
the following theorem was established in [18].
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THEOREM 10.1. If G is definably compact in an o-minimal structure then it
admits a left-invariant Keisler measure on the definable subsets of G. For a
definable X C G, we have u(X) = 0 if and only if X is non-generic.

Proor. As we already pointed out, the existence of such measure is im-
mediate when G is abelian. In the general case, we first note that G/ G,
as a compact Lie group, admits a left-invariant finitely additive probability
measure on a boolean algebra of sets containing all Borel measurable sets- the
Haar measure m.

We first fix a complete generic type p(x) over G. Given a definable set X,
we consider the set

X ={gG" c G/GY: p|=“x c gX"}.

(note that X is well defined. Namely. if gh—' € G then in particular,
gX AhX is non-generic and therefore not in p. It follows that gX € p if and
only if hX € p). The main part of the proof is to show that X is a Borel set
in G/G™ (see Proposition 6.2 in [18]). We then define

ﬂp(X) = m(X’)

Clearly, u, is left invariant, and it is easy to verify that it is also finitely
additive (if X; N X> = 0 then X; N X, = 0).

Finally, if X is generic then finite additivity implies that u,(X) > 0 and if
X is non-generic then X = () and therefore u,(X) = 0. =

§11. Related work and some open questions. This section has gone through
substantial changes in the last stages of writing. As will be explained be-
low, most of the open questions listed here were solved in a recent paper by
Hrushovski and Pillay, [20].

11.1. Omitting the real closed field assumption. As was pointed out early
on, the only remaining obstacle for proving PC without the assumption that
M expands a real closed field is the lack of an analogue to Theorem 7.2 on
the number of torsion points, without the field assumption. Such a theorem
was proved by Eleftheriou and Starchenko [16] when M was assumed to be
an ordered division ring over an ordered vector space and hence PC holds
in this case as well. Actually, a very clear description of definable groups in
this setting is given in the paper, out of which the number of torsion points is
easily read.

In order to prove the torsion points result under weaker assumptions it
seems important to develop similar topological tools to the ones originally
used, but this time without the triangulation theorem. Indeed, Sheaf Coho-
mology in expansions of ordered groups has been the subject of several papers
of Edmundo, Jones and Peatfield (see [11] and [12]) and of Beraducci and
Fornasiero (see [4]). In [14], Edmundo and Terzo prove Pillay’s conjecture
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under a relatively weak assumption on M but with an additional assumption
of “orientability” on the group G.

In a recent result, [27]. 1 was able to prove the question about the torsion
points and hence Pillay’s Conjecture, in o-minimal expansions of ordered
groups, follows.

The questions formulated below were written prior to the publication of
the recent pre-print by Hrushovski and Pillay [20]. As I will eventually point
out, most of these questions are now solved by that paper, either explicitly or
implicitly. I leave them here because I find that their discussion could still be
of some interest.

11.2. Uniform definability of G®. An important feature of the basic exam-
ple of Pillay’s conjecture (where we start with a compact real Lie group and
view it in an elementary extension) is the fact that the type defining G is
given by a single formula, with varying parameters. Namely,

G"={gcG:|g|<a:acR}.

Consider the structure G;,; whose universeis G/ G, with a function symbol
for the group operation and a predicate for every set of the form n(X), for
X C G" definable in the o-minimal structure M. In [18] we showed, using
a theorem of Baysalov and Poizat, that if G = ([0,1)", +mod1) (in an o-
minimal expansion of an ordered divisible abelian group) then structure G4 is
definable in an o-minimal structure over the reals. Later, in [22], Marikova re-
proved this result without referring to [1], and provided a much finer analysis
of the definable sets in this structure. The uniformity in parameters plays an
important role in both works. For more recent work of Marikova and v.d.
Dries see [23], [39]

CONJECTURE. If' G is definably compact then there is a formula ¢(x, y), where
X varies over elements of G, and a set of parameters A, such that

G"= gecG: o(g.a)
acA
CONJECTURE. The structure on the compact Lie group Gj,q is definable in
some o-minimal structure over the real numbers.
Related to the above conjecture is the following:

QUESTION. What is the structure which G induces on Tor(G)? In particular,
what subsets of Tor(G) are of the form X N Tor(G) for a definable subset of G?

Note that when G is abelian its torsion group can be realized as a definable
set in the o-minimal structure (Q, +, <), namely it is isomorphic as a group
to ([0,1)", + mod 1), viewed inside of Q. It was shown by Wilkie, [40], that
there are nontrivial o-minimal expansions of this structure. Moreover, if G
itself equals to the real points of ([0, 1)", + mod 1), in the structure of the real
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field, then the torsion points of G inherit the ring operations and therefore the
induced structure is unstable and undecidable. However, even in this case it is
interesting to ask which definable subsets of Q" can be obtained as the trace
of a definable set in G.

11.3. The distribution of torsion points. Somewhat surprisingly for those of
us who have worked on this problem, the solution of Pillay’s Conjecture did
not yield a much better understanding of the distribution of torsion points in
a definably compact abelian G. Here are some conjectures on this matter:

CONJECTURE A. If X C G is generic then it contains a torsion point.
CONJECTURE B. If' G \ X is non-generic then X contains a torsion point.

Clearly, (A) implies (B) and both imply the following result, recently proved
in [26]:

TaeorREM. If dim(G \ X) < dim G then X contains a torsion point.

11.4. Other related work. In other work generated by Pillay’s conjecture the
precise relationship between G and G/G® was investigated. In [2], Berarducci
discusses the o-minimal spectrum G of a definably compact G and proves
that G/G® is a topological quotient of G (for more recent work on related
topological issues, see [3. 5, 6], the last two are together with Mamino, and then
with Otero). In [12], Edmundo, Jones and Peatfield examine the connections
between the cohomology groups of G and of G/G®. In her PhD thesis, [9].
Conversano investigates G/G% when G is not definably compact.

In [25], Onshuus and Pillay study the analogous conjecture in the p-adic
setting and show cases where it fails and other cases where the conjecture
holds.

In a recent result, Hrushovski, Pillay and the present author (see [19]). prove
that every definably compact group G is elementarily equivalent, as a pure
group, to G/G%. A better understanding of the group theoretic structure of
G can then be deduced, and in particular, one concludes that the commutator
subgroup of G is definable and that G is the almost direct product of Z(G)
and [G, G].

Finally, the recent paper of Hrushovski and Pillay [20] puts some of the
notions which were examined in [18] in a very general context, and examines
forking, stability and measure in several different abstract settings, mainly in
groups under the assumptions of NIP and the existence of some measure. The
machinery and results obtained there are very powerful and, as I now explain,
yielded answers to most of the questions raised above.

11.5. The Compact Domination Conjecture and its recent solution. At first,
it scems as if the most natural way to define measure on definable subsets of
G would be directly through the map 7 : G — G/G". Namely, to let u(X)



PILLAY’S CONJECTURE 201

equal m(n(X)) (the Haar measure of 7(X)) for any definable set X C G.
However, a difficulty arises when one tries to prove finite additivity:

Take X;. X> C G two disjoint definable sets. Finite additivity should imply
that the Haar measure of 7(X;) N 7(X>) is zero (note that 7(X;), n(X>) need
not be disjoint anymore). However, until very recently this remained an open
question and, as we will soon see, it is equivalent to the Compact Domination
Conjecture below.

We first introduce some notation: Given X C G, we let

BX)= yeG/GY:n7 (g)nX #0&n ' (g)N(G\X)#0

We say that G is compactly dominated by G/ G, via r, in a measure theoretic
sense if for every definable X C G, the Haar measure of B(X) is zero. We
say that G is compactly dominated by G/G™, via =, in a topological sense if
every such B(X) is nowhere dense in G. (The term “compact domination”
is modeled after the notion “stably dominated” referring to a situation where
an unstable set is “controlled” by a stable one).

The Compact Domination Conjecture, formulated in [18] stated that every
definably compact group in an o-minimal structure is compactly dominated
(in both senses). In an earlier version of these notes several equivalences to
the above conjectures were proved, implying for example that the measure
theoretic conjecture implies the topological one. Both are known to imply
Conjecture (A) above about the density of torsion points. However, the
recent preprint of Hrushovski and Pillay [20] proves the Compact Domination
Conjecture, and at the same time the torsion point and the uniform definability
conjectures formulated above.

THEOREM 11.1.[20] Every definably compact group is compactly dominated,
in the measure theoretic (and hence topological ) sense.

Since the paper is new [ will only try to very roughly sketch the ideas behind
this solution:

First of all, using results from [19], the problem is reduced to abelian groups.

As in [18], the authors make use of the theorem of Baysalov and Poizat
mentioned above. Namely, they consider an elementary extension M* of M,
and for every M*-definable set X they add a predicate to M for the trace
of X, on M". The main theorem in [1] (later generalized by Shelah to any
theory with NIP), implies that this new structure eliminates quantifiers and in
particular it is weakly o-minimal. We denote it by M.

The main difficulty is to prove that G% is actually definable in the structure
M. Hrushovski and Pillay do it after showing first that it can be written as
the set theoretic stabilizer of any global generic type in G. It is here that they
also show the uniform definability of G%, which was conjectured above.

G/G" is now a compact Lie group, given as a quotient of two definable sets
in the weakly o-minimal structure M. After a fine analysis of the topological
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situation (and using the knowledge of the fundamental group of G), they prove
that G/G" is semi o-minimal in this weakly o-minimal structure. Namely it is
in the definable closure of finitely many o-minimal structures, all definable in
M. In particular, this settles the conjecture on G;,; mentioned above.

Once this machinery is established, definable subsets of G/G® of Haar
measure zero are just sets of smaller dimension (in the o-minimal sense). It
is now not difficult to prove compact domination similarly to the simple cases
handled in [18].

Acknowledgements. I thank M. Otero, E. Baro and A. Pillay for reading
and commenting on an early version of this survey.
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PROOF THEORY AND MEANING:
ON THE CONTEXT OF DEDUCIBILITY

GREG RESTALL

Abstract. T examine Belnap’s two criteria of existence and uniqueness for evaluating putative
definitions of logical concepts in inference rules, by determining how they apply in four different
examples: conjunction, the universal quantifier, the indefinite choice operator and the necessity
in the modal logic SS. This illustrates the ways that definitions may be evaluated relative to a
background theory of consequence, and the ways that different accounts of consequence provide
us with different resources for making definitions.

The idea is compelling to many of us: The concept of conjunction is given
fully in its rules of inference. Everything we need to know about the behaviour
of “and” in the logicians’ sense than is given by rules like these.

P 9q y24Y) pPNg

[A] [AE1] [AE>]

PNg p q
The virtues of this view are simple: When we learn inference rules, we learn
how to use the connectives in deductive reasoning. One does not need to be a
disciple of Wittgenstein to think that there is a connection between meaning
and use, and in inference rules like these the connection with use is present to
hand. The [AI] rule tells us how to get a conjunction, and the [AE] rules tell
us what we can do with a conjunction when we have it. Inference rules speak
to the matter of the use of the concept of conjunction without positing some
“semantic value” to be the referent (or extension or whatever) of the concept.

Of course, there are very many issues with this way of looking at things. For
example, while determinate and precise inference rules are available for many
logical particles such as connectives, operators, quantifiers and the like, it is
harder to see how one might present other meanings in the same fashion'. The
issue I wish to focus on in this paper is not the general problem of giving an ac-
count of meaning in terms of rules of inference. Instead, I wish to concentrate

This paper is a draft, and comments from readers are very welcome. Please check the webpage
http://consequently.org/writing/ptm-context for the latest version of the paper, to post
comments and to read comments left by others.

I'This does not mean that there aren’t those who try. Inferentialists, such as Robert Brandom [5,
6] are committed to giving an account of meaning in terms of inferential propriety.
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on the more local issue of the propriety of defining logical concepts in this
way. Can one present inference rules and take them to define a connective, an
operator or a quantifier? Is such a definition always legitimate, or are potential
definitions beholden to some higher court of appeal? If logical concepts are
freely definable, then what are the boundaries of such freedom? More inter-
estingly still, what are we doing when we define a logical concept in this way?
The most striking formulation of this issue is due to Arthur Prior, in his

influential paper “The Runabout Inference Ticket” [19]. He asksus to consider
the binary connective “tonk” given by these two inference rules.

— [tonk!] —p tonk ¢ [tonkE]

p tonk g q
If we can freely define connectives with inference rules, we have defined some-
thing. However, using the concept tonk which we have apparently introduced
in a definition, we may infer any conclusion from any premise:

— [tonklI]
p tonk ¢
— [tonkE]
q
This is too much. Something has gone wrong in our definition. But what?

Responses to Prior’s paper vary. One tradition is represented in J. T. Steven-
son’s “Roundabout the Runabout Inference-Ticket” [23]. Stevenson argues
that tonk is unacceptable because the rules impose different truth-table con-
ditions on tonk. According to [tonk[/], p tonk ¢ must be true when p is
true. According to [tonkE], when ¢ is false, p tonk g must be false. Since
no connective can meet both of those conditions, there is no connective like
tonk. There is more than one way of understanding Stevenson’s criteria. The
straightforward way is to take the possibility of a truth table definition for a
connective like tonk as a criterion for its definability. This is to give the game
(of defining the connective proof-theoretically) away. Truth tables are where
the real action is.

This is not the approach I wish to consider. Instead, I wish to look again at
the other kind of response to Prior’s paper, that given by Nuel Belnap in his
“Tonk, Plonk and Plink” [3]. For Belnap, criteria governing the acceptability
of a definition can be given in proof theoretical terms. What makes tonk
unacceptable is not some categorical feature of tonk, but in the interaction of
tonk with the inference rules we already endorse.

It seems to me that the key to a solution lies in observing that
even on the synthetic view, we are not defining our connectives
ab initio, but rather in terms of an antecedently given context of
deducibility, concerning which we have some definite notions. By
that I mean that before arriving at the problem of characterizing
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connectives, we have already made some assumptions about the
nature of deducibility [3, page 131].

The point is that rules for tonk are given relative to a background set of
commitments concerning inference. (Which may involve, for example, the
commitment that the argument from p to ¢ is invalid.) If the addition of the
rules for tonk change our commitments concerning inference (we now have
a proof from p to ¢), then we are forced with a choice. Either reject those
rules, or modify our original assumptions. Both are options. If we endorse
the antecedent theory — or what Belnap calls our antecedently given context
of deducibility, then this gives us a standard by which we can judge putative
definitions.

We may now state the demand for the consistency of the defini-
tion of the new connective, plonk, as follows: the extension must
be conservative; i.e., although the extension may well have new
deducibility-statements, these new statements will all involve plonk.
The extension will not have any new deducibility-statements which
do not involve plonk itself. It will not lead to any deducibility-
statement not containing plonk, unless that statement is already
provable in the absence of the plonk-axioms and plonk-rules. The
justification for unpacking the demand for consistency in terms
of conservativeness is precisely our antecedent assumption that we
already had all the universally valid deducibility-statements not
involving any special connectives [3, page 132].

On these grounds, if the background account of deducibility included the
commitment that some p did not entail some ¢, then, relative to that back-
ground, tonk fails the demand of consistency. This is one of the tests Belnap
considers in the paper. In the case of a natural deduction proof theory or
a sequent calculus, we can demonstrate that this criterion is met by means
of a normalisation proof or a cut elimination argument, which usually has as
a consequence a subformula property. These proof-theoretical results show
that if one has a proof for some argument (or a derivable sequent) then we
can find a special normal proof for that argument (or a cut-fiee derivation of
that sequent) in which all formulas used in that proof are sub-formulas of the
formulas in the premises or conclusion (or are subformulas of the formulas in
the target sequent). This means that if the proof (or sequent) does not use our
newly defined connective, then it has a normal proof (or cut-free derivation)
not using the rules for our newly defined connective, for the rules for this con-
nective must involve it somewhere, and the normal proof (cut-free derivation)
does not feature this connective at all. It follows that if the argument is proved
(sequent is derived) in the system using the new concept, then it can still be
proved (derived) in the system before its introduction.
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Belnap considered another criterion to add to the criterion of conservative
extension.

The mathematical analogy leads us to ask if we ought not also to
add uniqueness as a requirement for connectives introduced by def-
initions in terms of deducibility (although clearly this requirement
is not as essential as the first, or at least not in the same way).
Suppose, for example, that I propose to define a connective plonk
by specifying that B + A-plonk-B. The extension is easily shown to
be conservative, and we may, therefore, say “There is a connective
having these properties”. But is there only one? It seems rather odd
to say we have defined plonk unless we can show that A-plonk-B
is a function of 4 and B, i.e., given 4 and B there is only one
proposition A-plonk-B. But what do we mean by uniqueness when
operating from a synthetic, contextualist point of view? Clearly
that at most one inferential role is permitted by the characteriza-
tion of plonk; i.e., that there cannot be two connectives which share
the characterization given to plonk but which otherwise sometimes
play different roles. Formally put, uniqueness means that if exactly
the same properties are ascribed to some other connective, say
plink, then A-plink-B will play exactly the same role in inference as
A-plonk-B both as premiss and as conclusion. [3, page 133]

The idea here is straightforward. Inference rules only truly define a connective
if they go beyond describing some of its inferential properties, and go on to
determine its behaviour in valid argument. This is the criterion of UNIQUENESS.
Keeping on using Belnap’s mathematical analogy, we will call his first criterion
the EXISTENCE criterion. The antecedently given context of deducibility pro-
vides the space for the definition of some concept (it allows for its existence), if
it may be conservatively extended to include it. The concept is defined uniquely
if whenever we attempt to define it twice, the two concepts defined agree.

In the rest of this paper, I will use Belnap’s criteria of existence and unique-
ness to examine four different issues in the philosophy of logic, concerning a
connective (A). a quantifier (V). a variable binding term operator (¢) and a
modal operator (O0). Along the way we will learn more about connectives,
quantifiers, variable binders and modal operators, and we will also hopefully
learn more about what is involved in using inference rules to define.

§1. A. If you were forced to pick an unproblematic binary connective, con-
Jjunction would be a smart choice. For the conditional, there is no critical con-
sensus: some defend of the material conditional, others propose some kind of
modal or intensional analysis, and yet others think that the conditional is not
really a connective at all, but a complicated speech-act more like conditional
assertion than anything else. Even disjunction has its own disputes—how are
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we to mark the difference (if there is a real difference) between inclusive and
exclusive disjunction? If I use “or” in an exclusive way, does this imply or
merely presuppose that the disjuncts are not both true? There are no disputes
like these over conjunction. The rules [Al] and [AE] given on page 204 are not
that complicated and are not in that much dispute. However, there is some
dispute over the meaning of “and” and Belnap’s two criteria give us a way to
understand the kinds of discussions concerning it.

Existence. First. consider the existence problem. Do the rules [Al] and
[AE] conservatively extend a proof system to which they are added? The
answer would seem to be affirmative, since Prawitz has taught us that natural
deduction systems for intuitionistic logic or for classical logic, featuring just
these rules, have the normalisation property [18]. Any non-normal proof (a
proof with adjacent steps where a particle is introduced only to be eliminated
straight after) may be converted into a normal proof. This means, in the
case of intuitionistic logic and many other logics, that the proof system has
the subformula property for normal proofs. If there is a normal proof from
premises X to conclusion A4, then the proof will use only subformulas of the
formulasin X or 4. This means if we have an argument from X to 4, where X
and A do not feature “A”, then a normal proof from X to 4 will not feature the
“A” rules. If for every proof from X to 4 we can find some normal proof, this
tells us that adding the rules for “A” do not let us prove any inferences in the
old vocabulary that we couldn’t prove before. Conjunction is a conservative
extension. It passes the existence test. Or does it?

Results in proof theory like these are notoriously sensitive to being formu-
lated precisely. Normalisation results are no exception. As a matter of fact,
the rules [AZ] and [AE] do not conservatively extend all proof systems. Con-
sider a very basic proof system, in the style of Gentzen [11, 12] or Prawitz [18].
Proofs are trees of formulas, with premises as leaves and conclusion as the
root. The identity proof for a formula 4 is the simple tree

A

whose root is identical to its only leaf—the formula A itself. The rules for
conjunction are as given on page 204. We can, for example, construct a proof
whose premises are instances of p A (¢ Ar) and whose conclusionis (p Ag) Ar
by composing many [Al] and [AE] steps

pA(gAT)

— [AE]
pA(gAT) gnr pA(gAT)
— [AE] [AE] — [AE]

P q qnr
[N] [AE]
PAq r
[AI]

(pAq) N
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The result is a proof system for lattice conjunction. However, in this little
system, the primitive system (with identity as its only rule) is not conservatively
extended by the conjunction rule, at least when you look at matters closely.
The reasoning is straightforward. In the system with conjunction rules, we
have a proof whose premises are p and ¢ and whose conclusion is ¢.

(A]
PAg

q

There is no such proof that avoids using the conjunction rules. In this system,
the only proof ending in ¢ that uses no connectives is the identity proof in
which ¢ is the sole premise and conclusion.

So, we have seen a way in which even rules such as [Al] and [AE] may fail
Belnap’s existence test. The case may seem ad hoc, but it is not as cooked
up as it seems. If, for example, you have concerns for relevance [1, 2, 8, 21]
in a consequence relation, then you may think that you do not iave a proof
from p together with g to the conclusion ¢. There may be a proof from ¢
to ¢ (the identity proof we have already mentioned), but bringing the extra
premise p alongside the other premise does not necessarily involve it in the
proof. If our antecedently given context of deducibility respects this strict
criterion of relevance in this way, then the conjunction rules [A/] and [AE] are

to be rejected as definitions — they fail Belnap’s existence criterion?.

[AE]

Uniqueness. We may say something about uniqueness as an illustration of
the other criterion. If we are happy with [AI] and [AE] as rules, and our
system admits them because we were already committed to the validity of
the argument from p. g to p, then we may ask if the rules merely describe
conjunction or truly define it. So suppose that we introduce two conjunction
connectives A and &, with the same form of rules. Are they equivalent?

We have the following proofs:

A& B A& B ANB ANB
[&E] 3 [&E] [AE]

— [\l —[&]]

ANB A& B
So A is interchangeable with & as a premise or a conclusion in any argument.
They are equivalent. 1f we have a point at which we require 4 A B as a premise,
we may justify it on the basis of the assumption of 4 & B, and vice versa.

[AE]

2This happens in real-life natural deduction systems. In Lemmon’s Beginning Logic [16]. the
only way to derive the classically valid inference from p to ¢ D p is via a conjunction such as p Aq.
There is no way to vacuously discharge a hypothesis ¢ that is not actually present as a premise,
and the only way to involve it as a premise is to use another connective such as conjunction. So,
either Lemmon’s rules for D are incomplete, or, in his system, the conjunction rules fail Belnap’s
test.
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Similarly, if we wish to derive 4 A B, we may derive 4 & B and deduce 4 A B
from it, using these proofs>.

So, we have uniqueness. Does this uniqueness result mean that any two
connectives introduced with these rule have the same meaning? To decide
this would take us too far away into general considerations in the theory
of meaning. All we have seen so far is that A and & would play the same
role in deductive inference. Perhaps this does not mean that they are fully
interchangeable in every context in every respect. For example, you might
think of A as “and” and & as “but.” Perhaps these have the same deductive
power. Perhaps it is always legitimate to infer p butg from the premises p
and ¢, even if it is odd to say it in cases where ¢ is not surprising given the
assumption of p. If this is the case (and some theories of “but” distinguish
it from “and” not in what it says but in what uses of it presupposes), then it
may well be that “and” and “but” agree when it comes to inferential power
and derivability, but they do not agree in every aspect of meaning. If this is
the case, then inferential equivalence can define a connective like conjunction
up to a point, but it cannot determine its meaning in any sense more precise
than that.

§2. V. Now let us consider the universal quantifier. It has two relatively

straightforward inference rules

Alc] (Vx)A[x]

(Vx)A[x] Alt]

These rules are relatively straightforward, but they have complexities beyond
the rules of a propositional logic. These rules appeal to the syntax of names
and variables. In [VE], we may derive A[¢] (a sentence in which the singular
term ¢ may appear some number of times), from the premise (Vx)A[x]. where
A[x] is found by replacing the instances of 7 in A[¢] by the variable x. The
[VE] rule is simple. We infer from a universally quantified claim any of its
instances.

The more complicated rule is the introduction rule [V/]. Here, we don’t
derive (Vx)A[x] from A[c] by itself. We may only derive (Vx)A[x] if we have
derived A[c] in a special way. We can make this inference when we have
derived A[c] from premises in which the name ¢ does not occur. The idea is
straightforward. If we had any other object (call it ), then we could derive
A[d]in just the same way from just the same premises. If we presumed nothing
“about ¢,” then the proof of A[c] is completely general and could have served

[VE]

3There is, however, a little subtlety in doing this. In the Gentzen—Prawitz-style system I am
using, we trade in the use of the premise 4 A B by two appeals to the premise 4 & B. If our
antecedent theory of deducibility distinguishes multiplicities of premises, then 4 & B and 4 A B
need not be equivalent. For those keeping score of structural rules appealed to [21], for existence
we used WEAKENING, and for uniqueness, we need CONTRACTION.
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as well as a proof of A[d], or of A[x] for any object x. In other words, this
gives us grounds to conclude (Vx)A[x].

Existence. The standard normalisation argument in natural deduction or
cut elimination argument sequent systems show that the addition of these rules
in well-behaved proof systems is conservative. Adding these quantifier rules in
sensible proof theories is always conservative, we pass Belnap’s existence test.
The crucial step in a normalisation proof shows us that if we have a proof in
which a universal quantifier is introduced only to be eliminated immediately
at the next step.

X
L
Alc]
(Vx)A[x]
Ald]
Here, to justify the appeal to [VI], we know that ¢ does not appear in the proof

7 in the premises X. This means that we may replace ¢ by d in the proof 7 to
get

[v]
[VE]

which is a proof of the same conclusion A[d] from the same premises X,
without going through the detour formula (Vx)A[x]. The side condition on
[VI] is just what we need to prove existence.

Uniqueness. The curious feature here is uniqueness. Think of the kind of
argument that would show that two universal quantifiers — let’s say, (Vx) and
(x) — are equivalent. The simplest such argument would go like this:

(x)A[x] (Vx)A[x]
O0E  ———
Alc] Ald]
———— V] [(
(Vx)A[x] (x)A[x]

These arguments succeed only under certain conditions. The first proof, from
(x)A to (Vx)A, works only if the name ¢ substituted for x in [()E] is also
allowed to count as a term appropriate for substitution in the rule [VI]. The
second proof, from (Vx)A to (x)A. works only if the name d substituted for
x in [VE] is also allowed to count as a term appropriate for substitution in the
rule [()7]. Only when the terms used in the rules for one quantifier agree with
the terms used in the other can we manage to prove equivalence.

This restriction is important. Many sorted predicate logics may have differ-
ent universal quantifiers corresponding to different domains. Each quantifier

VE
M1
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will satisfy rules like [VI/VE] without the quantifiers coinciding. The infer-
ences from one quantifier to another would be blocked, because we cannot
step from (Vx)A[x] to A[c] to (x)A[x]. The problem is not that the inference
steps from truth to falsity at any point — it is that the result is syntactically ill-
formed. To make matters precise, suppose we have a language with two kinds
of singular terms (for simplicity, let us say that they are disjoint — no singular
term is of both kinds), a-terms and h-terms, and we correspondingly have a-
variables and b-variables. The syntax of each n-place predicate is determined
not only by its arity, but also by the kind of each place. There may be 1-place
predicates which take a-terms and 1-place predicates which take b-terms.
Call these (a)-predicates and (b)-predicates respectively. Similarly, an 2-place
predicate may be an (a, a) predicate, an (a, b)-predicate, a (b, a)-predicate or
a (b, b)-predicate, and so on. The rules for forming complex formulas are as
usual, but we have the following restrictions on quantifiers. If 4[c] is a sen-
tence, in which an a-term ¢ occurs, then (V,x)A[x] is a sentence, where A[x]
is the result of replacing the a-term ¢ in A[c] by the a-variable x. Similarly, if
d is a b-term, then (V,y)A[d] is a sentence, in which we quantify into b-term
position. Now the inference from (V,x)Fx to (¥, y)Fy will fail, not because
the premise is true and the conclusion is false, but if the premise (V,x)Fx is
syntactically well-formed, then the conclusion (¥, y)Fy is not. For (V,x)Fx
to make sense, F must be an (a)-predicate. For (V,y)Fy to make sense, F
must be a (b)-predicate. In the language under discussion, nothing is both.

So what, then, of Belnap’s criteria? Do quantifiers pass the uniqueness
test? Does the possibility of having two different universal quantifiers mean
that we should banish V and 3 from the canon of logical constants? Surely
such a conclusion is too extreme. However, we must acknowledge that in the
face of considerations like this, the choice of quantifiers as logical constants is
relative to the syntax of the language under consideration. Once we identify a
category of singular terms (of names or variables or whatever), then relative to
this choice, the quantifiers (for that category) are logical constants. Existence
and uniqueness proofs work, and the meanings of the quantifiers are fixed.

This means, of course, that the choice of syntax has a burden to carry. In
some cases — such as mathematical reasoning — the task does not seem too
onerous to discharge. In the language of set theory, for example, it is not too
hard to discern what singular terms are in use*.

For inferentialists, who wish to use rules like these to determine meanings,
the identification of the category of singular terms is a matter of pressing im-
portance. For example, Brandom devotes many pages of Making it Explicit [5]

4Though it is not without its share of controversy. Are class terms able to be paraphrased
away without appeal to singular terms for classes? If so, well and good, zrc and theories without
classes seem sufficient. If not, then perhaps NBG and theories with classes, or more radical views
are appropriate [9, 17].
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to the issue of determining the characteristics of singular terms. Figuring out
what these are, and what reason we might have for a single category of them—
rather than multiple disjoint classes—is a pressing project for those who take
first-order quantification to tell us something about ontology [20]. Getting the
category right tells us something about the significance of taking V as a logical
constant and something of the significance of taking it to be defined by its
inference rules. This attempt at a definition only succeeds given the analysis
of singular terms of the language.

83. ¢. A more controversial concept in the vicinity of first-order predicate
logic is Hilbert’s “¢”, the variable-binding term operator of indefinite choice.
The syntax is relatively straightforward. If 4[¢] is a sentence in which term ¢
appears, then exA[x] is a singular term, where A[x] is given by replacing the
term 7 in A[¢] by x. The intended interpretation is that if there is some x such
that A[x]. then exA[x] denotes some such object. (If there is no such x, then
the denotation of exA[x] is not so important.) With this understanding of e,
the universal and existential quantifiers may be defined. We have

(x)Alx] =45  AlexA[x]]
(Vx)A[x] =g Alex—A[x]]

Choiceis useful for a number of different reasons. Hilbert’s original motivation
was to do without the quantifiers. You may also be interested in choice in
order to more straightforwardly model natural deduction reasoning—it is
quite tempting to be able to infer from (3x)A[x] the conclusion A4[¢] for some
term ¢ (many students prefer to make a step like this than to use the Official
[JE] Rule from their natural deduction system). Choosing exA[x] for  makes
this inference valid. From (3x)A[x]we may infer A[exA[x]]> Another use for ¢
may be found in formulating and defending choice principles in mathematical
theories. If the syntax allows us to formulate arbitrary choices, then we have
scope for “proving” the axiom of choice in some set theory on the basis of
more fundamental axioms or principles [7]. The general strategy is clear: if
we need to show that!

(Vx)(3y)Fxy > 3f)(¥x)Fx f(x)

— if f is to be a choice function, where f (x) is a choice of a representative y
where Fxy, then taking f (x) to be eyFxy has the desired behaviour, since we
may prove

(Vx)(3y)Fxy D (Vx)Fx(eyFxy)

SHowever, this matter is subtle [13]. It is especially difficult in the presence of intensional
operators such as O and ¢. If {(3x)A[x]. we may infer OA[exA[x]]. It looks to all the world that
we may infer that there is an object ¢ (the denotation of the term exA[x] in {A[exA[x]]) such
that QA4[c]. in other words, (3x)OA[x]. But isn’t the inference from O(3Ix)A[x] to (Ix)OA[x]
invalid?
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So. with these thoughts in mind, it is appropriate to ask the question of what
kind of concept ¢ turns out to be, to better understand what is involved in
admitting it into our vocabulary. As with quantification, issues arise with
uniqueness more than with existence. There is no doubt that ¢ may be conser-
vatively extended to the language of first-order logic — at least if we admit the
axiom of choice into our metatheory. Any model of the language of first order
logic may be extended with a choice function selecting from the extension of a
formula A[x] with one free variable, an object to be the denotation of exA[x].
This kind of model not only validates the conditions on ¢ we have already
seen, but also stronger conditions such as “left uniqueness”

(Vx)(A[x] = B[x]) D exA[x] = exB[x]

to the effect that if 4 and B are coextensive predicates, then the choice for A4 is
identical to the choice for B®. So, adding choice, with quite strong principles,
is conservative over a base logic like classical predicate logic. Any troubles
with ¢ do not arise over questions of existence. Uniqueness is another matter.

Uniqueness. Suppose that we add two ¢ operators to the language. We do
not need to fix on a particular collection of inference rules for ¢, but a plausible
pair of rules for ¢ are these:

[A[c]]
Alc] 7
—————[¢]] :
AlexA[x]] AlexA[x]] C
C

These rules together ensure that ¢ makes dxA[x] equivalent to A[exA[x]].
However, they are not enough to assure uniqueness. They may both be
satisfied by wildly different choice functions. For example, if we have a model
of predicate logic, we may interpret a choice function by selecting a member
of every non-empty subset of the domain. Such choices may be made in
very many different ways and, and so, we may have very many different
interpretations of the choice function. For example, take a model of the
language of arithmetic modulo 3, with the domain {0, 1,2}. the arithmetic
vocabulary of 0, 1, +, x with the interpretation of of arithmetic mod three.
Take two choice functions, interpreting the two choice operators ¢ and ¢’. For
exA[x], we choose the smallest’ x satisfying the property A[x]. if there is one,
and 0 if there is not. For &’xA[x]. we choose the largest® x satisfying A[x]. if
there is one, and 2 if there is not. We can see under this interpretation that the
rules [e]] and [¢ E] are satisfied for both ¢ and ¢’, and we have left uniqueness

too. Are ¢ and ¢’ in any way equivalent? Can we substitute ¢ for &'?

(¢ occurs in no other premise in 7.)

[¢E]

SFor a recent discussion of left uniqueness and other conditions on ¢, see Claus-Peter Wirth’s
interesting recent paper [24].

7Smallest under the ordering 0 < 1 < 2, that is.

8Largest under the same ordering: 0 < 1 < 2.
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No, we cannot. In this interpretation, ex(x = x) denotes 0, and &’x(x = x)
denotes 2. So, in this interpretation, we have

ex(x =x) #£&'x(x =x)
but we do have
ex(x =x)=ex(x=x) and &x(x=x)=¢x(x =x)

So, ¢ is in no way equivalent to ¢’. If I learn to use ¢ by way of inference
rules like [¢/] and [¢ E] (and left uniqueness and perhaps other conditions also
satisfied in our models), and you do too, then there is no guarantee that our use
of the concept will agree. I could “mean” ¢ and you could “mean” ¢’. Our usage
will not converge on the one interpretation. Even given the choices we made
to fix the logical vocabulary of singular terms, in order to give uniqueness for
the quantifiers, we cannot assume that we have uniqueness for choice. Choice
does not pass the uniqueness test, and it cannot be thought to be a logical
constant in the same manner as the connectives and the quantifiers, unless we
either set aside the criterion of uniqueness (so our inference principles do not
need to determine the interpretation of the concept), or we find some other
concept upon which to ground the interpretation of ¢.

Our last example will be another case in which uniqueness is at risk, and in
which we may perhaps find the resources to restore uniqueness.

84. O. Consider modality: in particular, consider a normal modal operator
O — necessity — interpreted as satisfying the simple modal logic S5 [4, 14, 15].
As is well known, there are many different models for the modal logic S5. If
we think of Kripke models in which formulas are evaluated at “worlds”, then
given any equivalence relation ~, if we take 0O A to hold at world w iff 4 holds
at every world v &~ w, then the result is a model of the logic S5. A universal
model is one in which the equivalence relation ~ on the domain W of worlds
is the total relation: w = v always. So, in a universal model, 04 is true at
some world if and only if 4 is true at every world.

Now, it appears that these simple facts show that O is not a true logical
constant in our strict sense. We may interpret 0d; and O,, both satisfying the
rules of the logic S5, with different equivalence relations ~; and ==, on the
one model. The logic S5 does not force a unique interpretation on our two
operators, and there is no way to force O; and O, to be equivalent, from the
assumption that they are both S5 necessity operators. To put it starkly, the
inference rules for O according to S5 describe the behaviour of O but they do
not define it.

We could leave matters there and feel satisfied that we have a neat answer,
which puts A and V on one side of the fence (logical constants, fully defined by
their inference rules) and ¢ and O on the other (requiring more to define them
that their inferential properties alone). Such a position is consonant with the
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main tradition in contemporary modal logic, where we admit that there are
many operators satisfying the rules of this or that modal logic, and there are
many ways that different modal operators might interact’. However, ending
here would obscure one important point. The case of O; and O, is analogous
to the case of the universal quantifier in a multi-sorted vocabulary. We could
only prove uniqueness for a universal quantifier relative to a particular choice
of syntax — a choice of singular terms and variables. If the analogy with
quantifiers holds, perhaps we can make a similar choice in the case of modality.
In this modal case, the choice is not so much in the syntax of formulas
themselves (in propositional modal logic we have no terms denoting worlds
or any other modal “ontology” or “ideology”) it must be elsewhere. One
possible place to find such a choice of syntax is found in a proof theory for the
modal logic S5 I introduced at Logic Colloguium in 2005 [22]. Here, we extend
Gentzen’s sequent calculus to deal with hypersequents (multisets of sequents),
where just as the sequent

XFY

tells us that asserting each sentence in X and denying each sentence in Y is
ruled out as inconsistent on logical grounds, in the hypersequent appropriate
for modal reasoning considering hypothetical situations, or reasoning with
different dialogical contexts,

X FY | KLbEYy | | X, b Y,

tells us that asserting X} and denying Y] in one context, together with asserting
X, and denying Y, in another context ... and asserting X,, and denying Y,
in another is inconsistent on logical grounds. The general principle is best
illustrated by a derivation of a principle of S5, to infer O0-0-A4 from 4.

A+ 4

Ry
AF | O-AF
Ab | F-0-4
AF | FO-0-4

AFO-0-4
In the second line we have A, ~A4 + — asserting both 4 and —4 is ruled out.
At the third line, we move to A | O-A4 I, which tells us that if we assert 4
on one context, and in another assert 0—4, this is also ruled out. This is what
makes O modal. Taking —A to be necessary is inconsistent with supposing
(in some other “possibility”) that it is the case that 4. The next line moves

-]

(OL]
[-R]

[OR]

[merge]

9The canonical text on mutimodal logics is Gabbay, Kurucz, Wolter and Zakharyashev’s
Many-Dimensional modal logics [10].
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us from the assertion of 0—A4 to the denial of =0-A4, and then after that, if
asserting 4 (in some context) is inconsistent with denying -0—-4 (in another
context), then it is also inconsistent with denying O-0-A4, because denying
OB in general has the same import as denying B in some other arbitrary
context. Finally, if it is inconsistent to assert 4 in some context and deny
O-0-4 in another, it is just as bad to assert 4 and deny O—-0-4 in the very
same context, and hence, we have 4 - O-0-4, the conclusion.

The rules for O used here take this form:

X.AFY | A FA | A

[OL] ——[OR]
OAF| XFY | A FOA4 | A
In the earlier paper I show that this hypersequent calculus admits of a cut
elimination proof (and hence, we can show existence), and that it is indeed a
system sound and complete for S5. What is more interesting from our point
of view is the fact that we can prove uniqueness too.

Uniqueness. If O; and O, use the same sequent rules, we may prove equiv-
alence of O0; and O, as follows:

AFA AFA
——— [Oi1] — [21]
Oydk | HA hAF | HA

———— [©R] ——— [OiR]
04F | FOy4 OyA k- | FO4
— [merge] ———— [merge]
0,4+ 0,4 0,4+ 0,4

This is not a difficult result. The technique is identical to that used when
we proved that two universal quantifiers are equivalent. In that case, we
relied upon the fact that the quantifiers trade on the one syntactic category
of names and variables. In this case, we rely upon the fact that the two
modal operators trade upon the one hypersequent structure. In the case of
the quantifiers, uniqueness may be defended on the basis of the uniqueness of
syntactic category of names and variables in the language under consideration.
If the analogy is to be made out, the same thing may be said for modality,
except (if the interpretation of the hypersequent proof theory I hastily sketched
is accepted) the defence is not made on the basis of any syntactic feature of
the sentences of the language in question, but rather, on the way we combine
them in dialogue. The modal operator O gains its interpretation, on this view,
on the basis of the dialogical shifts from context to context made in modal
reasoning. On this view, any stability we have in our understanding of the
concept of necessity and possibility may be found not in the shared access we
have to the one domain of possible worlds (how could we have access to that,
except via or modal reasoning?) but in the way we govern shifts in dialogue
when we together consider what would happen if . ..

Belnap’s criteria of existence and uniqueness were offered as a way to draw
a principled boundary that would keep logical operators on one side of the
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fence. while keeping anomalous definitions like that of tonk on the other side.
These criteria are fruitful not only in the case of barring monsters like tonk, but
they also have something to teach us in the more prosaic cases of A, V, ¢ and 0.
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BOUNDED SUPER REAL CLOSED RINGS
MARCUS TRESSL

§1. Introduction. Thisnoteisa complement to the paper [Tr2], where super
real closed rings are introduced and studied. A super real closed ring 4 is a
commutative unital ring 4 together with an operation F4 : A" — A for every
continuous map F : R” — R, n € N, so that all term equalities between
the F’s remain valid for the F,’s. For example if C(X) is the ring of real
valued continuous functions on a topological space X, then C(X) carries a
natural super real closed ring structure, where Fc(x) is composition with F'.
Super real closed rings provide a natural framework for the algebra and model
theory of rings of continuous functions.
A bounded super real closed ring 4 is a commutative unital ring 4 together
with an operation Fy : A" — A for every bounded continuous map F :
R" — R, n € N, so that all term equalities between the F’s remain valid for
the F4’s (cf. 2.7 below).
In particular every super real closed ring is a bounded super real closed
ring by forgetting the operation of the unbounded functions. An example of
a bounded super real closed ring, which is not a super real closed ring, is the
ring CP°'(R”) of all polynomially bounded continuous functions R” — R.
We show that
e bounded super real closed rings are precisely the classical localizations
of super real closed rings (cf. 3.6).

e bounded super real closed rings are precisely the convex subrings of
super real closed rings (cf. 4.6).

e there is an idempotent mono-reflector A — A from the category of
bounded super real closed rings to the category of super real closed rings
(cf. 5.12). This means that every bounded super real closed ring 4 has a
super real closed hull A, 4 is minimal agilniquely determined up to a
unique A-isomorphism. For example CPol(R") = C(R")

e Inside every bounded super real closed ring A4 there is a largest super real
closed ring A (cf. 6.2). For example (CP°'(R"))T = C*(R") (=the ring
of bounded continuous functions R* — R).
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The motivation for writing this note is as follows: If 4 is a ring of continuous
functions say 4 = C(R"), then the Zariski sheaf Spec 4 is in general not a
sheaf of rings of continuous functions. It is indeed not a sheaf of super real
closed rings in a natural way. On the other hand by the localization theorem 3.6
below, Spec A4 is always a sheaf of bounded super real closed rings and this is
also true if we start with a bounded super real closed ring A4.

Hence it is desirable to extend the commutative algebra of super real closed
rings to the bounded case. In order not to repeat arguments, we develop tools
which allow the use of the reflector 4 — A to explain what’s going on in
A. For example, forming residue rings and classical localizations behave well
with respect to the reflector, cf. 5.11 and 5.13. The close relation of the ideals
of A and A is worked out in 5.8 and in 5.9.

The results mentioned above can be used to transfer most of the commuta-
tive algebra, developed in [Tr2] Sections 11, 12 and 13 (with the appropriate
adaptions) to bounded super real closed rings. It would be tedious to elab-
orate this here, instead we present instruments which allow such a transfer
easily, whenever it is needed in subsequent work.

The results in Section 6 are not of this instrumental style. As stated above,
we prove the existence of a largest super real closed ring inside every bounded
super real closed ring and we state two explicit descriptions of this ring.

§2. Definition of bounded super real closed rings. We shall make use of the
theory of real closed ring introduced by N. Schwartz (cf. [Schw]). However we
will use it in the way explained in [Tr2], Section 2. We recall this briefly. Let C,
be the set of all continuous maps R” — R which are 0-definable in the field R; in
other words whose graph is a boolean combination of subsets of R” x R defined
by polynomial inequalities P(x, y) > Owith P(X,y) € Z[X. y]. Aring A isreal
closed if there is a collection of functions (f4 : 4" — A |n €N, f € C,),
such that

(1) If f € C, is constant 0 or constant 1, then f 4 is constant 0 or constant
I; if f : R — R is the identity, then f 4 : A — A is the identity;
if £ : R? — R is addition or multiplication in R, respectively, then
fa:A> — A is addition or multiplication in A4, respectively.

(2) If f €Cyr.k eNand f; € C, (1 <i <n), then

folficoosfu)la=fao(fraee.. fua)
2.1. FACT. Every real closed ring is reduced ([Tr2], (2.2)) and

(i) For every real closed ring there is a unique collection of functions as in the
definition above. This is [Tr2, (2.13)], where the functions f 4 are explicitly
constructed from the pure ring A.

(ii) Every ring-homomorphism A — B between real closed rings respects the
new functions f 4 and f ([Tr2]. (2.16)).
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_|

Because of 2.1 we may identify a real closed ring with its underlying pure
ring.

2.2. FACT. Let A be a real closed ring. The relation [ < g <= Jh €
A g — f = h? defines a partial order on A and A together with < is a lattice
ordered ring. The supremum of f and — f is denoted by | f|. A subring B of A
is convex if f <h<gand f,g € B impliesh € B. By [Tr2, (10.5)], we have

(i) There is a smallest convex subring Hol(A) of A. called the holomorphy
ring, namely

Hol(4) ={f € A | |f| < N for some N € N}.

(ii) The convex subrings of A are precisely the subrings of A containing Hol A
and all these subrings are real closed.

(ili) If B is a convex subring of A, then A = S™' - B is the localization of B at
S =A4*NB.

(iv) There is a largest real closed ring C having A as a convex subring. C is
called the convex closure of A (cf. [Tr2, (11.2)]). If C = A. then A is
called convexly closed. For example, real closed fields are convexly closed.

_|
For a topological space X let C(X), C*(X) denote the continuous func-
tions, the bounded continuous functions X — R, respectively.

2.3. DErFINITION. A function F : R" — R is called polynomially bounded
if there is some polynomial P € R[X1,..., X,] with

|F(x)| < P(x) (x e R").

Let CP°/(R") be the ring of polynomially bounded continuous functions
R*" — R.

2.4. OBSERVATION. Since every polynomial from R[ X1, ..., X,] is bounded by
a power of the polynomial 2 + X} + --- + X?. a function F : R" — R is
polynomially bounded if and only if there is some p € N such that

|[F ()|
<1(x eR").
Q+xf+-4x2)r ~ & )

2.5. ProposITION. (i) CP°(R") is a convex subring of C (R")
(i) CPUR") = C*(R")[x1.....xn] = C*(R)2 + x2 + -+ + x2]
(iii) CPY(R") =S~1. C*(R"), where

S={F € C*(R") | thereis Q € R[Xi,....X,]withF-Q >1onR"}.

Proor. This is obvious from 2.4. -
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2.6. DeFINITION. Recall from [Tr1, 5.1] the following notation:
T :={s:R — R | s is continuous and s ~'(0) = {0}}.
We define
TPl :— v N CPY(R).

2.7. DEFINITION.  (a) Let Lypo be the first order language extending the
language {+, —, -, 0, 1} of rings, which has in addition an r-ary function
symbol F for every polynomially bounded continuous function F :
R"” — R and every n € Nj.

(b) Let Trpa be the Lypa-theory which extends the theory of real closed rings
and which has the following additional axioms:

1. The axioms of a commutative unital ring (with 1) in the language
{+.—.-.0.1}.

2. The axiom Vxy (+(x,y) = x + y A :(x.y) = x -y Ald(x) =
x A =(x) =—-xAl(x) =1A0(x)=1). Hence the symbols from
the language of rings have the same meaning as the corresponding
symbols when reintroduced in Lo as symbols, naming continuous
functions.

3. All the sentences

VERE(f (R f () = F o (f1ees fa)(E).
where F € CPY(R"), f1..... fn € CP(RY).
The models of Tvpa are called bounded super real closed rings.

Observe that the null ring is also considered as a bounded super real closed
ring. Moreover, since all semi-algebraic functions R” — R are polynomially
bounded, it is clear that every bounded super real closed ring is real closed.

2.8. DEFINITION. A homomorphism between Lqpi-structures is called a
bounded super homomorphism. An Lqypi-substructure of an Lypo-structure
is called a bounded super substructure.

2.9. REMINDER. If we drop the super script “ P\ everywhere in 2.7 and 2.8
we get the definition of the language L, the definition of a super real closed ring
(¢f. [Tr2. (5.1)]) and the definition of a super homomorphism.

An Y-radical ideal of a super real closed ring 4 is an ideal I of 4, which is
closed under Y (by which we mean closed under all the functions s4. s € T).
Those are precisely the kernels of super homomorphism (cf. [Tr2, (6.3)]).

If A is super real closed, then Hol 4 is a super real closed subring of A4, as
follows immediately from [Tr2, (9.2)](i).
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Bounded super real closed rings arise naturally from super real closed rings
as convex subrings:

2.10. LeMMA. If B is bounded super real closed (e.g. if B is super real closed )
and A is a convex subring of B, then A is a bounded super real closed subring
of B.

ProoF. Take F € CP(R")anday.....a, € A. Wehavetoshow Fg(aj,. ...
a,) € A. Since F is polynomially bounded. there is some P € R[X]..... X,]
with |[F| < PonR". Let y : R — R be defined by y(x) = —x, if x < 0 and
7(x) =0if x > 0. Then |F| < Preadsas yo (P —|F|) = 0 onR”. Since B is
bounded super real closed, also (yo(P—|F|))z = 0. By definition, this means
8o (P —|F|)p = 0. Since B is real closed y5(b) = 0is equivalent to » > 0in
B (b € B). Hence we have (P — |F|)g(ay,...,a,) > 0. In the bounded super
real closed ring B, this means |Fp(ay,...,a,)| <
is convex in B, Fg(ay.....a,) € A. -

83. Localization of bounded super real closed rings. First recall how we can
localize super real closed rings:

3.1. TueoreM (cf. [Tr2, (7.4)]). Let A be a super real closed ring and let
1 € S C A4 be closed under multiplication and Y. Then there is a unique
expansion of the localization S™'A to a super real closed ring such that the
localization map A — S~'A is a super homomorphism.

The operation of F € C(R") on (S™'A)" is given as follows: There aret € T
and a continuous function G € C(R" x R) with

F(xt,....x,) - t(y) = G(x1-p,....x, - 3. p) (£, y) € R" x R).
Then for f1.....fn € Aandg € S

g (L L2 o Gl )
S—lal —H5eeers— = .
g g ta(g)

3.2. LemMA. Let FE.G € C(R") such that {G = 0} C int{F = 0}, the
interior of the zero set of F. Then there is a unique H € C(R") with F = H -G
such that H = 0 on {G = 0}.

If there are a bounded subset B of R" and some ¢ € R, € > 0 such that
|G|rn\8| > €. then |H| < ¢ - |F| for some ¢ € R, ¢ > 0.

Proor. Existence and uniqueness of H is clear. Assume there are B, e as
stated. Then K := B \ int{F = 0} is compact and G does not have zeroes
on K. Let ¢ € R, such that ¢ > % and % < |G|k]|. Then for every x € R" we
have |H (x)| < ¢ - |F(x)|: this holds true if F(x) =0, since F = H - G and H
vanishes on {G = 0}. If F(x) # 0, then x ¢ Bor x € B\ int{F =0} = K.
In both cases we get the assertion by the choice of c. -

3.3. COROLLARY. Let A be bounded super real closed. Letr € R, Fi, F, €
CP\(R") and ay. ..., a, € A be such that |a;| < r (1 < i < n) and such that
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Fi(x) = F>(x) for all x in an open set containing [—r,r]* C R". Then

FI.A(al,...,an) = F2.A(a15"':an)'

PrOOE. Define G : R” — R by G(x) = >/, sup{0.|x;| — r;}. Then
G € C(R") and {G = 0} = [-r,r]" C int{F; — F, = 0} by assumption.
By 3.2, there is some H € C(R") with F{ — F, = H - G and since G > 1
outside [—r — 1,7 + 1]" we know that |H| < ¢ - |F; — F»| for some ¢ € R.
Since F, F, are polynomially bounded. also H € CP°'(R"). Thus

Filay,....an) — Foqlayr,....a,) = Hylay,....a,) - Gulay.....a,).

Since |a;| < r foreach i and A4 is areal closed ring we know that G4(ay, .. .. a,)
=>"" ,sup{0.]a;| — r;} = 0. which implies the corollary. o

3.4. PROPOSITION AND DEFINITION. Let A be a bounded super real closed
ring. The holomorphy ring Hol A is a bounded super real closed subring of A
and there is a unique super real closed ring structure on Hol A, which expands

the bounded super real closed ring structure.
ForF ¢ CR") anday, . ...a, € Hol(A4) we have

(1) Frolalay.....ay) = Guoralay.....ay,)

whenever G € CP°Y(R") is such that for some r € N with |a;| < r we have
F(x)=G(x)(x eR", |x|<r+1).

Proof. Hol 4 is a bounded super real closed subring of A, since for all
ay.....a, € Hol 4 and each F € CP!(R"), there are r € R with |a;| < r and
abounded F* € C*(R") such that F(x) = F*(x) (|x| < r+1); hence by 3.3,
Fylay.....a,) = F}(ai,....a,) € Hol 4.

By 3.3, we may use () to define an Ly-structure on Hol(A) which by
definition expands the bounded super real closed ring structure on Hol 4. It
is straightforward (using 3.3) to check that this defines the unique super real
closed ring structure on Hol 4 which expands the bounded super real closed
ring structure. -

3.5. THEOREM. Let F € C*(R") and P(T) € R[T]. T = (Ty.....T,) of

total degree d with |F| < |P| onR". Then there is a unique continuous function
G € C(R" x R) with

(%) F(xi.....xn) -y =G(x1-y.....x0-p.y) (X.9) € R" x R).
Moreover G is polynomially bounded.

Proor. Existence is given by [Tr2, (7.2)](ii). Uniqueness holds, since
G(x1....,x,,y) is uniquely determined by (x) for all (%, y) € R" x R with
y # 0. Moreover the proof of [Tr2, (7.2)](ii) shows that G is again polynomi-
ally bounded (by a polynomial of total degree d. -

3.6. THEOREM. Let A be a bounded super real closed ring and let 1 € S C A
be multiplicatively closed. Then there is a unique expansion of the localization



226 MARCUS TRESSL

S~ 4 to a bounded super real closed ring such that the localization map A —
S—14 is a bounded super homomorphism.

The operation of F € CP°'(R") on (S~'A)" is given as follows: Pick d € Ny
such that F is bounded by a polynomial of total degree d and take a polynomially
bounded continuous function G € C(R" x R) with

F(xtooo.x,) -y =G(x1-y.....xp- . y) (X, y) e R" x R).
Such functions exist by 3.5. Then for f,....f, € Aandg € S
Fg-1y <ﬁ &) = Gal/1 oo ) e S l4.

g”""g gd+1

Proor. The proof is parallel to the proof of the localization theorem [Tr2,
(7.4)]. using 3.5 instead of [Tr2, (7.2)](i). 4

3.7. COROLLARY. Let ¢ : A — B be a super homomorphism between
bounded super real closed rings andlet 1 € S C A be multiplicatively closed such
that p(S) C B*. Then the natural map S~' A — B is a super homomorphism.
too.

Proor. This follows immediately from the explicit definition of the bounded
super real closed structure on S~! - 4 in 3.6. -

84. The super real closed hull. For a bounded super real closed ring 4, we
shall now define the smallest super real closed ring containing 4 as a bounded
super real closed subring.

4.1. THEOREM AND DEFINITION. Let A be a bounded super real closed ring.
Let

A=S"" Hold,

where S is the closure of A* N Hol A under multiplication and Y (recall: this
means “closed under all the functions syo 4. S € Y7); here we consider Hol(A)
equipped with the super real closed ring structure defined in 3.4. Then there is a
unique Lv-structure on A such that A is a super real closed ring having A as a
bounded super real closed subring. A is called the super real closed hull of A.

ProoF. Firstly, as 4% N"HolA C S wehave 4 = (4% NHolA)~!-Hol4 C
S—!.HolA4 = A. By 3.4, Hol(4) is a bounded super real closed subring of
A and there is a unique expansion of this structure to a super real closed ring.
By definition, S is closed under multiplication and Y. By 3.1, there is a unique
Ly-structure on A such that A is a super real closed ring having Hol 4 as a
super real closed subring. Since 4 is also the localization of 4 at S, 3.6 implies
that 4 is a bounded super real closed subring of A.

It remains to show that A with the Ly-structure defined above is the unique
super real closed ring structure on A having A4 as a bounded super real closed
subring. However, any other super real closed ring B expanding the pure
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ring 4 having 4 as a bounded super real closed subring, has Hol 4 as a super
real closed subring (cf. [Tr2, (9.2)](i)) and the underlying bounded super real
closed ring structure is the one induced from 4. By 3.4, the super real closed
ring structures of B and A induced on Hol 4 are equal. From the uniqueness
property in 3.1 we know that B is the super real closed ring 4. -

4.2. COROLLARY. Let F.G € CPY(R").

(i) If {F =0} C{G =0}, then Tpa VX F(x)=0— G(x) =0.
(it) If {F >0} C{G > 0}, then Tyea VX F(Xx)>0— G(X) > 0.

PrOOF. (i). Let 4 |= Trp. By [Tr2. (5.5)](iv) the super real closed ring A
is a model of

F
F

Vi F(%¥)=0— G(x)=0.

Since A is a bounded super real closed subring of A (by 4.1), also A is a model
of this sentence.

(ii) follows from (i), since in every real closed ring A4, the formula x > 0
is equivalent to p4(x) = 0, where p : R — R is the infimum of the identity
function and the constant function 0. -

4.3. LEMMA. Let A be a bounded super real closed subring of the super real
closed ring B. There is a unique A-algebra homomorphism A — B and this
homomorphism is an embedding of super real closed rings.

ProoF. We have Sy := 4 NHol4 C T := B* NnHol B. Since B is super
real closed, T is closed under Y: this follows from [Tr2, (6.12)], which says
that all maximal ideal of B are Y-radical.

Since Hol 4 is a super real closed subring of Hol B by 3.4, T N Hol 4
is YT-closed as well. Thus the closure S of Sy under T and multiplication
is contained in 7, too. Hence we get a unique A-algebra homomorphism
¢:A=S"1-Hol(4) — T~'-Hol(B) = B and this map is injective. It
remains to show that ¢ is a super homomorphism. This follows immediately
from the definition of the Ly-structure on both rings in 3.1. -

4.4. COROLLARY. If A is a super real closed ring, then A (defined for the
underlying bounded super real closed ring) is equal to A. In particular, the
Lr-structure of A is uniquely determined by the Ly -structure. -

4.5. COROLLARY. Let B be a super real clo§ed ring and let A be a bounded
super real closed subring of A. Then B =24 A as (bounded ) super real closed
rings if and only if B is generated by A as a super real closed ring.

PROOF. Let C C A be the super real closed subring generated by 4. By 4.3
there is a super real 4-algebra monomorphlsm A — C. Composing this
map with the inclusion C — A4 and using uniqueness shows that C = A.
Hence A is generated by A as a super real closed ring.
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Conversely suppose B is generated by A as a super real closed ring. By 4.3,
we may view A as a super real closed subring of B. Since B is generated by 4
we get B = A. -

4.6. PROPOSITION. Let A be a bounded super real closed ring. Then A is
convex in A, in other words A is a subring of the convex closure B of A. There
is a unique super real closed ring-structure on B extending the bounded super
real closed ring structure on A. In particular, every bounded super real closed
ring which is convexly closed (e.g. a field ) has a unique expansion to a super real
closed ring.

Proor. Since Hol(A4) is convex in A4, the convex closure B of Hol 4 contains
A. By [Tr2. (11.2)](iii) we know that B is the localization of Hol 4 at the set
T of all non zero-divisors ¢ of Hol 4 with the property that Hol 4 is convex
in (Hol 4),. It follows AX N Hol A C T. Since T is closed and closed under
T by [Tr2, (11.11)], the closure S of 4% N Hol 4 is contained in 7. Hence
A=S"".Hol(4) C T~'-Hol(4) = B. in other words 4 is convex in A.

By [Tr2, (11 12)]. there is a (unique) expansion of B to a super real closed
ring having A as super real closed subring. Since B is a localization of 4 we get
the uniqueness statement of the proposition from the uniqueness statement
in 3.6 together with 4.4. -

4.7. COROLLARY. Let A be a bounded super real closed subring of a super real
closed ring B. Then A is convex in the super real closed ring generated by A
in B.

Proor. By 4.5 and 4.6. =

85. Super real ideals.

5.1. DeFmNITION. An ideal I of a bounded super real closed ring A is called
super real if s4(I) C I for every s € TP Observe that in this case I is
a radical ideal, in particular / is convex and satisfies a € I <= |a| € 1
(a € A).

Certainly, every ideal I of A4 is contained in a smallest super real ideal of 4,
denoted by v/7.

If A is a super real closed ring, then by [Tr2, (6.10)]. the super real ideals are
precisely the Y-radical ideals (clearly TP is a set of generalized root functions
as defined in [T12, (3.2)]).

5.2. ExampLEs. Let 4 be a bounded super real closed ring.

(i) If F € CP\(R) is strictly positive everywhere, then in general F,(a) is
not a unit for every unit ¢ € 4. For example if 4 is the bounded super
real closed ring CP°'(R), F = exp(—x?) and a = 1 + x? € 4.

(i) If @ € A4 is a unit, then in general, there is some s € YTP°!, which is
bounded away from 0 outside [—1, 1] such that s4(a) is not a unit. For
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example if A is the bounded super real closed ring C*°!(R), s = exp(— ﬁ)
and a = H% € A.

Hence in this example, the ideal I = (s(a)) of A4 is proper, but the
super real radical of I is not proper. In particular, maximal ideals
of bounded super real closed rings are not super real in general. The
example also shows that this is not resolved if we replace YTP°' by the set
of all s € TP which are bounded away from 0 outside a neighborhood
of 0: or to replace YP°! by the set of all bounded s € Y such that s does
not have zeroes different from 0 in the Stone-Cech compactification R
of R.

5.3. Remark. If 4 C B is an extension of rings and 7 is an ideal of A4,
then I - B denotes the ideal generated by I in B. Recall that for a convex
subring A of a real closed ring B and every radical ideal I of A we have
I-B={a-b|acl be B} and this ideal is again radical.

Our first goal in this section is to show that 5.3 remains valid in the bounded
super real closed context. That is, whenever 4 C B is a convex extension of
bounded super real closed rings and 7 is a super real ideal of 4, then I - Bisa
super real ideal of B (cf. 5.7). In order to prove this we show that for every s €
TP there are t € TP and F € CP(R?) with s(x - y) = ¢(x) - F(x.y). This
is achieved in 5.6 below. First a preparational lemma: First two preparational
lemmas from elementary analysis:

5.4. LEMMA. Let A C R? be compact with projection [a.b] onto the first
coordinate. Let C be the convex hull of A. Then C is again compact and the
function f : [a.b] — R defined by f(x) = max Cy is continuous, concave
(iie. fUx+(1=AN)y)>Af(x)+ 1 =2)f(y) forall0 < A < 1) and satisfies
f(a)=max A,, f(b)=max A,. Here C denotes the set {y € R | (x,y) € C}
and similarly for A,, Ap.

Moreover, if A is the graph of a strictly increasing function [a,b] — R, then
also f is strictly increasing.

Proor. This is clear. -

5.5. LEMMA. Let s, € T (n € N). Then there is somet € Y, 0 < t < 1,
symmetric (i.e. t(—x) = t(x)). non-decreasing and concave in [0, 0o) such that
for every n € N there is some & > 0 with

t(x) > |s,(x)| (|x] <9).

Proor. We may assume that all s, are symmetric, non-decreasing on [0, co)
and 0 < s, < % Define

. Ix] 1 . (1
7(x) =min | =, = | +sup min | —, s,(x)
22 n n
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which is continuous on R, strictly increasing in [0, 1] with values in [0, 1],
7(0) = 0 such that for every n, there exists § > 0 with 7(x) > s,(x) for
0<x<9.

We define a function 7 : [0, 1] — [0, 1] as follows: Let C be the convex hull
of the graph of 7 | [0, 1] and let

t(x):=supC, (0<x < 1),

where C, = {y € R | (x,y) € C}. By 5.4, tisastrictly increasing and concave
homeomorphism [0, 1] — [0.7(1)]. Weextend  to R via ¢(x) = #(1)if x > 1
and 7(x) = ¢t(—x) if x < 0. Then ¢ is symmetric, 0 < ¢ < 1 and it is clear that
¢ is still concave in [0, 00).

Since #(x) > 7(x) forall x € [0, 1]itis clear that for all n € N, there is some
6 > 0 with (x) > s,(x) (|x| <9). 4

5.6. PROPOSITION. Let s € Y. Therearet € Y with0 <t <1,c € Rand
F € C(R?) such that

s(x-y)=t(x) F(x.p)
and [F(x. )| < ¢ (14 0+ 1) st »)]) ((x.7) € R)

PRrOOF. Let s59(x) = x and for n > 0, 5,(x) := max,j<, n - [s(y - x)|. Then
s, € T and from 5.5 we get some ¢ € Y, symmetric with 0 < ¢ < 1, non-
decreasing and concave in [0, co) such that for every n € Ny there is some
0 > 0 with

t(x) > |sa(x)] (]x] < 0).
By definition of s, for n > 1 this means
(%) t(x) >n-|s(yx)| (|x] <d.]y| < n).

We first show that the function ‘5:5) . defined on (R\ {0}) x R has a continuous
extension F through 0 on R x R:
Pick b € R. For n € N we have to find some > 0 with |%| < Lforall
x € (=4,6), x # 0and all y with |b — y| < 6. Enlarge n if necessary such that
|b| < n and take 6 > 0 with |b| +J < n such that (x) holds. Let 0 < |x| <
and |b — y| <. Then |y| < |b| +J < n. Thus |s(xy)| < 1¢(x). as desired.
It remains to find ¢ € R such that for all (x, y) € R?, x # 0 we have
s(x-y)

(T) I(X)

By choice of  there is some > 0 such that 7(x) > |s(x)| and #(x) > |x| for
all x with |x| < J. It is enough to find an element ¢ satisfying () separately
on each of the following four subsets of R?, covering R?:

Case 1. |x| >0.

<c-(1+ 4y - [sCx-p)D.
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Then t( ) t(|x]) > t(6) > 0since 7 is symmetric and increasing in [0, o).
Hence \ y | <2 ”>| and we may choose ¢ := t(]—é)
Case 2. |x| <dand|y| <1.
As F is continuous we may choose ¢ as the maximum of |F| on the rectangle
[=6.6] x [ 1. 1].
Case 3. |x| <dand|y| >1and |x-y| >J.

Then by the choice of 6 we have 7(x) = #(|x]|) > |x|, hence |XE<Y¥§)| <

22| < |y - 202 since L

choose ¢ = %

Cased4. |x| <dand|y| > 1and|x-y| <.

Y . 1 1 . .
f < |5| by assumption in case 3. Hence we may

Since t is concave in [O o0) and ﬁ < 1 we have t(x) = t(|x]) = (M |x -
v = gyt(lx-y) = gy t(x-p). Since |x - y| <o wehave r(x-y) > |s(x-p)]
by the ch01ce of . Hence

s(x - y) t(x - y)
) <yl 1(x-y) = [yl
and we may choose ¢ = 1. -

5.7. PROPOSITION. Let A be a convex subring of a bounded super real closed
ring B. If I is a super real ideal of A then I - B is super real, too.

PrOOF. Fora € I.b € Bands € TP we have to show that sg(a-b) € I-B.
By 5.6 there are t € YP' ¢ > 0 and F € C(R?) with

sl -y)=1(x)- F(x.p) (x.y) €R?)

such that |[F(x,p)| < ¢ - (1 + (1 +]y|) - |s(x - p)|) everywhere. Since s is
polynomially bounded also F is polynomially bounded. Hence sg(a - b) =
tg(a) - Fg(a.b). Since tz(a) = t4(a) € I we get the claim. 4
If A4 is a super real closed ring and 7 is an ideal of A4, then there is a largest
super realideal I'™ of 4 containedin/ and I* = {a € I | s4(a) € I forall s €
T}, (cf. [Tr2, (6.7)]).
With the aid of 5.7, this can be extended to bounded super real closed rings:

5.8. PROPOSITION AND DEFINITION. Let A be a bounded super real closed ring.
If I is an ideal of A, then there is a largest super real ideal I contained in I .
We have

T—{ael|syla)elforalls € TP} = (I NHolA)T

PrOOF. Let J := (I N Hol4)Y. By 5.7 we know that J - A4 is super real.
Moreover it is clear that every super real ideal of 4 contained in / has to
be contained in K := {a € I | s4(a) € I foralls € YP!}. In particular
J - A C K and it remains to show that K C J - 4.
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Pick a € K. Since 1+a2 1+aa2 € Hol A we have + iz € I NHolA4 and it
remains to show that -5 € (I N Hol 4)¥. It suffices to show s4(| 2 ) el

for every strictly increasing s € Y and indeed by [Tr2, (6.7)] it suffices to take
s € TPl Since |74s| < |al we have /s (| %) < v/5,4(|a]) € I by our
choice of @ in K. Now the convexity condition for real closed rings' implies
that \/s ,(|a|) divides s4(] %) in 4. Hence s4(|{7%=]) € 1 as desired. —|

5.9. THEOREM. Let I be an ideal of a bounded super real closed ring A. Then
=T -Aand VT =1 -AnA.

ProoF. The inclusion v/T - A - \T/ I - A follows from /T - \T/ I-A4and
the inclusion V/7T - 4 D \T/ I-A holds, since by 5.7, VI -Ais super real.
Clearly (v/T - A) N A contains v/ and it remains to show that

(VI-A)yn4acVI.

We may assume that / = V7. Take b € (I - A) N A. In order to show b € I
we may replace b by h%, hence we may assume that b >0. Since 1 +h%isa
unit in 4 we have 1+be e(I-A)NA. Since b = 1+b2 - (1 + b?) we may replace
b with 5 b2 and we may assume that 0 < » < 1. Since b € I - A, there are

a e Iandc € Awithb =a-c. Ash > 0.b = |b| = |¢| - |a| and we may
assume that a. ¢ > 0, too (observe that [ is radical, hence |a| € I). By 4.5, A
is generated by A as a super real closed ring. Thus there are F € C(R") and
ai.....ay € Awithe = Fylar,....a,).

Pick ¢ : [0, 00) — [1, c0) continuous and strictly increasing with |F (¥)| <
p(|x]) (x € R"). Define ¢ : R — R by

t(y) =4 )
0 if y =0.
Using [Tr2, (7.2)](i) with s(x) = x we get t € T and some G € C(R" x R)
with
(%) F(x1.....x,) - t(y) = G(x1y.....x,y.y) on R" x R.
Since ¢ is strictly increasing and > 1 everywhere it is straightforward to see
that 7 o) : [0.00) — [0.00) is an homeomorphism which is polynomially
bounded and whose compositional inverse is polynomially bounded, too.
Hence ¢ € TP and there is some #; € TP with z o t;(y) = t; o t(y) = y for
ally >0. Asa > 0we get a = 14(t 4(a)) from 4.2(ii).
Since [ is a super real ideal, also ag := 1 4(a) € I. From (*) we then get

b:c-a:Fj(al,...,a,,)-l/i(ao):GA~(a1 -ao,...,an-ao,ao).

IThe convexity condition says: 0 < ¢ < b = b|a?.
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Let H := (G vV 0) A 1. Then in R we have
V(%) : 0<Gx1y.....xp0,y) <1 =
G(x1y.....x0.9) = H(x1p. ... %20, ).
Since this sentence is also valid in 4 and 0 < b < 1 we get
b=Hjaag.....a,-a.a).

Since H is bounded it follows b = H,(a; - ag. ....a, - ap, ag). As H(0) =
G(0) = 0, there is some s € TP with H (zy.....z,11) < s(zf+---+z2,,) for

allzy....,z,¢1 € R: choose s so that s(¢) > max{H (z) | Y. z? <t} (t > 0).
Itfollows 0 < b = Hy(ay-ag. ....a,-ay.ao) < sq4((arag)*+- -+ (anao)*+
a?). Since ag € I and I is super real, we get b € I as desired. -

Note that in general for a proper ideal I of a bounded super real closed ring
A, theideal IT - 4 is properly contained in (1 - A)™ (e.g.if I - A = A, cf. 5.2(ii))

5.10. ScHOLIUM. Let A be bounded super real closed ring. An ideal of A
is super real if and only if I is the kernel of a bounded super homomorphism
A — B into a bounded super real closed ring.

ProOF. Ifp : A — Bissuch a homomorphismanda € I, thensy(a) € 1,
since p(s4(a)) = sp(p(a)) = s5(0) = 0. )

Conversely suppose [ is super real. By 5.7, I - 4 is super real, too. Together
with 5.9 it follows that - 4 is a super real ideal of 4 lying over I. By [Tr2. (6.3)].
super real ideals of A4 are kernels of super homomorphisms. Hence we can
compose 4 — A with A — A/I - A and we get that I is the kernel of a
bounded super homomorphism. -

5.11. COROLLARY. Let A be bounded super real closed and let I C A be a
super real ideal. There is a unique Lpa-structure on A/I such that A/I is a
bounded super real closed ring and the residue map A — A/I is a bounded
super real homomorphism. e

Moreover. there is a unique A-algebra homomorphism A — A/I and this
homomorphism is super real with kernel I - A. In particular, there is a unique
A-algebra isomorphism of super real closed rings

A1 - A) = af1

PROOF. By 5.7 we know that / - A is a super real ideal of A lying over I.
Since super real ideals are kernels of super homomorphisms by 5.10, we can
compose 4 —> A with A — A/I-A and get that [ is the kernel of a bounded
super homomorphism. The image is 4/ and it is clear that the Lyso-structure
on A/I is uniquely determined by saying that the residue map 4 — A/I is
a bounded super real homomorphism.

We get an embedding of rings A/ — A e A, which is a bounded super
real homomorphism. By 4.3, we may view Z/\I as a super real closed subring
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of A K A. Since A is generated by A as a super real closed ring, also A /- A
is generated by 4/1 as a super real closed ring, thus A /1 - A=4 /1. Hence

we have a super real homomorphism ¢ : A— 4 /I with kernel I - A. There
can only be one such 4-algebra homomorphism, since A is the localization of
Aat (4)*NA. .

5.12. THEOREM. If ¢ : A — B is a bounded super homomorphism between
bounded super real closed rings A and B, then there is a unique extension of
10 a ring homomorphism ¢ : A — B and this extension is super real.

The functor F from bounded super real closed rings to super real closed rings,
which maps A to A and ¢ to $ is an idempotent mono-reflector. This means:
F is left adjoint to the inclusion from the category of super real closed rings
into the category of bounded super real closed rings, F o F = F and the adjoint
morphism A — A is a monomorphism.

Proor. First we prove the assertion about ¢. Uniqueness again follows
from the fact that A4 is the localization of A at (4)* N A. Existence of ¢
follows from 5.11 and 4.3.

Hence the functor F is well defined. By 4.4, F o F = F, which also shows
that F is a reflector. F is a mono-reflector, since 4 — Aisa monomorphism.

_|

We conclude this section by showing that the reflector A — A is also well-
behaved with respect to localization:

5.13. PROPOSITION. Let A be a bounded super real closed ring, let1 € S C A
be multiplicatively closed and let T be the closure of S in A under multiplication
and Y. Recall from 3.1 that there is a unique super real closed ring structure on
T A such that the localization map AA/—\> T 4 is a super homomorphism.

The natural morphism ¢ : A — S—' A induced by the localization map
@:A— SV A sends T into (STV\A)X and the induced map

7' A—S-1.4

is an A-algebra isomorphism of super real closed rings.
ProOF. Since ¢(S) consists of units of S~! - 4 also ¢(S) consists of units

of S—1. 4.
Since T is the closure of S under multiplication and Y., $(T) is the closure

of ¢(S) under multiplication and Y. Since S—! - 4 is super real closed, every
maximal ideal of S—! - 4 is super real (cf. [Tr2, (6.12)]), hence for every for

—

every s € T and each element b € S—!- 4, bisaunitin S—! - 4 if and only if
s(b)isaunitin S—! - 4. This proves that indeed $(T) C (S—1- 4)*.

o

In order to show that the induced map 7! - 4 — S—!- 4 is an isomor-
phism it now suffices to verify the universal condition defining 7~' - 4 in the
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L —

category of super real closed rings for S—1 . 4, more precisely for the mor-
phism A — S—1-A4. Let w : A — B be a super homomorphism into a
super real closed ring B with w(T) C B*. Theny | A : A — B is a super
homomorphism with y|,4(S) € B> and by 3.7 there is a unique super homo-

morphism/ : S~!-4 — Bsuchthaty|, = hoyp. By 5.12.h: Sf1~\A — B
is the unique super homomorphism extending # with = h o . -

86. The super real core.

6.1. PROPOSITION. Let Ay be a convex subring of the super real closed ring A.
Then there is a largest super real closed subring of A that is contained in Ay.

Proor. By [Tr2. (9.2)](i). the convex hull of a super real closed subring of 4
is itself a super real closed subring of 4. Hence, by using Zorn, it is enough to
show for convex super real closed subrings B, C of A, that the ring D generated
by B and C in A4 is again a super real closed subring of 4. By [Tr2, (10.5)] we
know that D is a convex subring of 4 and by [Tr2, (9.2)](i). itis enough to show
that D is closed under Y: Let by,....b, € Bandc¢y,...,c, € C. Picks € T.
It is enough to show |s4(bicy + -+ + byc,)| < d for some d € D. We may
certainly assume that s is symmetric (i.e. s(—x) = s(x)) and strictly increasing
on (0, 00). The Cauchy-Schwarz inequality implies s(x1y1 + -+ + X, yn) <
s(|x||y]) forall x = (x1.....,x,),y = (¥1..... yn) € R", where | x|, |y| denote
the euclidean norm of x. y respectively. Since s(|x||y]) < s(|x|*) +s(|y]?) we
get s(x1y1+- -+ x,00) < s(|x])?) +s(]y)?) on R” x R". Thus s4(bjc + -+ -+
bucy) < s54(b? + -+ +b2) + s4(c? + -+ + ¢2) € D as desired. 4

6.2. COROLLARY AND DEFINITION. For any bounded super real closed ring A
there is a /l\argest bounded super real closed subring. denoted by A™ with the

property AY = AY. We call A™ the super real core of A.

PROOF. By 6.1, A™ is the largest super real closed subring of A, which is
contained in 4. -

Observe that AY is convex in A4, since Hol 4 C AY. For a proper ideal I of
Aweknow IT = (I NHolA)Y - 4 from 5.8. Hence I” = (I N AY)Y - 4 as
well.

On the other hand v/7 N A™ in general properly contains v/ N AY (e.g. if
VI =A).

6.3. COROLLARY. For any bounded super real closed ring A we have
AT ={a e A|s;la) € Aforalls € Y}.

PrOOF. Since AY isa super real closed subring of A we have “C”. Conversely
take a € A with s;(a) € Aforalls € Y. Let B be the super real closed
subring generated by a in 4. Thus B = {F;(a) | F € C(R)}. Certainly every
element of B is bounded in absolute value by some s ;(a) for some s € Y.
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Hence by choice of a, the convex hull C of B in A is contained in 4. C is a
super real closed subring of B by [Tr2. (9.2)](i). Hence a € C C AY. 4

6.4. OBSERVATION. If B is a real closed ring and A C B is a convex subring,
then A is a domain if and only if B is a domain, and A is local if and only if B
is local (as follows from the Gelfand-Kolmogorov Theorem). In particular for
every bounded super real closed ring A we have

(1) A is a domain < A is a domain < A" is a domain <= Hol A is
a domain. R
(ii) Aislocal < Aislocal < A" islocal <= Hol A is local.

6.5. EXAMPLES.
Let
A:={f € C(R?) | f is polynomially bounded in the second coordinate}.

Hence f € A4 if and only if for every x € R, the function f(x,_) : R — Ris
polynomially bounded. Clearly A4 is a convex subring of C(R?). hence 4 is a
bounded super real closed subring of C (R?). We have 4 = C (R?) and

AT = {f € C(R?) | f is bounded in the second coordinate}.
Here a super real closed ring properly between C*(R) and C(R): Take
A={f € C(R)| f is bounded on (0, 0)}.

Also note that there are many super real closed ring properly between
C*([0,00)) and C([0,0)), e.g.

A={f € C(R)| f is bounded on N}

has this property since x - disty(x) € 4\ C*(R).

The formation of the super real core is functorial: If ¢ : 4 — B is
a bounded super homomorphism between bounded super real closed rings,
then |4+ is a super homomorphism 4T — BY: since ¢ respects the Ly-
structure on A by 5.12, (A7) is a super real closed subring of B contained
in B, ie. ¢(AT) C BY. Hence the assignment A — AT is functorial, by
sending ¢ to ¢|,r. We shall not make use of this here. Instead, we state
another description of the super real core.

SinceHol A C AT C A, there are subsets S of Hol 4 with AT = S—!.Hol 4.
We can compute the largest such set upon input 4:

6.6. PROPOSITION. For any bounded super real closed ring A, the largest mul-
tiplicatively closed subset S of Hol A satisfying AY = S~! - Hol 4 is

S ={a e€HolA | suoiala) € A forall s € T}.

PrOOF. The super real closed subrings of A contained in A are all of the
form 7! - Hol A, where T C A* N Hol A. Since AT is the largest super real
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closed subring of A4 contained in A4, the set T := (4¥)* N Hol 4 is the largest
among all of them. It remains to show 7" = S.

Ifa € T.thenaisaunitin AT andsince A" is super real closed, all elements
s ¢t (a) are units of AT as well. Since (47)* C 4* wegeta € S.

Conversely let a € S. The set Ty := {sgo14(a) | s € T} is closed under
multiplication and Y (note that s;,s, € Y implies s1(x) - s2(x) € Y and
s;osy € T). Therefore T(f1 - Hol 4 has a unique super real closed ring
structure (induced from /f). Since a € S we know Ty C 4> and therefore
TO_1 -HolA C A. So by the choice of T we obtain Ty C 7. Thus a €
Ty CT. =
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ANALYTIC COMBINATORICS OF THE TRANSFINITE:
A UNIFYING TAUBERIAN PERSPECTIVE

ANDREAS WEIERMANN

Abstract. From a Tauberian perspective we prove and survey several results about the ana-
Iytic combinatorics of (transfinite) proof-theoretic ordinals. In particular we show how certain
theorems of Petrogradsky, Karamata, Kohlbecker, Parameswaran, and Wagner can be used to
give a unified treatment of asymptotics for count functions for ordinals. This uniform approach
indicates that (Tauberian theorems for) Laplace transforms provide a general tool to establish con-
nections between additive and multiplicative results and may therefore be seen as a contribution
to Problem 12.21 in Burris’s book on number theoretic density and logical limit laws. In the last
section we give applications and prove in some detail phase transitions related to Friedman style
combinatorial well-orderdness principles for fragments of first order Peano arithmetic.

§1. Introduction to the transfinite combinatorics of the transfinite. Some
years ago the author had a discussion with another logician about which
fields in mathematics are surely have no connection with each other. A sug-
gestion was: The theory of transfinite ordinal numbers and complex anal-
ysis. Of course this seems a safe guess since it is difficult to imagine that
Cauchy’sintegral formula has something to say about the ordinals below w® or
below &.

It has therefore been surprising that those connections exist and give rise
to interesting cross-disciplinary applications. Perhaps even more interestingly
we apply in this paper results from a paper in Lie-algebra theory to questions
in logic. When the author gave a talk about these developments he has
moreover been asked whether there are possible connections between ordinals
and Tauberian theory. in particular Karamata’s theorem. The questioner was
of course convinced that no natural connections exist. But the opposite is true.
Karamata’s theorem is of considerable importance for studying Ackermannian
functions (when resulting from < w®-descent recursive functions). Moreover
in this article we show how classical Tauberian theorems can be used for
studying the provably recursive functions for the fragments of first order Peano
arithmetic.
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Historically the subject analytic combinatorics of the transfinite emerged
from investigations of the author about Friedman style independence results
for PA [35]. For these investigations asymptotic results on the counting of
ordinals of a prescribed complexity turned out to be of crucial importance.

Quite a few logicians would be content with the insight that these com-
plexities are bounded exponentially but for the purpose of classifying phase
transitions for Godel incompleteness results better bounds are needed. This is
exactly the place where complex analysis and Tauberian theorems come into
play. Cauchy’s formula provides bounds for the coefficients of the generating
function for the objects in question. (Similarly Tauberian theory, for example,
via Karamata’s or Ingham’s theorem can be used for related purposes.) To be
more specific let for f < g9 the number Nf denote the number of occurrences
of w in the Cantor normal form for . Let

ca(n) = |{f <a:NB=n}|

For small values of « the function ¢, can be evaluated by hands. Fora = w
already some calculation (see, for example, Theorem 2.48 in [8]) is needed to
verify that

d

1 d—1
Y ad — "

If one goes to &« = w® the result is even more exciting, since we obtain

Cord (n)

2n
vy

Coo (1) ~ aT3n

(Here and in the sequel we denote by ~ asymptotic equivalence. Thus a, ~ b,
means as usual lim,,_, o Z— =1.)

Now one can make a principal decision. FEither one does not like such
formulae at all or one get’s excited and wants to know how to obtain and
how to apply them. (A simple proof of the formula (1) by induction seems
hopeless at least at first. But still Erdos managed to provide an elementary
proof of (1) in [13]. We would also would like to mention that a Tauberian
proof of (1) has been given in [19].)

Mathematical experience from the last century (and even before) suggests
that attacking difficult counting problems is best done by studying related gen-
erating functions. Odlyzko commented for example in [24]:“ Analytic methods
are extremely powerful and when they apply, they often yield estimates of unpar-
alleled precision.”

Therefore let

(1)

C,(z) = Z co(n)z".
n=0
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Then under some standard conditions for r < 1 it holds that

1 Cal2)

(2) Ca(n) i e ol

By comparing the coefficients of the involved power series we see that

(3) (u”’

l—z’

where C,(z) is (uniformly compact) converging for |z] < 1. By exploiting
(2) and (3) Hardy and Ramanujan (already in 1917) proved the formula (1)
by introducing the circle method. In fact they proved a much stronger result
which later was brought into perfection by Rademacher (see, for example, [3]
for an accessible presentation) who provided a closed expression for cye (7).

ey [

where

T=n

_ 2nhn
E wpie  k

0<h<k

(hk)=1
and where wy,; are certain roots of unity. Explicit details are written in full e.g.
in Ostmann [26, page 58]. Hardy called these results a crowning achievement
of analytic number theory.

If one looks at Hardy’s and Ramanujan’s paper one recognizes that there is
no mentioning of ordinals below w® and so one might wonder how (1) follows
from their work. In fact this is easy to see, but the argument gives rise to deeper
connections between the theory of partitions and the analytic combinatorics
of the transfinite. So let us explain this in more detail. A partition of a natural
number # is a multiset {ij, ..., i} of positive integers such that ZL ii = n.
Alternatively a partition is a sequence of positive integers (ij, ..., i) such that
i >--->i>1and Z;‘:I ii = n. Let p(n) be the number of partitions of #.
What Hardy and Ramanujan showed is that

2
s

()~ S
pln) ~ ——
4v/3n
as n — oo. Now every ordinal f below w® can be written in a unique
way as @' 7! + ... + %! with iy > --- > i > 1. Moreover in this case

Np = ZLI i;. This simple argument shows that p(n) = c,e(n). Moreover
this argument bridges a gap between ordinal counting and partition theory
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(cf. e.g. [2]) and in principle the whole mathematical experience in partition
theory is now ready for being applied to ordinal counting.

The asymptotic theory of partitions forms a part of general analytic com-
binatorics and, by this connection, even the whole cutting edge technology
in analytic combinatorics (see, for example, [14]) can be applied to counting
transfinite ordinals. This allows for a plethora of applications, which to a
great extent have not yet been fully explored.

But this connection is not only a one way route. The counting problems
emerging from ordinal counting lead to new interesting problems in analytic
combinatorics itself and for solving them the abstract theory of analytic com-
binatorics has to be pushed further. This provides interesting material for
research (as we think for several years).

In a more general context analytic combinatorics of the transfinite concerns
the classification of functions of the form

county(n) = |{f < a: complexity(f) = n}|
or
County(n) = |{B < a : complexity(f) < n}|
Here complexity(f) denotes a complexity assignment to § such that

B : complexity(B) < n}|

is always finite for the ordinal segment in question and | X | denotes the cardi-
nality of a given set X.

It then turns out that (for natural choices of complexity measures) a rich
family of partition functions reappears in the analytic combinatorics of the
transfinite. It seems to the author that ordinals provide the right metaframe-
work to define what a general partition function in the context of analytic
number theory is. (Note that partition functions also show up in statistical
mechanics, but we do not investigate possible connections in this direction
further in this paper.)

One might still wonder whether it is worth to study count functions for
ordinals as a subject in its own. In any case one can argue that there is
intrinsic interest in these questions as those questions have been studied by
many different leading mathematicians in related contexts. Ordinal counting
is closely related to partition theory, as already mentioned but also to graphical
enumeration and tree enumeration. An appropriate machinery for attacking
such problems is complex analysis with its fundamental tools like Cauchy’s
integral formula.

In this paper we nevertheless stick to another approach via Tauberian the-
ory. The reason is that there is already a wealth of Tauberian results available
from the literature. Moreover Tauberian results have the advantage that they
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can be applied without too much difficulty by logicians/mathematicians/
computer scientists which are not analysts by profession.

One has only to recognize that these results apply after reformulating the
count function problem as problem about suitable Laplace transforms. Let us
try to explain how this can be achieved and how the Tauberian results then can
be applied to yield elegant solutions to the problems in question. Moreover
we want to stress that we consider the approach via Laplace transforms as
a partial contribution to Problem 12.21 of Burris book [8]. A systematic
investigation whether the additive and multiplicative results in Burris book
can be obtained uniformly via Laplace transforms is part of current research
by the author.

For a very nice introduction into Tauberian theory the reader might consult
Korevaar’s recent book [22]. It turns out counting problems for ordinals
supply very convincing fields of applications for a plethora of Tauberian
theorems proved several (sometimes more than 50) years ago. With respect to
this let us mention fundamental theorems by Karamata [22], Kohlbecker [21],
Parameswaran [27], Wagner [34], and moreover by Geluk, de Haan, Stad-
tmiller [15], and Schwarz [32].

For some of these results the first natural application in the context of
partitions will be given in this paper.

A further reason to study the analytic combinatorics of the transfinite is the
emergence of new fields of applications within logic itself. One concerns phase
transition thresholds for Godel incompleteness and another logical limit laws
for ordinals. The latter subject (which is part of an ongoing joint research
project with A. Woods) will not be treated in this paper. But let us mention
that a joint result with A. Woods is that ordinals above w® and below gy come
equipped with natural 0 — 1-laws for first order (and other) logics. For a more
general outline of logical limit laws we refer to the book of Burris [8].

In this paper we will give applications in the last chapter but we concentrate
on applications to phase transitions in logic only. We still expect that there
are more applications of analytic combinatorics of the transfinite in logic and
we are looking forward for the things to come.

82. Analytic combinatorics of the transfinite via Tauberian methods. We
develop in this section the asymptotic theory for count functions related with
the ordinals below gy. These ordinals come equipped with a canonical length
norm which is defined recursively as follows

DermniTION 1. 1. NO :=0.
2. No:=n+Naj+---+Na,iffa=0"4+---+0% >a; > > q.

This norm function has a natural interpretation in terms of non planar
rooted trees which are associated to ordinals below 5. Let T(0) be the
singleton tree consisting of a root. If a = w* + -+ 0™ > a1 > -+ > q
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then T () is the tree consisting of a root and the (recursively defined) direct
subtrees T (av1), ..., T (a,). In this situation Ne is the number of edgesin T («)
(or equivalently the number of vertices in T (o) minus one). This bijective
correspondence is very useful for our purposes since the whole (and by now
well developed) machinery of tree enumeration can now be applied to the
context of ordinals below &.

The corresponding local count function (in the sequel we use standard
terminology as introduced in [8]) is given (in accordance with the previous
section) by

cp(n) :=|{a < p: Na =n}|.

Obviously the count function for additively decomposable ordinals can be
computed via the count functions for the components.
If w* + p is written in Cantor normal form, and n > Na — 1, then

Contp(n) = Coo(n) + cg(n — N — 1).

This reduces the counting problem to the count problem for additive inde-
composable ordinals. It is now easy to observe that an ordinal w® gives rise to
an additive number system in the sense of Burris [8] with prime elements
for < a. (The norm for the number system is just the norm on ordinals and
the sum for the number system is provided by the natural sum on ordinals.)

Therefore we have the following partition identity (fundamental identity)
for the resulting generating function of the sequence ¢y (n)

oo oo 1
Z Coe(n)z" =
n=0 i=1 (1 - Zl)ca(l)
In particular
oo o0 1
chm (n)z" = H
n=0 i=1 (1 - Zl)

yields the classical identity for the integer partitions.

Let Co(z) = Y2 ca(n)z". By work of Rademacher it is known that Cp,o
is admissible in the sense of Hayman. (See, for example. [25].)

By extending this calculation all functions C_,. are Hayman admissible
too (The case d = 2 is essentially contained in [23]). Let w;(d) := w“ and
wi+1(d) := @@ Then by a general theorem of Odlyzko and Richmond
[25] all functions C,, () are Harris Shoenfeld admissible and hence Hayman
admissible. Therefore we can calculate the asymptotic of c¢4(n) in principle
for all f < o to a high degree of accuracy. Previous results in this direction
have been obtained by Yamashita in [38].

A very readable and elementary exposition about asymptotics concerning
partition functions equivalent to ¢z (n) has been provided by Petrogradsky [29]
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by elementary calculations with the partition identity of the generating func-
tions. (His main concern was still to study enveloping algebras for Lie alge-
bra’s.) After translating his results back to our context we obtain the following
result. (Here and in the sequel log ;) (n) denotes the k-times iterated applica-
tion of the natural logarithm function to n. Moreover { denotes the Riemann
zeta function.)
THEOREM 1. Let
1

7 =

- (1+%> T Ld 1) - (@),

and

Then
L cyay(n) ~y-n
2. IOg( wzd( ))N”nﬁ

3. log(coya) () ~ K - ity

4. For k > 3 we havelog(c,, (4)(n)) ~ & - m

PrOOF. See Petrogradsky [29]. Also [25] yields the same results, but some
additional calculations are needed. Furthermore, Yamashita’s paper contains
similar formulas [38] but the exposition might be harder to follow. -

Let ¢o(<n):=|{f < a: N <n}.

COROLLARY 1. Let

d—1

1

and

Then

1. Co(d )(< I’l) ~7- nd

d

2. lOg( Co(d) (S )) CRTT
3. log(cpy(a)(< 1)) ~ K - 10g"(,,)~
4. For k > 3 we have log(c,, 4)(< n)) ~ & -

_n
log(_(n)*
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Proor. This follows from the previous theorem by the equation

oo
an(ﬁ n)z" =
n=0

Anyway, we now give an alternative proof for Corollary 1 and assertions
2.-4. in Theorem 1. We base this proof completely on Tauberian theory and
the proof can be seen as a model proof.

Ad 1.

We assume that the reader is familiar with Karamata’s theorem (as for
example presented in [6] Theorem 1.7.1). In a first step we have to translate
the count problem into a problem of Laplace transforms. This is can be
considered as routine (but we still give the details for the reader’s convenience).
Let

oo

n=0

o p 1= ’{wk-l:N(a)k ) = nH

Then Uk( ) Zn<,c Ajepy ~ 1 and Uk fe ”d Uk( )) Z;O:Oak_ne_"’.
Thus by Karamata’s theorem apphed for the first time

ia e~ 2
rar k+1
as s — 0. This yields
d—1 oo d
(4) H Z g pe " ~ %
k=0 n=0
Let U(x) := 3", <, ¢pi(n)and Uy (s fe_”d U(x)) =320 Cpa(n)e".

Equation (4) yields Y2 ¢ (n)e™" ~ ﬁ Karamata’s theorem now applied
for the second time ylelds

x4

Ulx) ~ G

as x — oo. The first assertion follows since U (1) = ¢, (< n).

Ad 2.

We prove the second assertion by applying Kohlbecker’s Tauberian theorem
[21]. The fundamental identity for additive number systems (see, for example,
Theorem 2.20 in [8]) yields

7\/( e sm
H (1—e E Cwud .

k=1
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Let

4(n) = 3 H( +mk—1>

my-l14+my-2+---=n k=1

Then g(n) = ¢, ,q«(n) according to equation (2) on page 386 in [20]. This
means that the assumptions of Kohlbecker’s theorem apply for the system of
generators A; :=i. Let n(u) :== Y, _, ¢, (k). Then by the first assertion we
have -

Let
) = Zq(i)

Then P(n) = ¢, (< n). Thus Kohlbecker’s theorem yields

log(P(u)) ~n - ui

and this yields the second assertion.
Ad 3. The proof follows similar patterns. Let U(u) := Y <, ¢, . (i).
Kohlbecker’s result yields

U(u) = exp ((1 +o(1)ny - uTil)

and by partial summation (or the abelian part of Kohlbecker’s result)

chmd (l/l)e_sn < (exp((l + 0(1)))5;5%) .
n=0

Using this estimate we obtain after a short verification

Z ot (W)™ < exp <(6Xp((1 +o(1>))nsid>> .

=0

This is more or less standard and follows from the fundamental identity. To
this end we might e.g. use estimates on geometric series as in [35] or directly
Lemma 4.5 from [29] or also the classical method of Laplace (cf. exercise 208
on page 80 in [30].)

Let U'(u) :=3,<, € o (). By the Tauberian theorem of Wagner [34] (cf.
equation (10) in [34]) we then obtain that

log(U'(u)) < (1 +o(1))k - ——

log(u)t
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The opposite inequality is somewhat harder to prove. Fix a small ¢ > 0.

Let f(s) = (1 —¢)x L and h(v) = “/1=2%  Since

Uu) =exp ((1+o(D)y - uT).

we can choose a subset of S C {a < w“’d} such that

exp(vh(v) + /(h(v)))
h(v)y/2mf" (h(v))

as v — oo (where f" denotes the second derivative of f and cs(< v) the
number of elements in S with norm not exceeding v. Note that the term on
the right hand side is exactly of the form of equation (21.7) in [22].) Then
Laplace’s method (cf. exercise 208 on page 80 in [30]) yields

5) s /000 e Meg(Ku)du = ch(n)e_s” ~ exp ((1 - s)nsid)
n=0

as s — 0 (where c¢s(< v) denotes the number of elements in S with norm
equal to v).
Let M (S) be the set of finite (normal form) sums (multisets) of elements

cs(<v) ~

ol
from S. Then M(S) is contained in {a : @ < w®" } so that €. ol (n) >
cu(s)(n). So it suffices to get a good lower bound on ¢ (s (n). Let

oo
E CS —S}’l

n=0
© 1>
Tt

and assume that H (s) = Y, ¢’(n)e™". Then coefficientwise ¢’ (n) > ¢s(n).
Therefore the n-th coefficient in exp(H (s)) is not smaller than the n-th coef-
ficient. say ¢”(n). in exp(Cs(s)). Hence Cy(5)(n) > ¢"(n). Let U"(u) =
>icy € (i). We now have by (5)

s~/ e MU (u)du
0

— io: c//(n)e—sn

n=0

= exp ((1 +o0(1))exp((1 — s))nsid) .
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Then we obtain by the Tauberian theorem of Wagner [34] that
log(U" (u Nl—sm-L,
(U (0) ~ (1) s

and hence the assertion, if a corresponding Tauberian condition is satisfied.
This is indeed so since for g(s) = exp((1 + e)ns%) we have 0 < g(s) — oo
and for some fixed ¢

(g'(s))?

0<o< B

g(s)g”(s)
ass — 0.
Ad 4. Again we first obtain

- 1
chk(d)(n)e_m < CXPr—1 (Iﬁ:(l + 0(1))S_d>
n=0

as s — 0. This follows by induction on k using Proposition 2.33 in [§]. As be-
forelet U(u): =", Cop(a)(i). Then [ e™¥d (U(x)) =272 Cop(a)(n)e ™.
We obtain by the easy part of the Tauberian theorem of Wagner [34] (cf. equa-
tion (10) in [34]) that

log(U(u)) < (1+0(1))x -

. logk—z(“ﬁ .
The opposite inequality is again somewhat harder to prove.
Fix a small ¢ > 0. Let

ﬂg_z“d“m4M—wmut

td+1

and
] k(1 —¢)
log, _,(v)

(Note that again this term is exactly of the form of equation (21.7) in [22].)
Since by induction hypothesis

u
Uu) > CXPi—1 ((1 - 0(1))Hw)
we can choose a subset of 7 2 {a < wy_} such that
eS(< ) ~ exp(vh(v) +f(h(v))).
h(v)\/2nf"(h(v))

h(v) =

Then Laplace’s method yields
> —Su — —Sn 1
6) = -/0 e Mes(< u)du = ;CS(n)e M~ eXPi_y <(1 — e)ns—d>

ass — 0.
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Let M (S) be the set of finite (normal form) sums (multisets) of elements
from S. Then M (S) is contained in {o : o < wi(d)} so that c,, (4)(n) >
cu(s)(n). So it suffices to get a good lower bound on c¢,(s)(n). As before
let Cs(s) := > o2ges(n)e™ let H(s) := > v L Cs(sm) and assume that
H(s) = > 2yc' (n)e™". Then coefficientwise ¢’(n) > c¢s(n). Therefore the
n-th coefficient in exp(H (s)) is not smaller than the n-th coefficient, say ¢ (n),
in exp(Cs(s)). Hence Cy(s)(n) > ¢”(n). Let U (u) := 3", ¢ (i). We now
have by (6) -

s-/ e ey sy (< u)du
0

= eus)(n)e™" = exp(H(s)) > exp(Cs(s))
n=0

= exp (i cs(n)e_”'> = i ¢ (n)e™"
n=0 n=0
— exp((1 + o(1))) - expy._, (n ((1 - 8%)) .

The Tauberian theorem of Wagner [34] yields log(U”(u)) ~ (1 — &)k -

——X“—, hence the assertion, if a corresponding Tauberian condition is
(log( o) (u)) d
1

satisfied. This is indeed true since for g(s) = exp, | ((1 — &)xr) we have
0 < g(s) — oo and for some fixed &

ass — 0. -

Let us now consider other models for enumerating ordinals. A classic
partition function goes back to Mahler and it appears in our context via
choosing a different norm function.

DeFmNITION 2. 1. MO :=0.
2. Mo :=2Mar oo M if g = 4 0% > > > .

Let
e (n) == {a< f: Ma =n}|.

Then ¢, (n) is the classical Mahler partition function which satisfies the
following identity

oo o0 l
;cg{u(n)z” = H o

i=0
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Very good asymptotic bounds on ¢, (n) have been obtained for example

by de Bruijn and Pennington in [9] and [28].
In general we obtain

o0 o0 1

M n
>_corm" =11 g—vam-
n=0 g (1= 220

It seems to us that techniques of Flajolet and Dumas [12] are appropriate
to classify the resulting asymptotics very accurately and we think it will be
another worthwhile research project to carry this out. Nevertheless for most
applications to phase transitions weak asymptotics suffice and these can be
gotten by a classical Tauberian result of Parameswaran.

d—1

M 1
THEOREM 2. 1. (’wl(d) ~ W}’l

2. There exists an explicitly calculable constant Cy such that
log (¢! () (n)) ~ C - (log(n))**".

3. If k > 2 then with the same constant as in the previous assertion
d+1
10g<k_1) (céﬁw(n)) ~ C2 . (log(k_l)(n)) .
ProOF. The proof can be carried out by using Parameswaran’s result [27].
Details are omitted and can be found in [37]. -

Another aspect of the analytic combinatorics of the transfinite concerns
the counting of ordinals with respect to their Godel numbers. It turns out
that the theory of multiplicative number systems as, for example, exposed in
[8] applies very well to this situation. One specific natural coding goes back
to Schiitte 1977 (or even to Matula’s coding of trees). For this purpose let
(pi)i>1 denote a listing of the prime numbers in increasing order.

DerFiNITION 3. 1. SO :=1.
2. Sa = DPSey ""'pSanifa:wal+"'+wa" Zap 2 2.

This coding gives a bijection between positive integers and the ordinals
below 9. Number theoretic aspects of this coding have been investigated in
detail in [10, 17].

The corresponding local count function is defined as follows.

cj(n) = {a < B:Sa =n}

But in this multiplicative context we are mainly interested in the global count
functions given by

cg(<n) = {a< f:Sa <n}l.
The corresponding count function for prime elements is furthermore given by

pp(n) == {0 < B: S(®) = n}|
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and the fundamentalidentity for multiplicative number systems (Theorem 8.13
in [8]) yields

oo o0 1

.S -X _
;W (n)n g (1)
It can now easily be seen (by the elementary prime number theorem) that
p3.(n) is very close to ¢3(n) and so the asymptotics for the count functions
can be obtained recursively from the fundamental identity using Tauberian
theory analogously as before. In fact the Tauberian theorems used here are
the same as the ones used in the proof of Corollary 1.

THEOREM 3. Let

7T dilog(py) -+ log(pai-1)

ni= (1+$>.yd‘+1.(d.d!.g(d+1))d‘1

" 1+4
n—d(d+ )

@£ 1)~y - (log(n))?
1og< €< (< n)) - (log(n)7)
1 S < _ log(n)
08(Ca) (< 1)) ~ " ogllogm) ¥
If k > 3 then
log(n)
log (¢S (<n)) ~k- :
: ( ) )> log(log . _5)(n))#

Proor. Assertion 1 follows as usual from Karamata’s theorem. Let

aln) = Ha<a)d:Sa :n}‘

:"P’!\’l—‘

Let

We claim that

*) / e d(U(x))
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This follows from

ot 0}~ 222

Indeed, put Uy (x) = 37, <, ax (i) with ax (i) = Hok - 1:S(w* - 1) =i}

Then
X

log py«
as x — oo. Therefore Karamata’s theorem yields

[ = Y ttoglpa) ~

k>0

Ur(x) ~

S
log py«

ass — 0. By multiplying out the corresponding d Dirichlet series assertion (*)
follows. Using Karamata’s theorem again we obtain U(n) = % -y -n? as
n — oo. Thus

eS(<n) = Za(i) = U(log(n)) ~ d,V(IOg( n))?.
Ad 2. Let
a(n) :=|H{a<wy(d): Sa =n}
and

= |{B < w2(d) : Sp = n and B is additively indecomposable} .

As already noticed we may consider the set {a < w(d)} as multiplicative
number system equipped with multiplicative norm given by S. Note that
S(a#p) = Sa - SB.

By the fundamental identity we therefore have

oo 3 oo 1
nz::lann s — g q S pTIOR

To this situation we apply again Kohlbecker’s theorem. Actually an expo-
nential Tauberian theorem by Hardy and Ramanujan [18] suffices already.
Noteﬁrstthatcjz(d)(g n)=3",, ali). Weclaim that ¢ )( n)~Y e, p(i).

This follows from the prime number theorem and the bounds for cj ()

deed, by classical results for the prime numbers we have the following system
of weak inequalities [3].

In-

. n
< |{p < n: pprime number}| < 6@
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This yields

> pli)

i<n

- Z 1

Psa<n & a<w!

Z 1

Sa<6- 1~ Ton 5 & a<w?

YA
Aol

~y - log(n)”.
Here the greatest integer smaller than or equal to a given real number x is
denoted by |x|.
By the same argument we obtain

> pli)

i<n

- Z 1

Psa<n & a<w?

IN

S(IS 6 log

Now define /; := log(i) and let A := {/; : i < w}. Let v; enumerate the
semi group generated by A and define ¢ by

g(log(n)) := 3 11 (P(k) ;Tk - 1)

my-Ay+-my - Ap=log(n) k=1

Then a(n) = q(log(n)).
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This gives the following Kohlbecker representation of the fundamental
identity

s 1
- H (1 —i—s)p)"
Now let n(u) := Y, -, p(k). Then n(u) = 37, . p(k) ~ yu’. Let
Q)= > qllog(i)).

log(i)<u

Kohlbecker’s result [cf. Corollary 1, p. 363 in [21]] yields
log(Q(u)) ~ qu.
We finally obtain the desired result as follows.
S o(€n)="ali) =" q(2) = Qlog(n)) ~ n(log(n))7.

i<m i<n

Ad 3. The proof follows similar patterns. Kohlbecker’s result [21] yields

1
™) Z =k < exp (1 + o(1)) ).
Using the observation that

d
Ps,wd (n) ~c5 , " = ¢1(1+o(1))-(log(n)) 1
” @\ log(n)

we can rewrite this with (7) and the fundamental identity to

> 1
50 e 50 < exp (1 + 0(1)) )
n=0

and using Proposition 8.22 in [8] we can now write

Z y 7slog(n) < exp <exp (K,(l + 0<1))1d>) .
w? ’

=0
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(This is again more or less standard.) One might e.g. use estimates on
geometric series as in [35] or the classical method of Laplace (cf. exer-
cise 208 on page 80 in [30].) Now let U(u) := 3 .0)<, csww,, (i). Then

Jol e d(U(x)) = Yon2g ¢S, (n)es1oe By the Tauberian theorem of
Wagner [34] (cf. equation (10) in [34]) we obtain that

log(U(u)) < (1 + (1)) - —
log(u)7
This yields already ¢¥ , (< u) = U(log(u)) < (1+o0(1))x - ﬁ (The
w? og(log(u

proof of this inequality is essentially based on Rankin’s method and does not
need any special Tauberian condition.)
The opposite inequality is harder to prove. Fix a small ¢ > 0. Let f(s) =

(1 —e)r7 and h(v) = dW Since
U(u) = exp ((1 +0(1))-7- uﬁ)

wd
we can choose a subset of T C {& < w® } such that

U () EPWA) + £ (h(0)))
h(0) 2] (A (0)

as v — oo (where /" denotes the second derivative of /). Then Laplace’s
method (cf. exercise 208 on page 80 in [30]) yields

(8) s~/OOOeS“U duchs —slogln)  exp <((18))nsld> .

Let M (T) be the set of finite (normal form) sums (multisets) of elements
(J)Ll
from 7. Then M (T) is contained in {a : @ < w®" } so that ¢ , (< n) >
o

c7(< exp(v)) =

c;flm(g n). So it suffices to get a good lower bound on c}fd(n(g n). Let

let

and assume that H(s) = 37, ¢’(n)e=*'°¢") Then ¢'(n) > ¢$(n). There-
fore the sum of the first n coefficients in exp(H (s)) is not smaller than the
sum of the first n coefficients, say ¢”(i) (i < n), in exp(C5(s)). Hence
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Cyyiry(£ 1) = ¢"(< n). We now have by (8)

exp(C7(s))

= exp (Z 2 o~ log n))
i e’ log(n)

n=0
— exp ((1 +o(1)) exp((1 —s))nsid) .

Then we obtain by the Tauberian theorem of Wagner [34] that log(c” (<

(W) ~1—-e)k- ; (“)) — if a corresponding Tauberian condition is satisfied.
oglu))d

This is indeed so since for g(s) = exp((1 + )k L) we have 0 < g(s) — oo

and for some fixed J

ass — 0.
Ad 4. Again we first obtain

N ~ 1
chk(d)(”)e slogln) < CXPy 1 ("5(1 + 0(1))s_d) .
n=0

This follows by induction on k using Proposition 2.33 in [8]. As before let
U): = 0g(i)<u cjk(d)(i). Then [} e=¥d(U(x))=>72, cjk(d)(n)e_“"g(").
Again we obtain by the Tauberian theorem of Wagner [34] (cf. equation (10)
in [34]) that log(U(«)) < (1 + o(1))x - —*“—. This yields log(c? )(<

gy z)(”) "’ B

u)) ~ log(U (log(u))) < (1+ o(1))r - ——l
(103(1(72)(108(’4))) a

The opposite inequality is as usual harder to prove.

Fix a small ¢ > 0. Let f(s) = exp(fd Wdl) and h(v) =
k(1—¢)

\/ log_y) (v)

Since by induction hypothesis

U(u) > exp;_, <(1 B O(I)Mm)

we can choose a subset of 7 O {a < wy_} such that

exp(vh(v) + f(h(v)))
h()\/2rf"(h(v))

(< exp(v)) ~
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Then Laplace’s method yields

0o oo 1
. —su S < —vlog(n ~ 1— — .
9) s /0 e u) nE: cy expe_q | ( 8)/~csd

Let M (T) be the set of finite (normal form) sums (multisets) of elements
from 7. Then M(T) is contained in {@ : a < w;(d)} so that cjk(d)(g
n) > cfﬂﬂ(g n). So it suffices to get a good lower bound on cS( )( n). Let
Ci(s) = o0 e (n)e 12 and let H(s) = Y00 o L CF¥(sm) and assume
that H(s) = Y.0° ¢/(n)e 12" Then 3", _, ¢’(i) > ¢3(< n). Therefore the
sum of the first # coefficients in exp(H (s)) is not smaller than sum of the first n
coefficients. say ¢/ (i) (i < n).in exp(C3 (s)). Hence c3, (T )(< n) >c"(< n).
We now have by (9)

~ exp ((1 +o(1)) expy_y (H(l —8%)) .

The Tauberian theorem of Wagner [34] yields log(c” (< exp(u))) ~ (1 —¢&)r

ﬁ if a corresponding Tauberian condition is satisfied. This is indeed
08 _n) (1)) d
true since for g(s) = exp,_;((1 — 3)/;3%) we have 0 < g(s) — oo and for a
fixed 0 ('(5))
g'(s
0<o< —=——2—-<1

g(s)g"(s)

ass — 0.

So we obtain

log (€5, (4)(< 1)) ~ log(U (log(u)))

1

~ (1= &)k - oglu)
(log (5 (log(u))) 4
Now we have a look at another Godel coding which in fact goes back to

Godel’s original exposition of his incompleteness results and it is widely used

in logic, for example in textbooks on recursion theory.

DEeriNITION 4. 1. GO := 1.
2. Gai=pi™ ... pluifa =0+ Fo% >a > >,
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Let
c/?(g n):=H{a< p:Ga<n}
THEOREM 4. 1. There exists an explicitly calculable constant Cy such that
d
R )
2. There exists an explicitly calculable constant C, such that
(logy) (n))**!
(log(3>(n))d .
3. For the constant C, from the previous assertion
(logy) (m))*+!
(logi41y(n))4”

Proor. The first assertion can be proved by an application of Karamata’s
theorem. A proof of the second and third assertion can be given by Parames-
waran’s Tauberian result [27]. Details are omitted and can be found, e.g.,
in [37]. -

IOg(ng(d)(S n)) ~ Cy

log(k_”(cgk(d)(g ”)) ~

§3. A collection of further norms for ordinals. A further coding of w; 1 (for
[ > 1) goes back to Ackermann 1940 [1] and makes use of coding ordinals
in terms of exponentiation with respect to base 2 starting with an ordinal
segment of length w?.

DerNITION 5. 1. Ifao = - d + k < w? then Ay(a) =292 -k +1).
2. Ifl > 1and a < wyyy with @ = 2% + ... 4+ 2% where oy > -+ > o
then let A;q ;= 2412 ... 4 DAi—10m

For f < w4 put
c[f’(n) =Ha< p:A4a <n}.

We guess that for d > 2 one should arrive at something similar to log(ca‘fj) ~
C,(log(n))?* with C; converging to a real number C. For k > 1 we believe
that we should arrive at something similar to Ing(C::f(d)) ~ C} ,(log,(n))?
with C} , converging to a real number C;.

A corresponding additive Mahler type norm can be defined as follows.

DerNITION 6. 1. Ifa = @ - d + k < w? then MAy(a) :=2d + k.
2. If I > 1land a < wyy with @ = 2% + ... + 2% where a) > -+ >
then let MA o ;= 2MA-1on ...y 2MAi—1an

We guess that the asymptotic behavious of the resulting count function
behaves similarly as the asymptotic of ¢/,
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Still another coding of ordinals less than w;; for fixed / has roots going
back to Hardy and Ramanujan [18].

DeriNiTiON 7. 1. If o = 0F1 + -+ + 0% < 0® with k; > --- > k, then
kit
HRia = p"" oo it
2. Fora = o™ + - +co“" < w41 (where [ > 1) with y > -+ > a, put
HRla _pHRI 1 ....prl*la" ifa:wal+...+wan Zal Z Za”.

For f < w1 put

C/Ig{Rl(n) = [{a< p:HRja <n}|.
n d
Tuworem 5. 1. ¢ (1) ~ iz (ifity)
IR Tog(n)
2. ogleqe (m)) ~ 75/ iglogtoy-

Proor. The first assertion follows e.g. from Karamata’s theorem as shown
in [36]. The first assertion can also be proved by a more elementary argument
of Schlage Puchta (private communication). The second assertion was proved
by Hardy and Ramanujan [18]. -

We expect that Parameswaran’s theorem provides weak asympotics for the
count functions related to higher w-powers.

Finally we would like to mention a (perhaps somewhat artificial) norm
function which leads to fractional exponents for partitions.

DerFiNITION 8. 1. N0 :=0
2. Nyo:=(1+Nea))fF + -+ (1 + Ny )Fifa = 0® +- - -+ 0% > g >
s

We guess that the asymptotic for the resulting count functions can be de-
termined using Petrogradsky’s theorem starting at its base with

N (< n) ~ constant - nt.
()
The corresponding multiplicative analogue will be given by

DerFiNITION Y. 1. S;,0:=1
2. Spai=p o Pl fa =0+ F 0™ > > > a.

We expect that the asymptotic will start with something like
cwd(< n) ~ constant - (logn)%.

The choice of N, and Sy is of course somewhat artificial. But, and this seems
to be of certain interest, if one uses N, in place of N and Sj in place of
S in Theorems 7 and 8 of the next section it will turn out that the threshold
function will not change. So there will be a phenomenon of structural stability
concerning applications of different norms.
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84. Applications to phase transition results for Godel incompleteness. We
start with some standard conventions. As usual the least integer greater than
or equal to a given real number x is denoted by [ x| and similarly the greatest
integer smaller than or equal to a given real number x is denoted by | x|. The
binary length |n| of a natural number # is defined by |n| := [log(n + 1)]. The
d-times iterated length function |-|; is defined recursively as follows |x|, := x
and |x|,,, = ||x|,|. (This function mainly serves as an Lpa definable version
of log(d).) As usual we assume that the ordinals less than g are available in
PA via a standard coding. Recall that for @ < gy the number No denotes the
number of occurrences of w in the Cantor normal form of . Let

CWO(N, . f)
be the following principle
VYK3M B(N.a. f.K. M)
where B(N. a. f. K. M) is the assertion
(Vag.....ay <a)[(Vi < M)[No; <K + f(i)] =
(Fj<o)0<i<j<M&ao; <oyl
THEOREM 6 (Friedman). Let d > 0 be a fixed natural number. Then
1211 ¥ CWO(N. w42 f)

where f is the identity map.
PrOOF. See, for example, [33] for a proof. .

Before we can sharpen this result we need to recall the definition of the
standard system of canonical fundamental sequences and the Hardy hierarchy.

DeFINITION 10. 1. If A= + -+ 0% > a; > --- > a, and o, =
o, + 1 then A[x] := @ + -+ @ - x.

2. A=Y+ - +0* >a > -+ > a, and o, is a limit then A[x] :=
! 4.4 wan[X]_

DEFINITION 11 (The Hardy hierarchy).
Ho(x):=x. Hyui(x):=Ho(x+1), H(x):= Hyy(x) if s a limit.

The basic theory of the Hardy hierarchy is developed, for example, in [7]
or [31]. The most fundamental result concerning this hierarchy is that
(Hy)a<e, provides a classification of the provably recursive functions of PA.
See, for example, [11] or [35] for recent expositions of this classical result (due
to Kreisel and Ackermann). So ifa function f is provably recursive in PA then
there exists an o < &g such that f(m) < H,(m) for all m. In particular the
assertion Vx3yH,,(x) = y is a prototype for an unprovable assertion in PA.
Similarly the provably recursive functions of the theories I, are classified
in terms of the hierarchy (Hq)a<q,,,- Note that typically the functions H,
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grow rather quickly. For example, the function H,. eventually dominates all
primitive recursive functions.

For a given non decreasing unbounded function F we define its functional
inverse F~! by F~'(m) := min{n : F(n) > m}. Typically F~! will be a
rather slow growing when F is a fast growing function. In “practice” the
inverse function of H,. will be almost equivalent to a constant function.

Now we can prove the first phase transition result.

THEOREM 7. Let d be a fixed natural number.
1. If

then
IZ441 ¥ CWO(N. w42, f).
2. If A < w40 and

then
IZ;11 F CWO(N. w442. f).

ProoOF OoF THEOREM 7. The proofis an adaptation of a corresponding proof
in [4] and [35]. So we will be brief here. Fix d € N. Let F(K) be the least
number M such that for all sequences «y, oy, ..., ay with No; < K + i and
ap < wg1 wefind i < M with o; < a;41. Then F is not provably recursive in
12,1 and moreover one can verify with assertion ¢) of Theorem 4 in [7] that
H,, (i) > F(i) holds for all i. Let M := F(K) — 1. Then we find a long
descending sequence aig > ay > - -+ > ay with Noy; < K +1iand ay < wg».
Our aim is to transform this sequence into a strictly descending sequence
Bo > 1> - > Bur with NB; < p(K) + |i| - "ea2%/]i]4 for i < M where p
is a primitive recursive function depending only on K. If this is achieved we
are done since M depends on K in a way which is not provably recursive in
IZ;.

From Noy < K we conclude ay < wy.1(K —d — 1). For the sequel
assume that D depending primitive recursively on K is large enough so that
the asymptotic bounds apply. Fori > D put

M; = {a < a1 (K +3): Na < il - Kx'/wd}
and let enum; (1) be the /-th element of M;. Then we define

fi = wg1 (K +3) - oy + enum; (2“' — ).
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(This transformation might be interpreted as a renormalization operator on
descending sequences.) The sequence f; is strictly decreasing. Moreover we
find fori > D

NB < (d+1+K+3)-(K+]i])+i| - “Vlila < K +[i]- Vlila-
Now we sharpen this slightly using a trick due to Arai [4]. Fori < F(K) we
have H;! (i) < F~'(i) < F~'(F(K)) = K. Therefore

@12
NB: < K +1i] - "aa/lig
holds fori > D.
Now we have to check the side conditions. For i < D we simply put
Bi = a1 (K +3) - w4.1(K+3)+D—i

We are nearly through but one last point has to be checked namely the
well-definedness of f5;.

For this it suffices to check that A; has at least 2!l many elements. This is
the place where we need the bounds from analytic combinatorics.

Casel. d =0.

We have by assertion 1 of Corollary 1 and obvious asymptotic calculations
for a suitable and constant Cp g (which is primitive recursively computable
with respect to K ) and for all i larger than a suitable and primitive recursively
computable constant Dy g

] 2 Cox - (Il “¥/TTa)
K+2
> Cok - (K%>

K+2

CASE2. d = 1.

We have by assertion 2 of Corollary 1 and obvious asymptotic calculations
for a suitable and a constant C) ¢ (which is primitive recursively computable
with respect to K ) and for all i larger than a suitable and primitive recursively
computable constant D; g

K+3

e (- <)

K+3 1 K+3
c K+a m(‘*m)m

M| > 2"
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CASE3. d > 2.

We have by assertions 3 and 4 of Corollary 1 and obvious asymptotic
calculations for a suitable and a constant C, g (which is primitive recursively
computable with respect to K) and for all i larger than a suitable and primitive
recursively computable (with respect to K) constant Dy g

Cil((4m. MY )
M| >2 NIV
> 2lil

since(’“\‘/md)/(“ﬁ/||i|~ ’“{/md\d_]) — 0asi — oc.

Now we prove the second assertion. Fix 4 < wy.,. Given K let M =
2K+ This is well defined in IZ,,;. Moreover we may assume that M is
large enough for asymptotic purposes. We claim that this M is sufficient for
our purposes. Assume otherwise that ag > o > - -+ > ayy is a sequence such
that Na; < K + i - " '{/]i], and ap < @g+2. Then ag < wg41(K —d —1).
We have for i > % that H[l(l’) > H;I(H;V(ZK)) = 2K and hence for
i>3

a € {a <y (K): Na < |M]| 2\"/|M|d}.

The number of elements of the latter set is at least % as witnessed by the «;.
We obtain the contradiction by calculating bounds on the number of elements
on this set. To this end we distinguish three cases.

Casel. d =0.

By choice of M we may assume that the bounds of assertion 1 of Corollary 1
apply and that for a certain constant Cy ¢ we have

M ox (|M\ ZW)K

2
= Cox - (IM)*VM
<M
5

Case2. d = 1.

By choice of M we may assume that the bounds from assertion 2 of Corol-
lary 1 apply and that for a certain constant C; x we have

_K
% < 2CIK(|M| 2K/|M|) K+1
2

2K+1

K
_ 2C1_K~(|M\) 2K K+1

M
7
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CASE3. d > 2.

By choice of M we may assume that the bounds from assertions 3 and 4 of
Corollary 1 apply and that for a certain constant C,; x¢ we have

}IK'(W\U\(/W)
% IV(|(“’”2K 1My 1)|4—1
2
M
>
since Cyx - V1M ‘—>0asM—>oo. -

Vimi

THEOREM 8. Fixd > 0. Let (i) := 2(‘i" K “ld).

1. Ifa = W4+2 then I, F CWO(S, Wg42, fa).

2. Ifa < Wi42 then s F CWO(S, wd+2,fa).

ProoF. The theorem follows by mimicking the proof of Theorem 7 using
Theorem 3 in place of Corollary 1. o

The second assertion and the cases d = 1,2 of the first assertion follow
alternatively also from results by Gutman and Ivic on Matula numbers. From
their article [17] we namely know that

log(Sa) 3
o a < — —
log(log(Sar)) — ~ log(5)
if we identify Sa with the Matula number of the tree Taw which is canonically
associated to o (see the beginning of section 2). Therefore the partial results
follows directly from the corresponding result about the IZ,-(un-)prov-
ability of CWO(N, wy 2. | fal)-

Note that (10) does not directly yield the independence results related to
1Z, ford > 3.

(10) log(Sa)

Remarks. 1. Forall norm functions mentioned in Section 2 there will be
related phase transition results for the fragments of PA. Results related
to M and G can be found in [37].

2. Let us remark that the analytic combinatorics of the transfinite also
provides intriguing problems for research in combinatorial probability
theory. There are, for example, known results relating the contour pro-
cess of simply generated trees to the Brownian excursion process in terms
of stochastic convergence [16]. In our context it would be natural to ask
what the nature of the contour process for ordinals below g is.This pro-
cess will not have the Markov property and is therefore different from
the usual tree processes.

3. We believe that a general sandwich result in the style of Bell and Burris [5]
can be proved for additive and multiplicative number systems by one
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corresponding result on Laplace transforms. The hope is to get a uniform
way to prove logical limit laws simultaneously for (structures based on)
additive and multiplicative number systems. The author is grateful for
J. P. Bell for discussions of related issues.

4. We believe that for all norms considered in this article there will be related
logical limit laws for ordinal segments at least for first order logic. (See,
for example, Burris’s book [8] for an excellent exposition of this field.)
This will be part of a future research project with Alan R. Woods.
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